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Course logistics This is a course in partial differential equations. We will discuss techniques of
solution of partial differential equations, separation of the variables, orthogonality and characteristic
functions, nonhomogeneous boundary value problems, solutions in orthogonal curvilinear coordinate
systems, and applications of Fourier integrals and Fourier and Laplace transforms. We will also
discuss problems from the fields of vibrations, heat conduction, potential theory, electricity, fluid
dynamics, and wave propagation. The course will be taught by There will be twelve homeworks
(constituting 40% of the final grade), and three exams (each constituting 20% of the final grade).
The main texts for this course will be [O714, Str07, Hab12, Eval0)].

§1.1 Introduction

We start by belabouring the usual: an equation is an equality with unknowns...

2

Example 1.1. The equation 2z — 1 + fol e~ %" dz = 0 is an equation. One solution is z = 0.

...and an algebraic equation is (informally) one whose unknowns are scalars...
Example 1.2. The equation 2% 4+ 2z 4 1 = 0 is an algebraic equation. One solution is z = —1.
...while a functional equation is (informally) one whose unknowns are functions:

Example 1.3. The equation u(z) — u(z — 1) = 2z — 1, for x € R, is a functional equation.

One solution is u(r) = 2.

Closer to our objects of study is the ordinary differential equation.

Definition 1.4. An ordinary differential equation (ODE) is an equation involving an unknown
function u(x) and its derivatives.

Example 1.5. The equation «/(x) + u(z) = 0 is an ODE. One solution is u(xz) = e~*. Here
du
e write u/(x) == —.
we w () g
Definition 1.6. A partial differential equation (PDE) is an equation involving an unknown function
u(z1, 2, ..., x,) and its partial derivatives:

F(u, Opyty Opyty .« oy Ogygg Uy« vy Opymgeeey Uy T1, T2y .« ) = 0.
We say that n is the order of the PDE.
At their core, partial differential equations are functional equations, and so given a PDE, our
prerogative is to find functions (or at least try as best we can) that satisfy the equation. For PDEs,

however, these functions must be determined from equations involving, in addition to the typical
algebraic operations, partial derivatives.



§1.2 Classification of PDEs

PDEs can be classified in many ways. Here are some popular examples:

1. Linear vs. nonlinear PDFEs: A PDE is linear if it is linear in the unknown function and its
partial derivatives. Otherwise, it is nonlinear. In this case, it is semi-linear if it is linear in
the highest-order partial derivative, and quasilinear if it is linear in the highest-order partial
derivative and the unknown function.

2. Homogeneous vs. nonhomogeneous PDEs: A PDE is homogeneous if the right-hand side is
zero. Otherwise, it is nonhomogeneous.

3. Order of the PDE: This is the order of the highest derivative that appears in the equation.

4. Number of independent variables: A PDE is classified as an ordinary differential equation if it
involves only one independent variable. Otherwise, it is a partial differential equation.

5. Elliptic, parabolic, and hyperbolic PDFEs: These are classifications based on the nature of the
solutions of the PDEs. We will discuss these in more detail later.

Definition 1.7 (Semilinear and quasilinear PDEs). A nonlinear equation is semilinear if the
foefficients of the highest derivative are functions of the independent variables only, and quasilinear
if it is linear in the derivatives of order m, with coefficients depending only on its independent
variables, say x and y, and partial derivaties of order less than m.

9%u Z

0
Example 1.8. 1. The PDE W(:E’ y) + a—g(az, y) = 0 is a linear, homogeneous, second-
L Y

order PDE in two independent variables. It is also elliptic, since B> — AC =0—1-1 < 0.

9%u 9%u

2. The PDE @(x, t) + ﬁ(x, t) = sin(u(x,y)) is a nonlinear (semilinear, in particular),
x

nonhomogeneous, second-order PDE in two independent variables. It is also hyperbolic,
since B2— AC=0-1-1>0.

3. The PDE gu(x?y) + u(z,y) - gu(:v, y) = 0 is a nonlinear (quasilinear, in particular),
T y

homogeneous, first-order PDE in two independent variables. It is also hyperbolic, since
B?—AC=1-1-0>0.

4. The PDE 82“( ) 82“( ) e (z,y) i 0 is a fully nonlinear, h
. The —(z,y)  =—(z,y) — | =—=(x = 0 is a fully nonlinear, homogeneous
81'2 I y ayQ I y axay ) y y ? g ?
second-order PDE in two independent variables. It is also parabolic, since B> — AC =
0—1-1=0.

We start the course by discussing linear PDEs. Here are some popular examples of linear PDEs:
Pu  %u  0u

+os+

1. The LAPLACE equation: Vu = 0, where Vu = E) 5 "o

2. The heat equation: —0;u + kVu = 0.

1
3. The wave equation: —d7u — Vu = 0.
c



The heat and wave equations are examples of parabolic and hyperbolic PDEs, respectively. Indeed,
for both equations, & > 0 and ¢ are fixed constants (representing the rate of diffusion for the
first and the speed of light for the second). It suffices to study to solve the equations for the
special cases k = 1 and ¢ = 1. Indeed, if u(t,z,y,z) is a solution to the wave equation, then
v(t,z,y,2) =u(t,x/c,y/c,z/c) is a solution to the wave equation with ¢ = 1. Both equations are
called evolution equations, as they describe the change relative to the time parameter of a particular
physical object. The LAPLACE equation may be interpreted as a special case of the heat and wave
equations.

4. SCHRODINGER’S equation: id;u + kVu = 0, where i is the imaginary unit, k = h/2m is a
fixed constant, 4 is the reduced Planck constant, and u: R x R? — C. Although this equation
is formally very similar to the heat equation, it has a very different qualitative behaviour.

ch

5. The KLEIN-GORDON equation: —0?u + c¢?Vu — - ) u= 0, where c is the speed of light,

m is the mass of the particle, and A is the reduced Planck constant. This is the relativistic
counterpart to the Schrodinger equation; the parameter m has the physical interpretation of
mass and mc? is the rest energy of the particle.

6. The CAUCHY-RIEMANN equation: This is the system

81”&2 — 82u1 = 0,
Our + Oaup = 0,

where ui,us: R? — R. It was first observed by CAUCHY that u = u; + iuy (as a function of
z = w1 +1ix2) is holomorphic if and only if it satisfies the CAUCHY-RIEMANN equation. Setting
also 0 = 0y — 10y, the CAUCHY-RIEMANN equation can be written as Ou = 0. This equation
can be written as P[u] = 0 by introducing the column vector u = (u1,u2), and P the matrix

operator
Jy —0
Plu) = (2 ().
) ug
This system contains two equations and two unknowns—it is a determined system. A system

is overdetermined if it contains more equations than unknowns, and underdetermined if it
contains fewer equations than unknowns.

§1.3 The superposition principle

All the partial differential equations we have discussed so far are linear satisfy a principle of
superposition.

Definition 1.9 (Principle of superposition). Let -Z[u] be an operator (i.e. a relation on functions).
Suppose that ui,ug,...,ux all solve Lu;] =0, i.e. Lu1] =Llug] ="---=L[ur] =0. Then L[u]
satisfies the principle of superposition if u = cjuj + coug + - - - + cpuy also solves L[u] =0 for any
set of constants c1,co, ..., Ck.

Proposition 1.10 (Superposition principle for linear PDEs). FEvery linear partial differential
equation ZL[u] = 0 satisfies the principle of superposition. We say that these linear PDEs are
homogeneous.



Proof. Let uy,ua,...,u; be solutions to .Z[u] = 0. Then

Leur +caua + - - -+ cpug] = e Lu] + o Lus] + -+ Lug] =c1-0+c2-0+---+¢,-0=0. O

Proposition 1.11 (Relationship between inhomogeneous and homogeneous solutions). Let S
be the set of all solutions to the homogeneous linear PDE taking the form Z[u] = O0—uwhere
Z is a linear differential operator—and let ur be a particular solution to the inhomogeneous
linear PDE ZL[u] = f(x1,22,...,2,). Then the set Sr of all solutions to the inhomogeneous
linear PDE is the translation of the set of all solutions to the homogeneous linear PDE by uy:
Sr = {UH +uy:uyg € SH}

Proof. Assume that Z[ur] = f, and let w be any other solution to the inhomogeneous linear PDE,
ie. ZLfw] = f. Then Lw — us] = Llw] — Lfur] = f— f =0, so that w — uyr € Sy. Thus
w = (w—uyr) +uy € St since w —uy € Sy. On the other hand, if w € Sy, then w = uy + uy for
some uy € Sy, and so Lw]| = Lug + ur] = Llug] + Lur) =0+ f = f. Thus w € S. O

B 9%u i 9%u
022 Oy’
coug) = c1Lur] + caL]uz] = 0 for any w1, us solutions to L[u] = 0. This operator satisfies
the principle of superposition:

Example 1.12. 1. Consider the linear operator -Z[u] namely Llciu; +

0?2 0?2
ZLlerur + coug] = @(Clm + coug) + @(Clul + coug)
82U1 s 8%2 s 82u1 s 82UQ
Ox? 2 2 L0y2 2 y2

= le[’u,l] =4k ng[UQ].

So 9%u/0x? + 0%u/0y? = 0 is a linear, homogeneous PDE; if £[u;] = Llug] = ... =0,
then Z[u] = 0 for any v = ciu; + coug + - - - + cpug.

d
2. Consider d—(u(ac)) = f(z), a linear inhomogeneous PDE—the principle of superposition
x
d
does not apply here. If uj(z) and ug(x) are solutions to d—(u(m)) = 0, then uy + ug is
x
d
not a solution to d—(u(az)) = f(z):
x

d

L (0 (2) + w2(2)) = = (@) + - (ua(®) = £(@) + (&) = 26 (z) £ [ (@)

We conclude with the following classification of continuity:

Definition 1.13 (C" functions). Let Q C R™ be an open set. We say that a function f: Q — R is of
class C™ if all partial derivatives of f up to order n exist and are continuous. We write f € C™(2).
If f is of class C™ for all n, then we say that f is of class C*°.
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§2.1 Some analytic tools useful for PDEs
We now take a break to discuss a few tools from analysis that will be useful as we progress.

Norms For PDEs, there are many ways to measure the “size” of a function f—these measures are
called norms; here is a simple but useful norm that will appear from time to time.

Definition 2.1 (C* norms). Let f be a function defined on a domain Q C R. Then for any integer
k >0, we define the C* norm of f on Q by

k
I leay =Y sup | FO(x)],
i—0 T€Q
where f@) denotes the ith order derivative of f.

Indeed, | - [|c#(q) has all the properties of a norm.

Example 2.2. 1. It is easy to see that ||sin(x)||c7®) = 8.

2. The same notation is used in the case that Q C R?:

2
1floxey =Y sup_ |79z, y)

i—0 (TY)EN
= sup |f(z,9)|+ sup [0.f(z,y)|+ sup [0,f(z,y)l
(z,y)€N (z,y)EN (z,y)EN
+ sup [0:0,f(z,y)| + sup [0,0.f(z,y)l.
(z,y)EQ (z,y)EN

3. If f is a function of more than one variable, then we sometimes want to extract different
information about f in one variable compared to another:

1

2
Ifllcray =Y sup |0if(z,y)|+> sup [9Lf(z,y)|.

i—0 (z,y)€Q i—0 (z,y)€R

Definition 2.3 (LP norms). Let f be a function defined on a domain Q C R. Then for any number
1 < p < oo, we define the LP norm of f on Q by ||fllr) = (fo If (@) d”ac)l/p. We write LP

instead of LP(R™) when the domain is clear from the contet.
Indeed, || - || z»(q) has all the properties of a norm:

e (Non-negativity.) ||f||zrq) > 0 for all f € LP(2). Moreover, | f|z»q) = 0 if and only if f =0
almost everywhere on ).

* (Scaling.) For any a € R, |laf |l zr() = lal [| ]| zr(e)-

e (Triangle inequality.) For any f,g € LP(Q), [|f + gllrq) < Ifllze) + I9llze()-



The divergence theorem Many results in PDEs are obtained via integration by parts which
provides us with integral identities. One version of integration by parts is the divergence theorem.

Definition 2.4 (Vector fields). A vector field F on Q C R™ is an R"-valued map defined on Q:

F:Q—R",
Fl(l‘l,...,l‘n)
(1, yxn) = F(z,. .., 20) =

Fy(x1,...,2)

Theorem 2.1 (Divergence theorem). Let Q C R? be a domain with a boundary that we donate by
09, and let F be a continuously differentiable vector field on Q. Then the divergence theorem states

that
/V-Fd%_/ F -ndS,
Q oN

where n is the outward-pointing unit normal to OS).

§2.2 Transport and travelling waves

Consider the following first order, linear, homogeneous PDE:

ou n ou 0

_ C— =

ot Ox ’
where ¢ # 0 is a fixed constant, called the wave speed. The function u(z,t), modelling the
concentration of a pollutant in a fluid at spatial position x, is a function of z, the spatial variable,
and ¢, the time variable. This PDE is called the transport equation or the advection equation. The
transport equation models the transport of the pollutant in a uniform fluid flow with velocity c. At
time t = 0, we have u(x,0) = f(x) for a given function f(x), called the initial condition. We now
solve the initial value problem for the transport equation:

ou ou

— = R, ¢
at+c e 0, z€R, > 0,

u(z,0) = f(z), zeR.

(T)

We will use a change of coordinates to view the PDE as an ODE. View it as a first order ODE in
the single variable t. Write x = x(t), where x(0) = z¢ is a fixed initial position. Then the chain rule
gives

du(z(t),t) Ou ) ou dxr Ou ou

at TR TV TR

d t),t
Thus, it must be that u(z(t),t) solves (T) if and only if du(z(t).t) = 0. That is, along x = z(t)

with the ODE 2/(t) = ¢, the function u(z(t),t) is constant, i.e. u/(z(t),t) = 0. So
dz b dx
=g = ct = /0 E(s) ds = z(t) — z(0).

Call z(0) = . Then z(t) = xo + ct. Depending on the initial condition xg = x(0), we have a
collection of characteristics.



t =
C
t
7/ 7/ 7/ 7/
/ / / /
/ / / /
/ / / /
7/ 7/ 7/
/ / / /
/ / / /
/ / / /
/ / / /
Ve Ve Ve Ve
/ / / /
i) x

u is constant along these curves (i.e. du/dt = 0), so we can find the value of u at any point (x,t) by
evaluating it along a characteristic curve that passes through (z,t). So if the curve through (z,t) is

x = xg + ct, then zg = x — ct, and for all ¢,
du
=0 = u(a(t),1) = u(w(0),0) = f(xo) = f(z — ct),

and this u solves (T). This is the method of characteristics.
We summarise the solution to the initial value problem for (T) via the following theorem:
Theorem 2.2 (Solution to the transport equation). Suppose that f € CY(R) (i.e. the initial

concentration f is continuously differentiable). Define the function u: R x [0,00) — R by the formula
u(z,t) = f(x — ct). Then we have that u solves the initial value problem (T).

§2.2.1 Transport with decay

Given constants ¢ # 0 and « > 0, consider the following initial value problem:

ou ou
E—i_c%—i_au_o’ $€|R,t>07 (T—U)
u(z,0) = f(z), z €R.

(T-U) models the transport of a radioactively decaying pollutant in a uniform fluid flow that flows
with velocity c¢. The term au models the decay of the pollutant at a rate a. We will solve this IVP
via the method of characteristics, just as before. Let © = x(t), where x(0) = x¢ is a fixed initial
position. Then the chain rule gives

du(z(t),t) _ Ou 1 Oou dr Ou ou

a ot or dar ot ow
As before, the characteristic curves are given by z(t) = zg + ct. Along z(t), we have
d t),t d t),1t
“(“Z(t)’) +au(z(t),t) =0 = “(fl(t)’) = —au(z(t),1).

So v(t) = u(xz(t),t) solves the first order ODE ¢'(t) = —aw(t), which has the solution v(t) =
v(0)e~?".! To solve this ODE, multiply by the integrating factor e®! to get

d , _

T (e*v(t) =0 = e*v(t) = e* 02(0) = v(t) = v(0)e™ .

'"What we have done here is essentially to “modularise” the solution to the transport equation. We have essentially
isolated the decay part of the solution in v, and now it can be solved via very elementary techniques.

10



Therefore,

0= % (v(t)eat) = i (u(x(t)7t)e°‘t) = u(x(t)7t)€at = u(a;(O), O)ea-O for all ¢

dt
= wu(x(t),t) = u(x(0),0)e” = f(zo)e ™ = f(x — ct)e ™.

This is the solution to the initial value problem (T-U). We summarise this in the following theorem:

Theorem 2.3 (Solution to the transport equation with decay). Suppose that f € C1(R) (i.e. the
initial concentration f is continuously differentiable). Define the function u: R x [0,00) — R by the
formula u(x,t) = f(x — ct)e” . Then we have that u solves the initial value problem (T-U).

§2.2.2 Nonuniform transport

Given a function ¢: R — R, consider the following initial value problem:

ou ou

D) 2= R,

ot () Ox 0, zeR1>0, (T-N)
u(z,0) = f(x), xz eR.

Here, ¢(z) is a function that models the nonuniform fluid flow at a spatial position z. We will solve
this IVP by adapting the method of characteristics. Let = z(t), where x(0) = x¢ is a fixed initial
position. Then the chain rule gives
du(z(t),t) Ou ou dz Ou ou
kel Sk SPL Ao S It et ey
dt TR T i GO

dz
The characteristic equation is i c(z(t)), and along the characteristic curves, we have flow

d t),t
constancy in the sense that lt(fi(]t)’) = 0, since
du(z(t),t) Ou Ou dx Ou ou
i "ot Tow ar o T g =0

Solutions to (T-N) are constant along the characteristic curves (z(t),t), and so the solutions to the
characteristic equation are

dx .
4 = @) = c(z(t))

z(t) q
dx:dt:>/ ——dx =t + =,
v (@)

where z is a constant of integration. Define C(z) = [ 1/¢(z) dz to be an antiderivative of 1/¢(x).
Then the characteristic curves are given by

C(z(t) =t +x9g = z(t) = C7H(t + x0),
where C~! is the inverse of C, provided it exists. So

_ du(z(t),t)
dt

This is the solution to the initial value problem (T-N). We summarise this in the following theorem:

0 = u(x(t),t) = u(x(0),0) = f(zo) = f(C(x) —1).

11



Theorem 2.4 (Solution to the transport equation with nonuniform flow). Suppose that f € C'(R)
(i.e. the initial concentration f is continuously differentiable). Define the function u: R x [0,00) — R
by the formula

u(z,t) = f(C(z) —1),
where C(z) = [1/c(x) dz. Then we have that u solves the initial value problem (T-N).

Example 2.5. Consider the initial value problem

ou 1 ou
— e — = R, ¢
8t+1+x2 g 0, z€R,t>0,

u(z,0) = f(z), z e R.

1 3
From the above, we have that t + 29 = [ ——dz = [(1+2?)dz =2+ %, and so the solution
1422

isu(ac,t)-f(:c—i—f—t).

Note that the inversion x(t,xg) — zo(z,t) may only be valid for certain values of (z,t). As a result,
the solution u(z,t) may not be defined for all (z,t) € R x [0, 00).

83 Lecture 03—11th September, 2024

We start by introducing the notion of a conservation law, which we will occasionally refer to today:
Definition 3.1 (Conservation law). A conservation law is a partial differential equation of the form
du+V - fu) =0,

where u: [0,00) X R™ — R is the unknown function, and f-R—>R"isa given vector field. We will
refer to f as the flux function.

§3.1 The nonlinear transport equation

Here we introduce BURGER’S equation, a simple nonlinear PDE in one spatial dimension.

a—l—u%zo, (t,z) € (0,00) X R,

u(z,0) = f(z), z=e€R.

(B)

This equation can be interpreted as a transport equation whose speed and direction depend on the
solution u itself. This equation has a nice property:

Proposition 3.2 (BURGER’S solution is a conservation law). Let T > 0, and let u(z,t) be a C*

solution to (B) on [0,T] x R. Assume for each fized t € [0,T], we have that lim,_, o u(x,t) = 0.
Then for (x,t) € [0,T] x R, we have

/RUQ(:c,t) dx:/[RUQ(a:,O)d:c,

12



i.e. the spatial L?> norm of the solution is conserved in time.

Proof. Multiplying both sides of the equation by u, we obtain %8t(u2) + %836 (u®) = 0. Integrating
this equation over R and using the the fundamental theorem of calculus and the assumption on the
behaviour of u at +o0o, and taking the antiderivative under the integral, we obtain that

1d )
i [ luta 0P dz =0,

which implies the desired result. O

dx
Now we execute the method of characteristics on (B). The characteristic equation is i u(z(t),t)

d
with initial condition z(0) = z¢. Along x(t), we have d—ztt =0, so u(x(t),t) = u(xo,0) = f(xo) for all

t>0. So i—i = f(xg) for all ¢ > 0, which implies that x(t) = zo +tf(z9). We use these two facts to

write an implicit definition of the solution u:

w(@(t),t) = f(xo) = f(x = fwo)t) = wul(x,t) = f(x —u(x(t), )t).

We summarise the solution to (B) as follows:

Theorem 3.1 (Solution to BURGER’S equation). Let f: R — R be a given function. Then the
solution to (B) is given by u(z,t) = f(x — u(x,t) - t).

It is not clear that such a relation can be solved for u, and—even if it can—whether u is a solution
to (B). Indeed,

ou ou @

oy = 1@ =z t)t) (l_t&r> — Wiy gy = Lo v@D0 Sl

Tt tf(z—ulz t)t)  L+tf(z0)

and so Ou/0x — oo if t — —1/f'(xo) for some zy € R and ¢t > 0. The critical time is then
ty = —1/f'(x0). At this time, v might have an infinite slope (thus a discontinuity) in z. Consider
the following examples.

Example 3.3. 1. Consider the PDE

g::—i-ug;tzo, (t,x) € (0,00) X R,
0 x <0,
u(z,0) =< z/a x€|0,al, z €R,
1 T > a,

where a > 0 is a given constant. f is a piecewise C! function, and wherever f’(z) exists,
f'(zo) > 0. So there is no positive critical time. In any case, the characteristics are

Zo zo < 0,
t
z(t) = f(zo)t + 20 = (1 + a) zo 0 € [0,a],
T+ 1 o > Q.

13



u is constant along the characteristics, and so for z < 0, we have u(z,t) = f(zo) = f(x) =
0. For zyp > 0, we can invert the equation = = (1 + t/a)xy to obtain xg = z/(1 + t/a),

and so
ax

if0<zx<t+a,
560: t+a

z—t ifxz>t+a.

Then the solution for all ¢ > 0 is

rg)=— UHO0<zx<t+a, x .
u(z,t) = 0 a = u(z,t) = if0<z<t+a,
flzo)=1 ifzx>t+a. tta
1 ife>t+a.
This is known as the expansion wave, or fan.
2. Now consider the PDE
0 0
a—i‘ma—zzo, (t,2) € (0,00) X R,
1 x <0,
u(z,0)=41-2 z€l0,a], z €R.
0 T > a,
The critical time is t, = —1/f’(x¢) = a. The characteristics are
t+ xo zo < 0,
t
z(t) = f(zo)t + o= t+ (1 - a) zo o € [0,al,
o) o > Q.

When t < t,, use that u is constant along characteristics for x < 0 and x > a. When
0 < x < a, use the implicit relation

— t —
u(a:,t):f(:v—u(x,t)t):>u:f(ac—ut):1—w L j
a a—
The solution for all ¢ > 0 is then
1 if x < t,
u(z,t) = a2 ift <z <a,
a—t
0 if z > a.

At t = t,, the characteristic curves begin to intersect. Since v = 1 or u = 0 along any of
these characteristics, their intersection leads to a multivalued solution, which is not physically
possible. The intersection of characteristics forms a shock wave, which is a curve o(t) that
divides the plane.

We can try to extend the solution wu(z,t) for t > ¢, but how do we intepret a nondifferentiable
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function as a solution to a PDE? We use, as we show below, that (B) is a conservation law.

Proof. If u is the density of the particles, then fab u(z,t) do represents the total mass in [a,b] at
time ¢, and the change in mass over time is

d b bau b ou
& (/a u(x,t)dx> = j a(w,t)dx: —/a U(%t)%(x,t)dx

_ _/ab;p (ﬂ;ﬁﬁ) do = — {“2(;37t)]b _ _% (u2(b, 1) — u?(a,t)) .

net mass flux at endpoints

The total mass in [a, b] is conserved if the net mass flux at the endpoints is zero. This is the case if
u(a,t) = u(b,t) for all t > 0, as is the case for the solutions we found above. O

. ou 0 -
Now fix ¢t > 0 and take V to be the flux function. Integrate iy —V(u) = 0 over (a,b) where

ot Oz
a<o(t) <b:
b

" ’ u(z,t)de = V(u(a,t)) - V(u(b, t).

At o(t), we have by the chain rule that

d o(t)~ b o(t)~ ou B do
T (/a u(z,t)dz + /o(t)+ u(z,t)dz | = /a E(az,t) dz +u (o(t)7,1) - I

b ou do
“—(z,t)d HTt) - —.
I CUL R CORT R

a®)” gy _ _,

/ O (o ) da = —V(u(o(t) 1)) + V(u(a, 1)),
b U . .

/ U (o, 1) dz = —V(u(b, 1)) + V(u(o(t)F, 1)),

Call u (o(t)",t) = ug(o,t) and u (o(t)",t) = u.(0,t). We have so far that

V(u(a, 1)) — Vb, 1) = Vula, 1) ~ V{ug) +ue- 5~ V) = V(b 1)) ~ - 5
Rearranging gives 1
Vuy) — V(ug) = — (uy — ). (R-H)

dt
This is the RANKINE-HUGONIOT jump condition, a necessary condition for the existence of a shock
wave, relating the jump V (u,) — V(uy) in the flux function across o to the speed do/dt of the shock
wave and the jump u, — uy in the solution u across o.
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Example 3.4. We return to example 2 above. To extend w past the critical time t, = a, we
use the RANKINE-HUGONIOT condition (R-H). We have uy = 1 and u, = (a — x)/(a — t) =0,

) V(u) - V(u) 112
and V(u) = 2u?. Then (R-H) becomes i—j = (uuq)« — W(W) = (ffi
line in the (z,t)-plane with slope 1/(1/2) = 2 passing through (a, a).

=3. Soo(t)isa

u=20

characteristics @ characteristics z

We continu u past t. = a, so for t > a,

1 ifx < e
u(x,t) = 20
(,2) {0 if:z:>t+Ta.

Think of o(t) as being like the conservation of momentum. Particles travelling along charac-
teristics collide at t = a, and momentum is conserved. This kind of shock is also known as a
COMPTession wave.

§3.1.1 Transport equations with nonconstant coefficients

Now, we investigate on U C (0,00) x R™ the partial differential equation

Owu+ (f,Vu) =0, (t,z)eU,
u(0,-) =g on {t =0} x R"

for an unknown function u: [0,00) X R” — R, and given functions f: [0,00) x R" — R™ and
g: R — R. Here, (-,-) denotes the standard inner product on R". We will assume that f, the
transport speed, is continuously differentiable and g, the initial distribution, is continuous. We start
by considering the case n = 1 with a time-independent transport speed f: R™ — R. As before, we
will use the characteristic curves emanating from xg € R™ at t = 0 to solve the PDE. We define
the characteristic curve v: I — [0,00) x R by v(s) = (s, 8(s)) with S(s) = o, where f: I — R" is
not yet determined. We define the auxiliary function z: I C R — R by z(s) = u(v(s)) = u(5(s), s).
This function describes the behaviour of the solution u along the characteristic curve. By the
chain rule, we compute 2 = (9;s)(7(s)) - 1 + (9yu)((s)) - B'(s). The idea is then to determine the
function 8: I — R, such that the behaviour of the solution u is simple along the characteristic curve
v(s) = (s,B(s)). This is, in particular, true if Z =0 (and then the unknown function w is constant
along the characteristic curve). If 8: I C R — R solves the autonomous first order initial value
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problem given by
{ms) =f(B(s), sel.
B(0) = o,
then the above computation simplifies as

2(s) = (Oru)(7(s)) - 1+ (Oru)(7(s)) - B(s) = (Qru)(7(s)) - 1 + (Bzu)(v(s)) - F(B(s)) =0,

where we have used the ODE for the characteristic curve and the transport PDE with nonconstant
coefficients. This u(v(s)) = u(B(s), s) = z(s) = 2(0) = u(zo,0), and this allows us to determine the
solution.

Example 3.5 (Transport speed depends linearly on position). Consider the equation

{@u@¢)+x@m@¢):o,(ux)eaum)xR
u(z,0) = g(z), on {t =0} xR"

where g: R — R is a given initial distribution. Fix zg € R. To find the characteristic curves
we need to solve the following initial value problem:

{B<s> = f(B(s))B(s), sel,
£(0) = wo.

The solution is given by 8(s) = xgexp(s). Hence the above computations imply u(y(s)) =
u(s,xzoexp(s)) = u(0,zp). The solution at (¢,x) € [0,00) x R is then determined by the
relations ¢t = s and x = zgexp(s), i.e., s =t and xy = zexp(—s) = xexp(—t). We find then
that the solution to the above problem is given by u(t,z) = u(0, x exp(—t)) = g(z exp(—t)).

84 Lecture 04—16th September, 2024

Other fluxes: traffic models Consider the PDE

ou OV (u)

a—l— E =0, u(z,0) = f(x).

Here u € [0, 1] models the density of the traffic; u = 0 corresponds to a traffic jam, and v = 1
corresponds to free flow on an empty road. The flux function V'(u) is given by V(u) = u(1 — u).
Consider the initial condition f(z) = 1[z > 0] (the Heaviside function). We interpret this situation
as follows: cars are fully parked and stopped at a traffic light. There are no cars past the light, and
the light changes from red to green at ¢ = 0. We can take another initial condition as

flz) = a if x <0,with a € (0,1),
|1 ifz>o.

This models a traffic situation where cars moving on a road with lower traffic density suddenly
encounter a traffic jam. We can solve this using the method of characteristics, and interpreting the
expansion and conditions using the RANKINE-HUGONIOT conditions (R-H).
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General transport equations To solve the general transport equation

" ou
% + C(:U,t,u)% = o(z,t,u),
u(,0) = f(z),
for functions C, ¢, f, we use the method of characteristics. Let V (t) = u(x(t),t), along z(t) satisfying
dx

T C(z,t,V(t)),

x(0) = mo.

V (t) satisfies the ODE dV /dt = ¢(x(t),t,V (1)), with V(0) = f(z¢). We can solve these two ODEs
to obtain x(¢) and V(¢), then turn x(¢, z¢) into xo(x,t) and plug this into V' to obtain the solution
u(z,t), if it exists.

§4.1 The wave equation
84.1.1 Solution in one dimension—Ilight cone variables and D’ALEMBERT’S formula

We start our discussion of the wave equation by the IVP in one dimension:

O (t, ) — 0%u(z,t) =0, in (0,00) x R,
u(0,-) = g, on {t =0} xR,
owu(-,0) = h, on {t =0} xR.

As we will see, for the POISSON equation and the heat equation, we proceed by first constructing
the (highly symmetric) fundamental solution. Then the solution is given by a convolution, and the
behaviour of the solutions is—up to mostly minor and necessary modifications—the same in all
dimensions. For the wave equation, the picture depends on whether the spatial dimension n =1,
or n > 2 and even, or n > 3 and odd. While an approach via the fundamental solution is possible
(despite requiring the concept of tempered distributions), we will take a more direct approach.

1. (Approach 1: Change to light cone variables.) We introduce the light cone coordinates by
¢ =t+x and n = —t + z; these relations may be directly inverted to yield ¢t = (£ — n)/2 and
x = (£ +n)/2. We use the chain rule to express our PDE in terms of (£, 7). Define:

eM(g n)) (1(5 - 77)>
D&, n) = ’ = (1 .
) (<I><2> &m) " \z(E+m)
Then & describes the coordinate change from (£,7) to (¢,x). We define the auxiliary function
w(&,n) = (wo ®)(&,n). Then the chain rule implies that

9w d  Ow
arge 1) = 5 g (En)
1 u ™) 1 % PR
=5 g (BEM) T (Em + 5 g (@(Em) - 5 —(En)
1 0%u opM) 1 d%u op2)
3 59 Q6 e @M+ 5 gE@Em) - ()
1 Pu 9u P L
_4( Ot @ m) + 0 a(@le, n>>)_—4< 20 _ 52u) 0 B(E,1)
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where we have used the wave equation to conclude that the last term vanishes. Hence the
auxiliary function w solves the PDE 0,0sw(&,n) = 0. However, this PDE is an elementary
integrable PDE with a solution given by w(§,n) = F(§) + G(n), for twice continuously
differentiable functions F,G: R — R. This implies that u(t,z) = (wo ®~1)(t,z) = F(t + ) +
G(xz —t), where F, G are determined by the initial conditions. This is the general solution to
the wave equation in one dimension. We study the IVP using the second approach below.

. (Approach 2: Reduction to two transport equations.) As above, we use the factorisation
0?u — 02u = (0; — 0;)(0y + 0)u = 0. If we define the auxiliary function v: [0,00) x R — R
by v(t,x) = Ou(t,z) — Oyu(t, ), then the auxiliary function v satisfies the transport PDE
o + 0,v = 0. We know that the solution to this PDE is given by v(t,z) = A(z — t),
where A(x) := v(0,2). The defining relation of the auxiliary function v now implies the
inhomogeneous transport PDE for the function u given By dyu — d,u = A(x —t). We apply
the solution for the inhomogeneous transport equation and set B(z) = u(0, z) to deduce

t x+t
u(t,x):B(x—i-t)—F/o A(:c+(t—s)—s)ds:B(a:+t)+;/t A(y) dy,

where we have used the change of variables y = x +t — 2s in the integral. In the last step, we
have to incorporate the initial conditions for the position and the velocity. From the initial
condition on the position, we deduce that g(z) = u(0,2) = B(z) which leads to B(z) = g(x),
while we deduce from the initial condition on the velocity that

h(e) = @u)(0.0) = [+ )+ 5 (Al +0) = (DA —1)| = g'0) + A,

which leads to A(xz) = h(z) — ¢’(x). If we plug in the conditions on A and B into the above
formula, we deduce by the fundamental theorem of calculus that

T+t T+t T+t
o) =g+ 0+ 5 [0 -dar =g+ ([ rwa- [T dwa)

—t —t

~star 045 ([ hay g0+ ot 0)

T+t
- % (g(x+t) +g(z—1)) + % /x_t h(y) dy.

This formula is due to D’ALEMBERT. We restate our result in the following theorem.

Theorem 4.1 (D’ALEMBERT’S formula). Suppose g € C*(R) and h € CY(R). Define
u: (0,00) x R = R by D’ALEMBERT’S formula

e+ 49—t +5 [ A,

r—t

N |

u(t,x) =

Then we have:
a) the function u is twice continuously differentiable, i.e. u € C?((0,00) x R),
b) the function u solves the wave equation 9?u — d2u =0 in (0,00) x R, and;

¢) the initial data is attained continuously.

19



Remark 1. 1. There is no smoothing for the wave equation similar as for the transport equation
(recall that there was smoothing for the LAPLACE equation and for the heat equation). If
g € C¥(R) and h € C*~Y(R) for k > 2, then u € C*((0,0) x R).

2. If the initial velocity vanishes, i.e. h =0, then the function g(x — t) describes the right-moving
part of the wave, and g(x + t) describes the left-moving part.

The wave equation has continuous dependence on the data in the following sense: suppose u1, us
solve the IVP for the wave equation

0?uy — 0?uy =0, in (0,00) x R, O2ug — O2ugy =0, in (0,00) x R,
u1(0,-) = g1, on {t=0} xR, and u2(0,-) = g2, on {t =0} xR,
Opu1(0,-) = hq, on {t =0} xR, Oru2(0, ) = ho, on {t =0} xR,

and then the difference w = u1 — uo solves the wave equation

02w — 02w = 0, in (0,00) x R,
w(0,-) =g1 —g2,  on{t=0} xR,
875’11)(0, ) = hl - hg, on {t = O} x R.

Assume that g1, go € C?(R) and hy, hy € C}(R)—i.e. the initial elongation and velocity are compactly
supported. Then we have

’ul(tax) - ’U,z(t,x)| = \w(t,a:)]

1 1 T+t
<5l =0 =m0 +a@+)—me Dtz [ i) =kl dy

< sup|g1(y) — g2(y)| + tsup |h1(y) — ha(y)|
yeR yeR

= llg1 = g2ll oo &) + T 1P = P2l oo () -

Hence, if the initial positions g; and g, are close in the sense that [|g1 — g2|| (g < €, and if the
initial velocities hy and hg are close in the sense that ||h; — h2||L°°([R) < g, then the solutions u; and
ug are close in the sense that we have for all ¢ > 0 the relation

Jui(t, ) = u2(t, )|l poo(ry = sup lu(t, z) — ua(t, )| <e(l+1).
xe

§4.1.2 Solution in two dimensions—the method of descent

The IVP for the wave equation in two dimensions is given by
02u— Au =0, in (0,00) x R?
u(0,) =g, on {t=0} x R?
0u(0,) = h, on {t =0} x R2
where the LAPLACE operator in two dimensions is given by Au = 8§1u + 8§2u, and for given data

g,h: R? — R and the unknown function u: [0, 00) x R? — R. We will use the method of descent (from
three to two dimensions) to solve this problem. Given a solution u: [0, 00) x R? — R, we may define
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a solution of the wave equation in three dimensions w: [0,00) x R® — R, we have w(t,T) = u(t, x),
where T = (21,22, 23) € R? and 2 = (1, 22) € R?, where we have also extended the initial data by
9(%) = g(w1,22,23) = g(x) = g(w1,22) and h(T) = h(z1, 22, 23) = h(x) = h(z1,22). The solution
formula for the wave equation in three space dimensions then implies that

1 0 1
t,T) = — h dSy+ = | — q(y) dSy
where S7(Z) is the sphere 7 = {7 = (y,y3) € R® : (y1 — 21)® + (y2 — 22)? + (y3 — 23)> = t?} . and
dSy is the surface measure on this sphere. Observe that 57 as the union of the upper hemisphere
V+ and the lower hemisphere V~ where the sets V' and V™~ are given by

V+:{y:(y,y3)e[l%2><l]%:[R3 Dy — 1)+ (g2 — a2)? <t ys =+ tQ—’y—JfHQ}a

V—:{y:(y,y3)6R2xR:R3 D — )’ + (g — ) <Py = — t2—’y—3«"HQ}'

However, the sets V' and V'~ are graphs over the disc By(z) = {y € R? : (y1—21)?+ (y2 —22)? < 2},
ie. VT = fT(By(x)) and V= = f~(Bi(x)) where fT(y1,y2) = (y1,y2, +1/t2 — ||y—x||2) and

fEy) = £4/t2 — |y — l‘||2 Since V* are graphs, we can rewrite the integrals in the solution thus:

/ g(yl,yz,yg)ds(y)zf g(yl,yz)dS(yl,yz,ys)z/ 9(y1, y2)\/ 1+ [V FE(y)||? dyr dye.
v+ vE Bi(z)

We then compute

1 1 o
3yifi(y) =+ (—2> C=2y; —xi) =+ Yi i ’
2 2
=y =1l ~ lly - al
2 2 2
[V = o n e ae? Jy—al
- Hy —al’ 2~ |ly — |
1+ |VF£(y \/ z|> t
i = ly -l

By symmetry, this implies that

/ 4(7) dS(G) = / g1, y2) dS(7) = 2t / 9(y1,2) dyldya
S2(z) v+ Bi(z) , /42 Hy

Hence we have derived the initial position g: R> — R and initial velocity A : IR2 — R to the solution
of the wave equation in two dimensions:

yl y2

L :
u(t,z) = / A, v2) dy1 dyz + / df‘/l dys |,
B ey - N2 S \ oy -

and is valid for ¢ > 0. From this formula, we can read off that the signal depends on all of B(z),
and hence there is no HUYGENS principle for the wave equation in two (or even) dimensions.

Remark 2. The above analysis extends to all even dimensions n = 2k with n > 2 with suitable
modifications. We may use the solution formula for dimension n = 2k + 1 to descend to the solution
in dimension n = 2k.
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84.1.3 Solution in higher dimensions—the method of spherical means

Now we investigate the wave equation in higher dimensions: First, we study the wave equation
in three dimensions by reducing it to a wave equation on the half-line in one time and one space
dimension. Next, we use the method of descent and the solution in three space dimensions to
obtain the solution in two space dimensions. The wave equation in three dimensions is given by
dfu— Au=01in (0,00) x R?, where Au = 02 u + 92,u + 02, u is the LAPLACE operator. There are
many methods for this equation such as the plane wave solutions, the FOURIER transform in time
or space, and the method of spherical means. For the latter, we apply the following strategy:

1. Consider first the case z = 0 € R3. The general case follows by translation.

2. Find a PDE in (1 + 1)-dimensions satisfied by the spherical means:

I
’U,(t,r) - A2 /83r(0) U(t,y) dS(y)a

where 0B,(0) is the sphere of radius r around the origin.

3. Transform the resulting PDE into the wave equation on the half-line in one dimension.
4. Recover u(t,0) by computing the limit lim, o u(t, 7).
5. Find the general formula.

Remark 3. The above analysis extends to all odd dimensions n = 2k + 1 with n > 3 with suitable
modifications.

The method of spherical means Consider the IVP

O?u — Au =0, in (0,00) x R3,
u(0,-) =g, on {t =0} xR3,
Ou(0,-) = h, on {t =0} x R3.

Given a point x € R" we define the spherical mean of u: [0,00) x R” — R around x € R™ by
U(t,r;x) 2][ u(t, y) dy,
8B, (x)

where ¢ € [0,00), r € (0,00), and x € R”. We wish to show that the spherical mean satisfies a wave
equation in (1 + 1)-dimensions, which will reduce the problem to a simple spherically symmetric
case. First we compute the time derivatives—this is straightforward, and we obtain:

OU(t 7 7) = ][

ult,y)dy, and ORU(t,r;x) = f Pult,y) dy.
OB, (z)

8B, (x)
The computation of the radial derivatives is more involved. We first observe that

1 1
][ u(t,y)dy = ———— / u(t,y) dy = / u(t, x +ry) dy,
8B, () nwnr By (z) W J B, (x)
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where we used the change of variables formula applied to the map ®: 9B;(0) — 0B, (z) given by
®(y) = x + ry. This allows us to compute:

1 0 1
o) = [ Sty = [ (D)) d

1
= /B o divy(Dguo (id,z4ry)) dy = - /B o r(Au)(t, x + ry) dy,
n 1 n 1
T 1 nq T
o it mray =S s

where we have used the divergence theorem for the third equality (observe that the outward unit
normal v for the unit ball is given by y), and the change of variables formula (as above) for the
sixth equality, to obtain the result 0,U(t,r;2) = © fBT(x)(Au) (t,y) dy. We can now compute the
second radial derivative as

1
UL, ria) = f @y dys ]i o)y

n n

To evaluate the second term, we use the change of variables formula and set f = Awu to obtain by
the chain rule that

1 1
Oy Au(t,y)dy = 8T/ ft,x+ry)dy = — (D f(t,x +ry),y) dy.
By() Wn J B1(0) Wn J B1(0)

We want to rewrite the above integral as a divergence, and hence we observe

r

(Daf((ts 4 v + 210 1) = aivy (L4

which implies that

/ (Duf(tx+ry),y) dy
B (0)

I
|
|3
2
=
—~
\.00-
8
—+
=3
<

1
)> ) dy+/ f(t,z+ry) (y,y) dy
T JB " JoB1(0)

n
z—wn][ f(t,y)derwn][ f(t,y)dy
r By () r OB (x)

by the divergence theorem. Collecting terms, we arrive at

RUtria) = Bty f
r(z)

Au(t,y) dy +][ Ault,y) dy
n B, (z)

OBr(x)

= ][ Au(t,y)dy + (1 - 1) ][ Au(t,y) dy.
OBr(x) n 0By (x)

Hence we compute that

-1 —1
[af _ (az Lo a)} Uttrio) = f  ofult.y)ay - (" I autey) dy>
r OBr(x) r " JB,(z)

1
— (f Au(t,y)dy + < - 1> ][ Ault,y) dy)
OBr(x) n OBr(x)

—f Gty f  Aulty)dy=o,
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Moreover, observing the iniial conditions, we directly obtain that we need to solve the following
1IVP:

[(9752— (83%—”;1&)} U(t,r;z) =0, in (0,00) x (0,00),
o) = F  u0.9)dS0) F  gl)ds), on {t=0} x (0.50)
OBy () 8By (x)
QU (0, r:z) = ]éB (0 as)
= h(y)dS(y), on {t =0} x (0,00).
8B, (z)

The solution to this IVP is given by the KIRCHHOFF formula

0

1 1
Ult,r;a) = s /”y_x”th(l/) dS(y) + e

— ds
e / Sl 9(y) dS(y)

Showing this (as well as the rest of the solution) is left as an exercise. We can now recover the
solution to the wave equation in three dimensions by computing the limit lim,_,o U (¢, r;z), and we
obtain the following theorem.

Theorem 4.2 (The KIRCHHOFF formula). Suppose g,h: R® — R are given functions. Define
u: [0,00) X R = R by u(t,x) = lim,_o U(t,r;2), where

0

1 1
Ult,r;x) = It /lly—thh(y) dS(y) + ot

4m/ ) ”:tg(y) dS(y)

Then u solves the wave equation

O?u— Au =0, in (0,00) x R3,
u(0,-) =g, on {t=0} x R3,
ou(0,-) = h, on {t =0} x R,
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§5.1 Application of D’ALEMBERT’S: the inhomogeneous wave equation on the line

We now study the initial value problem for the inhomogeneous wave equation on the real line.
Suppose u: [0,00) X R — R solves the problem

O?u — 0%u = f, for (t,x) € (0,00) x R,
U(O, ) =g, on {t = O} X |R, (IHW—IVP)
Owu(0,-) =h, on{t=0} xR,
where f:[0,00) X R — R is the source term, and g,h: R — R describe the initial elongation and

the initial velocity of the string, respectively. The goal is to use the solution to the homogeneous
problem (as given by D’ALEMBERT’S formula) to solve the inhomogeneous problem. As before, we
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can split the problem into the homogeneous problem (with solution v), and the inhomogeneous
problem with zero initial conditions (with solution w):

0?v — 0%v =0, for (t,z) € (0,00) x R, 02w — 0%w = f, for (t,z) € (0,00) x R,
v(0,-) =g, on{t=0} xR, and w(0,-) =0, on {t=0} xR,
Ow(0,) =h, on {t=0} xR, Jw(0,) =0, on {t=0} xR.

Once we have solved these two problems the function u = v + w solves (IHW-IVP) by the
superposition principle for the linear wave equation. To solve the inhomogeneous problem we
consider for a parameter s € (0,00) and the auxiliary function w(-,-;s): (s,00) x R — R the
following problem:

O?w(t,x;8) — 02w(t,x;8) =0, for (t,z) € (s,00) x R,
w(s,z;s) =0, on {t = s} xR,
Juw(s,x;s) = f(s,z), on {t=s} xR
As we will see soon, DUHAMEL’S principle asserts that one can integrate the solutions to the above

auxiliary problem for w(-,-;s) over the interval [0,¢] to obtain a solution to the inhomogeneous
problem:

w(t, z) = /Ot w(t, 7 ) ds.

However, the auxiliary problem for the function w(-, -, s) is directly solved by D’ ALEMBERT’S formula
for the homogeneous wave equation, namely 4.1, on the time interval [s, c0) with vanishing initial
conditions:

1 z+(t—s) t(q z+(t—s)
wta =g [ rewa = wen= (5[ e a) s

by DUHAMEL’S principle. The solution to (IHW-IVP) is then given by

u(t,x) =v(t,z) +w(t,x)

1 1 [t t (1 z+(t—s)
= slarnsga—n)+g [ hway+ (2 [ dy> ds.

Fundamental solutions and DUHAMEL’S principle We state two important theorems below:

Theorem 5.1 (Solving a global CAUCHY problem via the fundamental solution). Assume that g(x)
is a continuous function on R™ that verifies the bounds |g(z)| < a - exp(b|z|?), where a,b > 0 are
constants. Then there exists a solution u(t,x) to the homogeneous heat equation® on the half-space
R? == {(t,z) € R"" | ¢t > 0,2 € R"}, given by

Ou — Au =0, for (t,z) € (0,00) x R™,
u(0,) =g, on{t=0} xR",

2to be encountered later
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existing for (t,z) € [0,T) x R™, where T := 1/4Db. Furthermore, u(t,x) can be represented as

u(t.) = (o) o T(t,) (@) = [ g)Tb(ta—y)d,

— 1 / ( )e _ “’L‘ — y’2 4dm
= UrDO)n2 Jo TP\ T Dy 4

where T'p(t,z) = (4w Dt) ™2 exp(—|x|?/ADt) is the fundamental solution to the heat equation. The
solution u(t, ) is of reqularity C*°((0,1/4Db) x R™), i.e. it is infinitely differentiable. Finally, for
each compact subinterval [0,T'] C [0,1/4DVb), there exist constants A, B > 0, depending on the
compact subinterval, such that |u(t,z)| < A-exp(B|z|?) for all (t,x) € [0, T']xR™. The solution u(t,z)
is the unique solution in the class of functions verifying a bound of the form |u(t,z)| < a-exp(b|z|?).

Proof. The proof is based on the FOURIER transform and the FOURIER inversion formula. The
proof is omitted. O

DuUHAMEL extended this result to allow for an inhomogeneous term f(¢, ) in the heat equation.

Theorem 5.2 (DUHAMEL’S principle). Let g and T be defined as in the previous theorem. Assume
that f(t,z), 0;f(t,z), and 0;0;f(t,x) are continuous, bounded functions on [0,T) x R™ for all
i, =1,...,n. Then there exists a unique solution u(t,z) to the inhomogeneous heat equation

Ou— Au =0, for (t,z) € (0,00) x R",
u(0,-) =g, on{t=0} xR",

existing for (t,x) € [0,T) x R™. Furthermore, the solution u(t,x) can be represented as

¢
u(t,z) = (Up(t,-) o g)(x) +/ (Tp(t = s,) 0 f(s,-))(x) ds,
0
and in particular, this solution has this regularity property: u € C°([0,T) x R®) N C12((0,T) x R™).

Proof. Exercise. O

§5.2 Application of D’ALEMBERT’S: the wave equation on the half-line

Another application of D’ALEMBERT’S formula is the solution of the wave equation on the half-line
R :={(t,z) € R? |t > 0,2 € R}. We consider the initial value problem with DIRICHLET boundary
conditions. For an unknown function u: [0,00) X [0, 00) — R, we consider the problem

O2u — 02u = 0, for (¢,z) € (0,00) x (0, 00),
u(0,z) = g(x), on {t =0} x (0,00),
O (0,z) = h(z), on {t =0} x (0,00),
u(t,0) =0, on (0,00) x {x = 0},

where g, h: [0,00) — R with g(0) = h(0) = 0 are the initial data for the position and velocity. The
solution idea is to transform the problem into a problem on the real line R (by extension) and solve
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the obtained problem by D’ALEMBERT’S formula and then recover the original solution. We define
the odd extensions w, G, and H of the unknown function wu, and the initial data g and h as follows:

w(t, ) = {u(t, x), for (t,x) € [0,00) x [0, c0),
) —u(t,—x), for (t,x) € [0,00) X (—00,0),
G(x) _ {g(x)7 for z € [O,oo)7
—g(—x), forxz € (—00,0),
H(z) = {h(l’), for x € [0, 00),
_h(_x)7 for z € (—O0,0).

With the above auxiliary functions, we deduce the following IVP on the real line R:

02w — 0%w = 0, for (t,x) € (0,00) x R,
w(0,2) = G(z), on{t=0} xR,
Ow(0,2) = H(z), on {t=0} xR.

Indeed, with the spatial reflection map A: [0,00) x R — [0,00) x R, given by A(t,z) = (¢, —x), we
observe the chain rule for t > 0 and = < 0:

Pw(t,z) = —(0%u)(t, —x) = —0u(t, —x),
O2w(t,x) = 02(—uo A)(t,x) = —(0%u o A)(t,x) = —d>u(t, —x).

Thus D’ALEMBERT’S formula (Theorem 4.1) gives the solution to the above problem. We have

w(t,x) =

NN

T+t
(Gx+t)+Gx—1t) + % /_t H(y) dy.

In the last step, we need to recover our solution u to the original problem from the solution w to
the auxiliary problem. First, let ¢t > 0 and > 0, then « +t > 0, and hence G(z +t) = g(x + t).
On the other hand, z — ¢ > 0 and « —t < 0 are both possible. If x — ¢ > 0, then we also have
G(z —t) = g(x — t) as above, on the other hand, if z —t < 0, then G(x —t) = —g(t — z), and
moreover

ot 0 o+t ot ot
/_t H(y) dy = _tH(y) dy+/0 H{(y) dy:/o h(y) dy—/o h(—y) dy

= [ avr [ nw = [ ) an

—T —T

Thus we obtain the solution formula for the original problem:

1 1 T+t
G+t +g@—t)+; [ b dy Bro<t<s
_ 2 2 r—t
u(t,z) = 1 T+t
2(g(x+t)+g(t—x))+2/ h(y) dy, for 0 <z <t
t—x
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§5.3 A property of solutions to the wave equation: uniqueness via the energy method

Previously we have mainly used the maximum principle and variations thereof to study uniqueness
of solutions. The maximum principle does not help with the uniqueness questions for the wave
equation, hence we have to use a dierent tool, the so-called energy method.

Let 2 C R™ be open, bounded, and connected, with smooth boundary 0€2. Consider the IVP with
the so-called DIRICHLET boundary conditions for an unknown function u: [0,7] x 2 — R on the
domain Q:
0?u — Au = 0, for (t,z) € (0,T) x £,
u(0,z) = g(x), on {t=0} xQ,
Ou(0,z) = h(z), on {t=0} x Q,
u(t,x) = x, on (0,7) x 09,

(W-IVP)

where f: (0,7) x Q — R is the source term, and g, h: Q — R are the initial data for the position
and velocity, respectively. The function x: (0,7") x 9Q — R is the boundary data.

Theorem 5.3. There is at most one solution u € C%([0,T] x Q) to the problem (W-IVP).

Proof. As usual, assume that there are two solutions uy, uz to (W-IVP). We define the difference
function w = u; — ug. Then w solves the homogeneous wave equation

?w— Aw =0, for (t,x) € (0,T) x €,
w(0,2) =0, on {t =0} xQ,
Jw(0,z) =0, on {t=0} xQ,
w(t,z) =0, on (0,7) x 0.

We define the energy £(t) at time ¢ of our solution by

1

E(t) = 2/Q [(8t’ll))2 (t,x) + ]Vw(t,m)ﬂ dz.

We claim that the function ¢ — £(¢) is constant. Instead, we compute
E(t) :/ [@w(t,m)@fw(t, z) + (Vw(t,z), 0, Vw(t,z))| da
Q
:/ [Orw(t, x) (Aw(t, z)) + (Vw(t,z), Vouw(t, z))] dz
Q

= Oyw(t, z) (Vw(t,z),v(x)) dS(x) —i—/ Oww(t, z) [0fw(t,z) — Aw(t,z)] dz
o0 Q

=0,

where we have used the fact that mixed partial derivatives commute, the divergence theorem, the
wave equation for the function w, and the observation that d;w = 0 on (0,7") x S

Hence we deduce that £(t) = 0 for all t € (0,7), and hence £(t) = £(0). However, the initial
condition dyw = 0 on {t = 0} x  and the condition w = 0 on (0,7") x Q2 (and hence Vw = 0 on
{t =0} x Q) imply that £(0) = 0. Thus we have £(t) = 0 for all t € (0,T"), and hence w = 0 in
(0,T) x Q. This implies that w = 0 and thus u; = us. O
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Finally, we remark that the statement remains true on unbounded domains under suitable decay
and regularity assumptions.

§6 Lecture 06—23rd September, 2024

§6.1 Linear evolution equations: the heat equation

Now we switch gears to the heat equation. Consider the linear, second-order, homogeneous PDE

ou 9%u

e e
ot Ox?’

where o > 0 is a constant called the diffusivity and v = u(x, t) is the temperature at spatial position

z and time t. This equation is known as the heat equation, and we can rewrite it in a linear

evolutionary form:

Ootu 0%u
e ZLlu], where Z[u] = azg-
Z|u] is linear, meaning that Z[au + bv] = a.Z[u] + b-Z[v] for functions u,v and constants a,b.

Also .Z depends on z-derivatives only, so that Z[c(x)u] = ¢(x)ZLu] for a function ¢(z). To find
nontrivial solutions to du/0t = Z[u], we need to specify initial and boundary conditions. But first
we recall other simpler equations.

d
Example 6.1. 1. (A simple ODE.) Consider the ODE di: = Au for a function u = u(t).

The general solution is u(t) = CeeM for an arbitrary constant C.

2. (An ODE system.) Given a n X n matrix A with constant real coefficients, consider the

system

(C%l = Au, (%)

for a vector field u(t) = (ui(t),...,u,(t)) € R™. We look for solutions of the form
u(t) = veM, where v € R" is a constant vector. Then

d

— [veAt} = AveM = XMy

dt

AveN = Avel = eMAv.
So u(t) solves (x) if and only if
Av = dv. (%)

This is the eigenproblem for the matrix A. Nontrivial solutions v exist only if A is an
eigenvalue of A with corresponding eigenvector v.

(Note that if v is an eigenvector with eigenvalue A, then so is c¢v for any constant
c# 0. So to get a complete system of equations, we need only the linearly independent
eigenvectors of A.)

Now suppose that A is symmetric, i.e. A = A'. Then A has a set of n linearly
independent eigenvectors vy, ..., v, with corresponding eigenvalues A1, ..., A, that form
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a basis for R”, and thereforewe have a system of solutions to (%) given by

At

up (t) =Vvie 9 gz

UQ(t):VQC 9 000y Ant

u,(t) = vpe™.

Observe now that (%) is a linear homogeneous system; i.e. the principle of superposition
holds. So the general solution u(t) is

n
u(t) = evieMt + cpvaeet + L+ cpvpetnt = E civietit,
i=1

where ¢y, ..., c, are arbitrary constants.
Now we return to the heat equation. Plug in the ansatz u(z,t) = v(x)eM into du/ot = L[u], so
that

ou 0

at ot
and so Ju/0t = ZL|u] if and only if Z[v] = Av. In other words, we obtain an eigenproblem for
the differential operator .#; the nontrivial solutions v(x) are the eigenfunctions of .#, and the
corresponding eigenvalues \ are the growth rates of the solutions u(z,t). Now, up to constants,
ZL[v] = 0?v/d2?, so that d?v/dx? = Av. This is a second-order linear homogeneous ODE with
constant coefficients. There are two linearly independent solutions to this ODE. In general, the

(v(x)e)‘t> =\(z)eM and ZLu] =& [v(a:)e)‘t} M L],

dv v
solution set of 12 + def + gquv = 0 is summarised in the table below.
x x
Case Solutions
P2 —q>0| M AT where Ay = —p+/p? — ¢
102 —q=0| e P ge P*
p? —q <0 | e P?cos(wz), e P?sin(wr), where w = \/q — p?
2
So we have several cases for solutions to Froi Av:
x
A Eigenfunctions v(x) | Solutions u(z,t) = eMv(z)
A <0 | cos(wz), sin(wx) e " cos(wx), e sin(wz)
A=0|1,z 1, ze¥ =2
A>0 e—wx7 ewT ert—wm’ ew2t+wx

Scanning the above, we notice that we will have infinitely many solutions to du/0t = Z[u]. So by
the principle of superposition, the general solution to the heat equation is given by an infinite series.

Example: Heat in an isolated circular ring

Consider the following ring, where x is an angular coordinate and wu(x,t) is the temperature at
position x and time ¢.
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Heat flow along this ring is modelled by the heat equation

ou_ ot
ot ox?’

where a = 1 is the normalised diffusivity. We will assume that the ring is isolated, and that the
temperature v and heat flux du/0x are continuous when x switches from —7 to m. These leads
to the periodic boundary conditions u(—m,t) = u(m,t) and Qu(—m,t)/0x = Qu(w,t)/0z, including
the usual initial condition u(x,0) = f(x) for a given function f(x). Let’s find the solution to the
initial-boundary value problem (IBVP)

t>0,—7n7<z<m.

ot 0x2’ TS EET

u(—m,t) = u(m,1), t>0,

NN (HE)
%(77777&):%(77725)7 t>0’

u(z,0) = f(x), —r<z<m.

We already have general eigensolutions e*uv(z) to the first equation in (HE). The boundary
conditions imply

u(—m,t) = u(mt) = eMv(—mn) = eMu(r) = v(—n) = v(n),
= (~m)

ox

e dv

_ e/\t% dv _dv
dx

ou
1 t) = —(m,1) = = —(—7m) = —(m).
(=m,t) = 5_(m1) e ™ S e )
We are interested in the following question: which functions v(z) satisfy the boundary conditions

u(x,0) = f(z)? To answer this, we need to distinguish between the cases A < 0, A =0, and A > 0.

e Case 1: A\ > 0. Here, A\ = w? for some w > 0, where v(z) = c1e*® + cpe™*? for arbitrary
constants ¢ and c¢y. The boundary conditions v(—m) = v(7) and v'(—7) = v/(7) imply that

wT

c1e”T + coe” YT = c1e” YT + cpeT,

were?m —wege T = —were” YT + wege”.

For the first equation, we can rearrange to get ¢ (e“™ — e “") = co(e“™ — e ") = ¢1 = g,

and similarly the second gives cjw(e¥™ — e ™) = —cow(e¥™ — e ¥") = ¢; = —co. Then

c1 = ¢ = 0, so that v(x) = 0 and u(x,t) = 0 for all  and ¢. Thus there are no nontrivial
solutions to

d?v dv _dv

Tem) = L. (EP)

e Case 2: A = 0. Take c¢1,cp arbitrary constants. Then v(z) = ¢; + coz, and the boundary
conditions v(—7) = v(w) and v'(—7) = /(7)) imply that ¢; — com = ¢1 + com = ¢ = 0,
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and ¢ = c2. So v(x) = ¢1 solves (EP) with eigenvalue A = 0. We take v(x) = 1 to be the
eigenfunction (since any constant multiple of the eigenfunction is also an eigenfunction), and
so u(z,t) = 1 is a solution to the heat equation in this case.

e Case 3: A\ < 0. Again, take ¢, co arbitrary constants. Then v(z) = ¢ cos(wzx) + o sin(wz),
where w = v/—A. From the boundary condition v(—m) = v(7), we get

c1 cos(wm) — easin(wm) = ¢ cos(wm) + casin(wm) = 2cysin(wm) =0
ciw sin(wm) 4+ cow cos(wm) = —ciw sin(wn) + cow cos(wm) = 2ciwsin(wm) = 0.

To get nontrivial solutions, we must have sin(wn) = 0, which implies that wr = kx for
some positive integer k, and so the solutions take the form v(x) = ¢; cos(kz) + co sin(kx)
for k = 1,2,.... Each eigenvalue \;, = —k? has two eigenfunctions: wvy(z) = cos(kz) and
Uk (x) = sin(kx)—the eigenspace is two-dimensional.

In summary, the linearly independent solutions to the first two conditions of (HE) are
1, e ¥t cos(kx), ek sin(kx), kE=1,2,....

These two conditions are homogeneous relations, and so by the principle of superposition, we
get that the general solution to (HE) is

u(x,t) = % 14 Z (ake_kzt cos(kz) + bpe Ft sin(ij)) ,
k=1

where ag, ax, bi, are arbitrary constants. To determine constants, we use the initial condition

u(z,0) = f(x):

f(z) =u(z,0) = % + ; ay, cos(kx) + by sin(kx).

In 1810, Josef FOURIER claimed that any function f defined on [—7, 7] could be expanded as a
series of this form. More generally, he claimed that any function f(z) defined on [—L, L], where
L > 0, could be expanded as the series

ap > krx . kmx
oY + ; <ak cos (L) + b sin <L>) ,

The story isn’t over yet though; we must answer the following questions still:

— How may we find the coefficients ay, bi.”

Does the series converge? If so, to f(x)?

— Can we differentiate the series term-by-term?

Does it solve the IVP (HE)?

Finding the FOURIER coefficients a; and b; The key idea here is orthogonality. Recall that
vectors a = (ay,az,a3) and b = (b1, b, b3) are orthogonal if a-b = a1b; + agbs + agbs = 0. In R™,
the standard basis vectors {e;}! ; satisfy

1, ifi=j,
e e =
)0, ifi g
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Recall also that we can write a vector v =Y " | v;e;, and recover the component v; via v - €; =
n j— . .. . — .
(Xoimi viei) - €j = vje; - €5 = vj.

To find ag’s and b’s, we use the results from orthogonality which we will prove soon. For fixed
7=1,23,..., we have

(roneos (Z2) ) = [ storos (22 e = (e (227) s () = .

where we used the orthogonality of the cos functions. Similarly, we have

(e (7)) =3 Qo () o on () o (7))

> . [ krx . [ jmx
+ Zbk <Sln <L> ,SIn (L>> = bJL,
k=1
and

(f(z),1) = % IL? +Zak <cos <k7£x> ,1> +Zbk <sin (T) ,1> = % 2L = agL.
k=1

k=1

§6.1.1 Interlude: inner products and orthogonality

For continuous functions defined on [—L, L], define the L? inner product as

L
(f,g) = / Fa)g(e) s

The associated norm is then defined as ||f|| = \/(f, f) = \/f_LL f(z)?dz. This norm is complete, so

L*([-L, L)) is a Hilbert space. (Compare to the Euclidean inner product on R™.)

k k
Claim 6.2. The functions from x to 1, cos (Zx), and sin (T) for k=1,2,..., satisfy the

following orthogonality properties:

o <sin <]7[T;T> ,sin <k;7£:0>> =0, fork # 7,

=0, fork # 3,

o
/\/O\
: O
0
N
h&
N———

=0, forallk,j=0,1,2,...,

cos (kz:r) H =L, fork #0,

sin <k‘zx> H =L, for k #0.

° .
o~ O~ =
R
]
>
=3 =
~
- Il
P
e
>
~
8
~— ~_— ~—" ~~—
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Proof. We will use the typical sum and product trigonometric identities.

e Observe that
sin ﬂ sin k:7r7x = / " sin ﬂ sin k— dx
L)’ L ) L

T
L
1 L s .
:/ cos (V=B o (UARTTy
2/ L L
If k = j, then this integral is

1 [k 2k 2L 1 (F 2k
— 1-— = — — — =1L.
2/_L< cos< 7 >>dx 5 2/_Lcos< 7 >dm

If k # j, then the integral is

o () o ()

since the integrand is an odd function. So we summarise our results as

<S, <j7rx> g (/{?ﬂ'l‘>> L, ifk=j,
in{>~—),sin|{ — =

L L 0, if k#j.
e Observe that

jrz ke )\ _ /L It s (F7TY g
COS 7 , COS I = L COS I COS I i

1 L . .
=5 /_L oS <(‘]+£€)7m) + cos (W) dx.
If k£ = j, then this integral is

1 [k 2k oL 1 [F 2k
2/L<1+cos< £$>>d$=2+2/LCOS< gx>dx:1.

If k # j, then the integral is

o () o ()

since the integrand is an even function. So we summarise our results as

<COS<W> cos(lm>>— L itk =,
L)’ L o, ifk#j

e Check that
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If k = 5 with 5 # 0, then this integral is

/Ls' 2jme d ——icos 2jma ‘L =0
LU )Y T gk L )l

If k£ # 7 and j # 0, then this integral is

/_LL sin <(j +Lk)m) +sin ((j _Lk)m> dz =0,

since the integrand is an odd function.

The other cases are similar. O

§6.1.2 FOURIER series, their convergence, and the heat equation

Given a function f(z) for —L < 2z < L, we can expand it as a FOURIER series, defined as

ap > kmrx . krx
> + kz_l <ak Ccos <L> + by sin <L>> )

1 k
where the FOURIER coefficients a; and by are given by aj = I <f(ZL‘),COS <Z$>> and b, =
1 . [ kmx . a 00 k <k : :
I f(z),sin <)) We write f(z) ~ % + 77, (ak cos (F2) + by sin (¥72)) since the series

may not converge to f(z) for all . The next few questions motivate themselves:

— Does the series converge? That is, does the sequence of partial sums

- k k
Sp(x) = % + Z <ak cos (T) + by sin (Z:U))
k=1

converge to a function as n — 0o0?
— If so, does S, (x) — f(x) as n — o7

First, Sy(z) is a linear combination of 2L-periodic functions, and so if S, converges to a function ]?
as n — 00, the function f must also be 2L-periodic. Thus, it makes sense to consider the 2 L-periodic
extension of f(z) on [—L, L] (in red below).

b«“""‘
=
=

\_

—3L _
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Definition 6.3 (Piecewise continuous functions). A function f is said to be piecewise continuous
on an interval [a,b] if f is well-defined and continuous except possibly at a finite number of points
a <z <x9<...<xpy <b. At each point of discontinuity, both the left-hand and right-hand limits
exist, i.e. for all k =1,2,... n, the limits f(x, ) = limcg_m; f(x) and f(xz) = hma:—>zk+ f(x) exist.

Note that f may not be defined at the x, and even if it is, it may not equal its left- or right-hand
limits. The only discontinuities allowed are the jump discontinuities; removable discontinuities can
be removed by redefining the function at that point.

Definition 6.4. A function f is piecewise C on [a,b] if f is defined, continuous, and if df /dx is
defined and continuous, except possibly at a finite number of points a < 1 < To < ... < Xy < b. At
each point xy, k =1,2,...,m, the left- and right-hand limits of df /dx and f exist:

d d d d
) = m e, e = im e
and
flap) = Tim J@), ) = Tm f(o)

Example 6.5. 1. The function f = 23 — 22 defined over x € [0, 1] is piecewise C*.

2. The function f = 1/ defined over = € [—2,2] is not piecewise continuous (has infinite

discontinuity).

Now let f be a piecewise C'! function on [—L, L], and let fbe its 2L-periodic extension to all of R.
We have the following pointwise convergence result due to other results by DIRICHLET and DINT:

Theorem 6.1 (FOURIER pointwise convergence). For x € R, the FOURIER series of f converges to:

o f(z) if f is continuous at z,
S

o —
2

Example 6.6. Let f(z) = 1{0 < = < 7} over x € [, n]. Let f be the 2m-periodic

extension of f. Then f has a jump discontinuity at = 0, and so the definition of f at

x =0 (or at multiples of 7) is inconsequential. Recall that the FOURIER series expansion is

f(z) ~ % + > pe (ag cos(kx) + by sin(kx)). We have the coefficients

flz™) + f(a/:+)> if f has a jump discontinuity at x,

1 [™ 1 [T
aOZ/ f(x)dx:/ ldz =1,
™ Jo ™ Jo
1 [T | Tsin(kz)1™
ap = / f(z)cos(kz)dex = = [Sm( x)} =0,
™ Jo T I 0
1 [ . 1 cos(k;ac)]7r 0, if kis even,
b = — x)sin(kx)der = = |— =< 9
' ”/0 f)smtte) ”{ koJo | 4o ifkisodd
T



(0.)
Thus, the FOURIER series expansion of f is f(z Z sm ((2k — 1)x).

Odd and even functions A function is odd if f(—z) = —f(z) for all x. For these functions,

1 [ k
—L/Lf(:x)cos<zx> de =0 forall k=1,2,...,

since the integrand is an odd function. So the FOURIER series reduces to f(z) ~ > 7 by sin (k%),

where
1 [t krx 1 /0 krx 1 (L krx
:/ f(z)sin <> d:c:L/Lf(x)sin <L> dw+L/O f(x)sin <L> dz

Y T PR

since f is odd. So if f is given only on [0, L], it makes sense to define a FOURIER sine series by the
FOURIER series of the odd extension of f on [0, L], which itself is

~ ) f(=), if0<a<L,
foaa(@) = {—f(—x), if —L<z<0.

Likewise, f is even if f(—z) = f(x) for all . For these functions, by vanishes for all k, and we

obtain ;
agp > krx 2 krx
x)~2+kzlakcos <L>’ where ak—L/O f(:z)cos( T > dz.

If f(z) is given only on [0, 7|, we can define a FOURIER cosine series by the FOURIER series of the
even extension of f on [0, 7], which itself is

flz), ifo<z<m,
f(=z), if —m<z<0.

fN.even (1') = {

Note that the odd, even, or periodic extensions of pointwise smooth functions may have jump
discontinuities.

Example 6.7. Consider f(z) = cos(x) on x € [0, 7]. For the FOURIER cosine series, we note
that every extension of cos(z) on [—, 7] is itself, and so the series coefficients are a; = 1 and
ar, = 0 for all k£ # 1. Thus, the FOURIER cosine series of cos(x) is cos(z) ~ cos(z). For the
FOURIER sine series, we repeat the usual computation to get that

00 9 [ 0, if k is odd,
x) ~ Zbk sin(kx), where b, = / cos(z) sin(kz) dx = 4
S Tl — k2)’

This series converges to cos(z) for = € (0, 7), but converges to the odd extension of cos(z) on
(_7T7 71').

if k£ is even.
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87 Lecture 07—25th September, 2024

§7.1 Differentiation and integration of FOURIER series

Term-by-term integration The FOURIER series of a piecewise continuous function f can always
be integrated, and the result gives a series that always converges to ffL fly)dy for x € (—L, L).

Indeed:
z apr — (ag)(—) > /‘” kmy /Z . (kmy
/L fly)dy 5 + E ak ., cos | 7~ dy + by, . sin ( —— dy

k=1 -

apx + agL . a.L . [krx br L k krx
~ il L 7)) .
5 +k_1 = sm< 7 )—i— = <( )* — cos 7

We can turn this series into a FOURIER series by writing  as a FOURIER series and rearranging
coefficients.

Term-by-term differentiation Unfortunately, term-by-term differentiation does not always work.

Example 7.1. Consider f(z) =« for 0 < 2 < m. The FOURIER sine series is then

v = f(@) = S (- sin(ka),

k

—_

which converges to x for 0 < x < w. However, differentiating term-by-term gives

2(—1)%*! cos(kzx),

WE

fll@)=1#

£
Il
&,

which diverges for any x.

We do have the following list of sufficient conditions for term-by-term differentiation to work:

1. (FOURIER series.) Term-by-term differentiation works if
e f(x) is continuous in [—~L, L], and f(—L) = f(L), and f'(z) is piecewise C! in [-L, L].
e the FOURIER series of f(x) is continuous, and f/(x) is piecewise C'1.

2. (FOURIER cosine series.) Term-by-term differentiation works if
e f(w) is continuous in [0, L], and f(—L) = f(L), and f'(z) is piecewise C' in [-L, L].
e the FOURIER cosine series of f(x) is continuous, and f/(x) is piecewise C*.

3. (FOURIER sine series.) Term-by-term differentiation works if
e f(z) is continuous in [0, L], and f(0) = f(L) =0, and f’(z) is piecewise C! in [~L, L].

e the FOURIER sine series of f(z) is continuous, and f’(z) is piecewise C.
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Even if f(z) is given by a sine series (i.e. f(x) ~ > poqbgsin(knz/L)), with f(0) # 0 and/or
f(L) # 0, it is still possible to find a cosine series for f/(x) in terms of the by:

Theorem 7 1 If f is piecewise C* on (0,m), and if f(x) ~ > re, by sin(kz), with the coefficients
=2 [ f(z)sin(kz) dz, then

Proof. Straightforward exercise. O

Now for a; and by defined as usual, consider the partial sum

+Z<akcos( ?) s (M7

Does S, (x) converge as n — oco? If so, does S,,(z) — f(x)? We have the several results in this
direction:

No! Yes!
DU Bo1s-REYMOND (1873): There exists f(x) | R1ESZ-FISCHER (1907): If f satisfies
continuous on [—m, 7| such that S,(z) di-

1 s
verges at z = 0. ||f||2:7r/ |f(2)|? dz < oo,

—T

then ||S, — f|| = 0 as n — oo.
KOLMOGOROV(1926) There exists f(z) such | CARLESON (1966): If f is continuous on
that [ |f(z)|dz < oo, but Sp(z) diverges | [—,7] and satisfies || f||* < oo, then Sy (z) —
for any z E [ T, 7). f(z) for almost every = € [—m, |

This is the state of the art for the convergence of FOURIER series.

Return to the heated ring example Suppose that f is piecewise C3. Is

_|_ Z (ake tcos(kx) + bre ™" sin(kﬂ?)>

with ap = — f fly)cos(ky)dy and by = — f f(y)sin(ky) dy a solution of (HE)? Intepreted

correctly, the anwwer is yes:
e Initial conditions: f(z) ~ u(z,0) = $ag + > o, (ay cos(kx) + by sin(kz)).

e Derivatives: Ou/0t exist, and 0?u/0x? exists since f is C3, and so u solves du/d0t = ZL[u],
where Z[u] = 0%u/0z?.

e Periodic boundary conditions: Both u(—m,t) = u(n,t) and du(—m,t)/0x = du(m,t)/0x since
sin(kz) and cos(kx) are 2m-periodic for all k.
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Note that the ansatz approach we originally took can be generalised to du/0t = Z[u] for other
partial differential operations that are linear, with only z-derivatives. Here are some examples:

u u 2U
Bl = —clo)- G il = S (w0 5E) Al = g -

where o, k, ¢ are nonnegative functions of x, and v > 0 is a constant.

§7.2 Symmetries of the heat equation

An important tool in the study of PDEs are the symmetries. Below we will study the local continuous
symmetries of the heat equation (also called the local Lie group symmetries). There is a systematic
way to derive these symmetries via the method of prolongation. However, while this is relatively
straightforward, it is beyond the scope of the course—you can find it in [O714]. In the following,
assume that u is a solution to the heat equation u; = uz,.

1. Time translation: For any A € R, the function uy(x,t) := u(z,t — ) is also a solution to the
heat equation—this is by the chain rule.

2. Spatial translation: For any A € R and V' € R", the function uy(z,t) = u(z — AV,t) is also a
solution to the heat equation. This is also by the chain rule.

3. Scaling: For any A € R, the function uy(x,t) := A\u(z,t) is also a solution to the heat equation.
Sometimes it is more convenient to parameterise this symmetry for A > 0 by A = exp(—o),
where o € R. Then uy(z,t) = exp(—o)u(z,t).

4. Parabolic rescaling: For any A € R, the function uy(z,t) :== u(\z, \?t) is also a solution to
the heat equation—again this is due to the chain rule. Sometimes it is more convenient
to parameterise this symmetry for A > 0 by A = exp(—o), where ¢ € R. Then u,(z,t) =
u(exp(—o)x, exp(—20)t).

5. Rotations: For any orthogonal transformation (i.e. rotations and reflections) R € O(n), the
function up = u(Rz,t) is also a solution to the heat equation.

6. Superposition: Suppose that v is another solution to the heat equation. Then for any A, i € R,
the function wuy ,(z,t) = Au(x,t) + pv(z,t) is also a solution to the heat equation.

7. Galilean boosts: For any A € R and V € R", uy v (z,t) = exp(— (x — AV, AV))u(x — 2XtV,t)
is also a solution to the heat equation. This is due to the linearity of the heat equation.

8. Appell transformation: For any A € R, the function

u(l‘t)_;ex _M U x #
MU= A P\ A ) T T+

is also a solution to the heat equation.

These symmetries all come in one-parameter families. We may differentiate these families of solutions
to heat equation to obtain the generator, and the generator again solves the heat equation. Suppose
Uy solves the heat equation for o € (—4,d). Then (assuming enough regularity) we may interchange

derivatives to compute
d
ua) — A < ug) =0.
o=0 do lo=0

O lo=0 do

d d
Oty — Aug = 0 ~~ — (Orug — Auy,) = 04 <
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As above, assume that u is a solution to the heat equation u; = ug,:

. . . d . . .
1. Generator of time translations: The function a))\ Ou(x,t) = —0wu(z,t), is again a solution to

the heat equation.

. , . d .
2. Generator of spatial translations: The function a‘)\ Ou(x,t) = — (Dyu(z,t), V) = Dyu(x,t), is
again a solution to the heat equation. If we use V = e; € R" we see that the partial derivative
Oz;u(z,t) is a special case of the above.

Oug(a:, t) = —u(z,t), is again a solution to the heat
o=

d
3. Generator of scaling: The function 1
o

equation.

4. Generator of parabolic scaling: We use this parameterisation in terms of ¢ to compute the

ug(z,t) = — (2t0u(x, t) + (x, Dyu(x,t))) is again a solution

d
generator. The function —
do lo=0
to the heat equation.
5. Generator of rotations: For R € SO(n), we parameterise R = exp(cA), where exp: Mat(n,R) —
Mat(n, R) is the matrix exponential and A € so(n) (here so(n) is the Lie algebra of the rotations
SO(n); this means that A € Mat(n, R) is skew-symmetric with AT = —A). Then the function

d
P Oug(x, t) = (Dyu(z,t), Az) is again a solution to the heat equation.
O lo=
. . d . : .

6. Generator of superposition: The function ol Ou)\(x,t) = v(x,t), is again a solution to the

heat equation. B

. d

7. Generator of Galilean boosts: We have a‘)\ Ou)\y(ac,t) = —(z,V)u(z,t) — 2t (Dyu(zx,t), V),

is again a solution to the heat equation.

8. Generator of Appell transformation: The function

d
a =o'

is again a solution to the heat equation.

A(,t) = —% (20t + |2[?) u(z,t) — 20pu(z,t) — t (z, Dyulz,t))

§7.3 A simple model for 1-D heat flow

We now give an example of a simple model of heat flow that leads to the heat equation. Consider a
homogeneous, isotropic solid body B C R™—n = 3 is the physically relevant case—described by the
following physical properties:
p = mass density ~ [mass] x [Volume] ' = constant,
e(t, ) := thermal energy per unit mass ~ [energy] x [mass] '
Assume that heat is supplied to the body by an external source which pumps in heat at the following

rate per unit mass: % ~ [energy] x [time] ' x [mass] . The total thermal energy E(t; V) energy
contained in a body sub-volume V' C B at time ¢ is the integral of e(t, z) over V:

d d
BGV)= [ petta)ds GEGV) = [ et o= [ poelt.ayara.
% de dt [y A%
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Let’s now address the factors that can cause %E (t; V) to be non-zero. That is, let’s account for the
factors that cause the energy within the volume V' to change. In our simple model, we will account
for only two factors. First, by integrating #Z over V', we deduce the rate of energy pumped into the
sub-volume V by the external source:

/ pZ(t, ) d"z ~ [energy] x [time] *.
\%

Second, we will also assume that heat energy is flowing throughout the body, and that flow can
be modelled by a heat flux vector q ~ [energy] x [time] ™" x [area] ™!, which specifies the direction
and magnitude of heat flow across a unit area. That is, if do C 9V is a small surface area with an
outward unit normal N, then q - N is the energy flowing out of the small surface. Thus, the rate of
energy flowing out of V is given by

—/ q-Ndo = —/ V- qd"z ~ [energy] x [time] !,
ov \%4

where the equality follows from the divergence theorem. We will connect the various energies
together by assuming the following energy conservation law: The rate of change of energy in the
sub-volume V is equal to the rate of heat energy flowing into V' from the external source, minus the
rate of heat energy flowing out of V:

/p@te(t,x)d”:r:/p%’(t,x)d"x—/ V.qd"z.
v v v

Since the above relations are assumed to hold for all body sub-volumes V', the integrands must be
equal, i.e. poie(t,x) = pZ(t,z) —V -q.

FOURIER’s law FOURIER, in 1822, proposed that the heat flux vector q is proportional to the

temperature gradient Ve:
q=—kVu,

where k is the thermal conductivity of the material, and Vu = (diu,...,0,u) is the spatial
temperature gradient. Suppose k is constant. Recall that at each fixed t, Vu is a vector pointing
in the direction of the steepest increase of u, and is perpendicular to the level sets of u. Thus,
FOURIER’s law states that heat flows from hot to cold regions. Substituting FOURIER’s law into the
energy conservation law as poe = pZ — V - (—kVu) ~ pore = pZ + V - (kVu). Since p is constant,
we can divide by p to obtain the heat equation (with e = u):

§7.4 Well-posedness: DIRICHLET, NEUMANN, ROBIN boundary conditions

Recall that one of the main goals of PDE theory is to figure out which kind of data lead to a unique
solution. It is not always obvious which kind of data we are allowed to specify in order to solve
the equation. When we have a PDE and a notion of data such that the data always lead to a
unique solution, and the solution depends “continuously” on the data, we say that the problem is
well-posed.

Below, we will consider the initial condition u(x,0) = f(z). Consider the following boundary
conditions:
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Prescribed temperature: DIRICHLET boundary conditions Here, we specify the temperature at
the boundary:

O — 0%u =0 in (0,00) x (0, L),
u=g on{t=0}x]0,L], (H-DBC)
u=0 on (0,00) x {0,L}.

If we use the separation ansatz u(t,z) = T(t)X (x) and recycle the computations from above we
obtain two problems: The first problem is the first order scalar ODE

) = —uT(0),

where p € R is the separation parameter, and the second problem is a DIRICHLET boundary value
problem for a second order linear ODE with constant coefficients:

{ X"(x) + pX (x) =

0 in (0, L),
X(0) =0, and X(L) = 0.

The general solution (in the form of a two-dimensional solution space) of the above ODE is given by
the trigonometric functions, linear functions and hyperbolic functions:

Acos(y/px) + Bsin(/px) if >0,
X(x)=< Az + B if u=0,

A cosh(y/—pz) + Bsinh(y/—pz) if p <0,

where A, B € R are constants. However, an energy identity argument (as above: multiply the ODE
by the unknown function X, integrate this relation, and then integrate by parts) shows that only
for p > 0 non-zero solutions exist. By evaluating the solution for x = 0 and z = L, we obtain the
following linear system of two equations with two unknowns A, B € R:

0 = X(0) = Acos(0) + Bsin(0) = A, A 1 0 A 0
. ~ A = . = .

0 = X(L) = Acos(\/pL) + Bsin(\/nL) B cos(y/uL) sin(\/pL)) \B 0
This linear system has a non-trivial solution if and only if the determinant of the matrix A € Mat(2;R)
vanishes, i.e. det(A) = sin(y/uL) = 0, and in that case p, = (km/L)? for k € N, since sin z = 0 if
and only if z = k7 for k € Z. One then reads off that Ay = 0 and By € R. (In this example, it
is of course possible to simply read off the conditions A = 0 and u; = (kmw/L)? directly from the

ODE.) We conclude that there is a family of solutions (indexed by k € N) of the heat equation on
the spatial domain [0, L] given by the formula

gt ) = Te(H) Xu(z) = exp <_ (’“g)i) sin <’“zx> ,

where k € N is the separation parameter. By the superposition principle for linear PDEs (Proposition
1.10), we obtain the following candidate solution for the initial value problem (H-DBC):

u(t,z) = ick exp (— (T):) sin <k7£x> )

43



To determine the coefficients {cg }ren of the initial condition g(x) = u(z,0). Setting ¢ = 0 in the
above formula implies that g(z) = u(0,2) = Y 72, ¢gsin(kmz/L). This means that we have to
expand the initial data in a sine series on the interval [0, L]. We first observe, using trigonometric
identities, that for k,m € N, we have

/ i (e ) sin (") @ = | ’ (cos (E5%0) = cos (570 )

_{L/2 ifk=m, L

0 ifk#£m 2

km»

where 0, is the KRONECKER delta. Thus the family of functions {sin(lwrac/L)}kGN forms an

orthogonal family on [0, L] with respect to the L? inner product (f,g) fo x)dz. The
above family of functlons is an orthonormal family on [0, L] with respect to the normahsed L? inner

product (f,g)y = 7 fo x. (Alternatively, one can also normalise the functions to make
them orthonormal with respect to the first scalar product.) From the theory of FOURIER series
(and its connection to sine series) we deduce that any sufficiently regular function g (for example, if
g is continuously differentiable with g(0) = g(L) = 0) can be expanded in a sine series on [0, L], and

thus we have
< . (mTr:c>> 2/L ()i (mw:c) d
Crn = sin ( ——— = — z)sin ( —— | dx.
m =\ L J/x" 1), 9T

Indeed, we may formally compute (multiply by the sine functions, and integrate on [0, L]):

o

g(z) = ck sin kww)

L
=1
s /L g(x)sin <m7rx) dz
0 L

/Lsm<mﬂ-x) (chsm< >> dx

0

0o L 00

a /0 sin (?) sin <k7£x> dz = ,; gckémk = gcm,

=D o
1

since the sine series converges uniformly (and this uniform convergence is tied to the regularity of
g). After rearranging, we summarise the result via the following theorem:

o

Theorem 7.2 (Solution to heat equation with DIRICHLET BCs on interval). Let g € C%([0, L)) be a
given function. Then the solution to (H-DBC) is given by

o) L 2
2 k k k
u(t,x) = gl <L/o g(y) sin (Zy) dy) exp (— <£T) t) sin (T) .
Note that u is a series solution for the PDE; in particular,

2 (L [ kmy 2 L 2
’Ck|:’L/O g(y)sm<L>dy’ L/ Ig(y)ldyzzHng,

where ||g|l1 = fOL |g(y)| dy is the L' norm of g. So each term in the series solution decays exponentially
both as t — oo and as k — oo. This means that u(t,z) — 0 as t — oo exponentially fast. Moreover,
for any fixed t > 0, we can differentiate term-by-term infinitely often.
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Example 7.2. We will solve the following initial value problem:
dpu — kO u =0 in (0,00) x (0, L),

for u(t,0) = u(t,L) = 0 for t > 0 and u(0,z) =1 for € (0, L). From the result above, we get

that
9 L o 2 L Lo\ |2 0 if kis even,
Cr = — sin|{ — ) dz = — | —— cos =< 4
g L/o <L) L[ km <L>]O — itk is odd.
T

i 2k: i) P (‘” (W):) sin <(2"?+L1)”> '

k::O

Thus the solution is

We also have the inhomogeneous analogue for the DIRICHLET boundary conditions:

Theorem 7.3. Let f € C%([0, L]) be a given function. Then the solution to the inhomogeneous heat
equation with DIRICHLET boundary conditions

Ou — kO*u = f in (0,00) x (0, L),
u(t,0) =a fort >0,
u(t,L) =p fort >0,
u=0 on{t=0}x]0,L],

e (252) oo Sy (e (37) ) (7).
w2 (- (757) o) o (52

Proof. Exercise. The idea is to decompose the problem using linearity (as u = v + w where v is
a nice function satisfying the boundary conditions) and then figure out what equation w = u — v
satisfies, and solve it. O

(H-DBC-inh)

s given by

where

§8 Lecture 08—02nd October, 2024

§8.1 Finishing off boundary conditions from last time

Prescribed heat flux: NEUMANN boundary conditions Here, we specify the heat flux at the
boundary:
Ou — 0?u =0 in (0,00) x (0, L),
u=g on{t=0}x]0,L], (H-NBC)
Ozu =0 on (0,00) x {0,L}.
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Here g: [0, L] — R is the initial temperature distribution. We use the separation ansatz u(t,z) =
T(t)X (x) as before, leading to the two problems

ar
dt

X"x)+puX(x) =0 in (0, L),

(t) = —uT(t) and { X'(0) =0, and X'(L) =0,

where 1 € R is the separation parameter. Arguing as above implies that y > 0. For u = 0, we
obtain the solution X () = A for some constant A € R. For x> 0, we have uj, = (kw/L)? for k € N,

and Xy (z) = cos (’”Tx) for k € N. Using that cos0 = 1, we may write the separated solutions as

wp(t, ) = Th(8) Xp(x) = exp (- (T)2t> cos (T) ,

and the candidate solution for the initial value problem (H-NBC) as

u(t,z) = ki;ockuk(t,x) _ gck exp (- (’?)2) cos (lmL”“’) .

Here the coefficients {cg }ren, are determined by the initial condition ¢g(z) = u(z,0). Setting t = 0
in the above formula and using the initial condition, we deduce g(z) = u(0,z) = Y32 ¢k cos (47%)
To expand the initial data we first observe using trigonometric identities that for k,m € N,

L km mm 1 [k (k+m)m (k—m)m L
/0 cos <Lx> cos (Tx) dzr = 2/0 (COS (L:U) + cos <L$>> dzr = §5km’

and for m € Ny we have
L mm 0 ifm#0,
1-cos (—x) dz =

Thus the functions {1, cos(kmz/L)},cy, form an orthogonal family on [0, L] with respect to the L?
inner product, and we may proceed as above. From the theory of FOURIER series we deduce that any
sufficiently regular function g (for example, if g is continuously differentiable with ¢'(0) = ¢’(L) = 0)
can be expanded in a cosine series on [0, L], and thus we have for m € N that

I 2 [k
co = L/o g(z)dz, and ¢, = L/o g(z) cos (?) dz.
We summarise our results in the following theorem:

Theorem 8.1 (Solution to heat equation with NEUMANN BCs on interval). Let g € C2([0,L]) be a
given function. Then the solution to (H-NBC) is given by

u(t,z) = ick exp (— <kzr>2t> cos (T) )

where the coefficients are

1 [F 2 [E mmx
CO—L/O g(z)dz, and cm—L/O g(x)cos( 7 )dx

for m € N.
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Mixed boundary conditions: ROBIN boundary conditions Here, we specify a linear combination
of the temperature and the heat flux at the boundary:

Ou — kO2u =0 in (0,00) x (0, L),
u=g on{t=0}x]0,L], (H-RBC)
Oyu~+oau =0 on (0,00) x {0, L},

As usual, we want to find separated solutions to the initial-boundary value problem (H-RBC). We
use the separation ansatz u(t,z) = w(t)v(x), leading to the two problems

dw d?v
E(t) =k w and @(a:) = \v(z),

which gives us w(t) = w(0) exp(kAt), with v(0) = 0 and boundary conditions v'(L) + fv(L) = 0.
Thus we have the eigenproblem

— =Xv(z) and dv

d2’U ’U(O) = 0,
da? 0

dx
Which eigenfunctions satisfy these boundary conditions?

1. Case 1: A < 0. Here, we let w = v/—A > 0 and obtain the general solution
v(xz) = Acos(wz) + Bsin(wz).

The boundary condition v(0) = 0 implies that A = 0 and thus that v(z) = Bsin(wx). The
boundary condition implies that

d
Bu(L) + d—U(L) = weos(wL) + Bsin(wl) =0 = w = —Btan(wl).
x
The equation w + ftan(wL) = 0 has infinitely many (decreasing as k increases) solutions
wr = wi(B, L) for k € N, given any § # 0 and L > 0. While there is no explicit formula for w,,

we can approximate it using root-finding algorithms. The corresponding eigensolutions are

un(t, ) = exp (—kwit) sin(w, ),

2. Case 2: A\ = 0. Here we obtain the general solution v(x) = Az + B. The boundary condition
v(0) = 0 implies that B = 0 and thus that v(x) = Az. The boundary condition implies that

Bv(L)%—%(L)zA%—,BAzO = A=0,

and so v(x) = x is a solution if and only if 5 = —1/L. The corresponding eigensolution is

u(t,z) =exp(—k-0-t)z = x.

3. Case 3: A > 0. Here we let A\ = w? > 0, and have the general ansatz v(x) = Cj exp(wz) +
C exp(—wx). The boundary condition v(0) = 0 implies that C; + Cy = 0, and so v(z) =
C sinh(wz). The boundary condition implies that

Bu(L) + S—Z(L) = BC) sinh(wLl) + wC cosh(wl) =0 = w = —ftanh(wl).
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The equation w + /5 tanh(wL) = 0 has one solution wy > 0 if and only if # < —1/L, and so the
corresponding eigensolution is

u(t,z) = exp (kwgt) sinh(woz).

If B > 0, then heat energy is being extracted from the system at the boundaries, and the
system is stable. If 8 < 0, then heat energy is being added to the system at the boundaries,
and the system is unstable.

§8.2 Derivation of the fundamental solution

We start our derivation from the one-dimensional case n = 1. Let u: (0,00) X R — R be a
solution to the heat equation. Moreover, assume that the solution is invariant under parabolic
rescaling, so that u(Az, \?t) = u(z,t) for all A > 0. With the specific choice A = 1/v/t, we observe

u(z,t) =u (%, 1) =: v(z//t), where we have defined the function v: R — R by v(z) = u(z,1). We
differentiate this equation with respect to time and position to get

Ou(w,t) = —;va’ (\2) , Ogu(w,t) = \}%v’ (\2) Pu(z,t) = %U” <\2> ;

and hence we observe

O, ) — O2ulz, t) = —% (d’ <\”2> + %ﬁv' (\2)) .

Thus if u is a solution of the heat equation, we deduce for ¢ > 0 with the abbreviation z = x/v/t as
above, the ordinary differential equation v//(z) + %zv/ (z) = 0. This is a second-order linear ODE
with nonconstant coefficients. To solve this equation, we first introduce the auxiliary functiuon
w(r) = v'(r); this auxiliary function satisfies w'(r) + gw(r) = 0. This is a first-order linear ODE
with constant coefficients, and we find the solution as

w(r) = w(0) exp (/0 (-2) ds> — w(0) exp ({f) .

Integrating this equation implies v(z) = C fOZ exp (—%) dr + D for some constants C, D € R given
by C'= w(0) and D = v(0). From our previous discussion, we know that the spatial derivative of a
solution to the heat equation is again a solution to the heat equation. Defining U(x,t) = dyu(x,t),
we find that U also solves the heat equation, and moreover the fundamental theorem of calculus
implies that

Uz, t) = /Om dpu(y,t)dy = /Or V' (y/ Vi) dy = /Oz/\/zw(r) dr = Siexp (Zj) .

In the last step, we fix the constant C' € R by the normalisation condition ffooo U(z,t)de = 1,

and thus [, U(z,t)dz = %ffooo exp (—ﬁ—j) dz =1 = C = \/%. We have thus derived the

fundamental solution to the heat equation in one dimension:

D, (2, t) =

1 < x2 >
exp| ——].
VAt P 4t
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To derive the fundamental solution in higher dimensions, we notice that if u;: (0,00) x R — R and
ug: (0,00) x R — R are solutions to the heat equation in one dimension in the sense that

8tu1(x1, t) — 8§1u1(:c1, t) = 0, 8tUQ(.TU2, t) — 822’[&(.%'2, t) = O,

then the function u(x1,xe,t) = ui(x1,t)us(xe,t) is a solution to the heat equation dyu(xy, x2,t) —
Au(zy,22,t) = 0 in two dimensions. This is a consequence of the linearity of the heat equation—
indeed we compute immediately by the product rule that

Opu(z1, 2, t) — (02 u(w1, 22, 1) + 02 u(1, 72, 1))
= ’LLQ(J}Q, t)é?tul (:L‘l, t) =+ uq (1‘1, t)@tuQ(xg, t) — U2 (l‘z, t)@ilul (901, t) — Ul (:L‘l, t)8§2u2(x2, t)

= ug(x,t) (8tu1(x1,t) — 3§1u1(x1, t)) + ui(z,t) (Btu2(:c2,t) — 8§2u2(x2, t)) =0.

By induction, the above observation extends immediately to higher dimensions, and this allows us
to make the following definition:

Definition 8.1 (Fundamental solution of the heat equation). The function ®: (0,00) x R® — R

defined by P
1 T
@(I',t) = Wexp <_4t>

is called the fundamental solution of the heat equation on R™. Sometimes, the above solution is also
called Green’s function for the heat equation.

§8.3 The solution to the initial value problem for the heat equation on R"

Theorem 8.2. Suppose that g € C(R) N L*(R) (i.e. the initial temperature g is bounded and
continuous). Define the function u: [0,00) x R™ — R by the formula
[ oG- utgway. >0
u(t,x) = n
9(x), t=0,
Then we have the following properties:
1. The temperature distribution u is smooth for positive times t > 0; that is, u € C*°((0,00) x R™).
2. The function u solves, for allt >0 and all x € R™ the heat equation Oyu(x,t) = Au(x,t).

3. By sending t — 0 we recover the initial temperature distribution; in particular,

l ) =9(@ Iz eR™
(t,x)—)%(r)l,la”:),t>0u(x ) g(m) fOTa T

Moreover, this statement may be rephrased as

u € C°((0,00) x R") N C([0,00) x R™).

Proof. Exercise. The first and second assertions are easy; the third is more involved. O
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A version of the above theorem can be formulated with much weaker assumptions on the regularity
of the initial temperature g: R® — R. It suffices to assume that g € L*(R") (i.e. the integral of g is
finite) to obtain the first and second assertions in the above theorem. However, the third assertion
which is a pointwise property has to be weakened to a statement about convergence of averages in
the L' norm.

Below we study the inhomogeneous heat equation on R™:

(IH)

Ou—Au=f, (t,x)€ (0,00) xR,
u(0,z) = g(z), z€R",

where f: (0,00) X R™ — R is a source term and g: R™ — R is the initial temperature distribution.
To study this problem, we first make a reduction. Let v: [0,00) x R" — R and w: [0,00) x R™ — R
solve the following problems:
v —Av=0, (tz)e€(0,00)xR", d ow—Aw = f, (t,x) € (0,00) x R™,
an
v(0,2) = g(x), x€R", w(0,z) =0, x € R,
One can check that the function v = v + w solves the inhomogeneous heat equation (IH), so it

suffices to only study the second problem. Via ideas from the DUHAMEL principle, we can prove the
following theorem:

Theorem 8.3 (Solution for the inhomogeneous problem). Suppose f € 051’2)([0, o) x R™). Define
the function w: [0,00) X R" — R by

w(z,t) = /Ot </ Bz —y,t —s)f(y,s) d”y) ds.

1. The function w is of regularity w € CH2)([0,00) x R™).

Then we have:

2. The function w solves Oyw — Aw = f for all (t,z) € (0,00) x R™.

3. We have for all T € R™ the limit im )0,z 4>0 w(z,t) = 0.

Proof. Exercise. O

A perspective via semigroups The semigroup property of the hear equation follows from the
uniqueness property. Let u be a solution to the heat equation on R"” x[0, 7] — R, with u(z,0) = ug(z).
If we have uniqueness, we could consider an operator P, by defining Pyug(t) := u(z,t); then it satisfies
the semigroup property Ps(Pug) = Psysug. A C° semigroup has to do with the parameter of time
in a time-dependent equation such as the heat equation 2h(z,t) = Ah(z,t), h(z,0) = ho(z). The
solution operator S(t) evolves the heat distribution hg at time 0 to that at time ¢,i.e. h(x,t) = S(t)ho.
If the system is well posed, then there is only one solution at the later time. Furthermore, if you
evolve t seconds into the future and then use the new state h(x,t) = S(t)ho as an initial condition
for evolving ¢ more seconds, then you should get the same answer as if you were to evolve the initial
state through t + ¢’ seconds. That is, S(¢')[S(¢)ho] = S(t + t')ho, which gives the solution operator
an exponential property S(¢')S(t) = S(¢ 4+ t). This exponential property is a general principle of
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time evolution systems where the system itself does not depend on time. The C° property has to do
with stability of the solution. We want limy o h(z,t) = ho, i.e., limy o S(t)ho = ho. In other words,
you want S(0) = I with vector continuity S(¢)hg — IThg as t | 0. Continuity from above at ¢t = 0
gives the same for all later times, too.

If the system is time dependent, then the evolution operator requires the beginning and ending
time, say S(fend, tstart). You still get something like an exponential property, but not quite as simple
S(ts,t2)S(ta,t1) = S(ts,t1). It is the interesting that time evolution for time-independent linear
systems has this exponential property. It is an odd fact of nature. And the whole idea of C°
semigroup theory is to try exploit this exponential property in order to write the solution operator
as some kind of actual exponential operator ¢4 for an operator A. You can identify what A would
have to be in order have an exponential property. For example, in the case of the heat equation,
that operator A must be A because you expect %(etAh) = A(e!4h).

§8.4 Properties of solutions to the heat equation

Theorem 8.4 (Maximum and minimum principle for the heat equation). Suppose Q@ C R™ is
open and bounded. Let u € CH2(Q x (0,T)) N C(Q x [0,T)) be a solution to the heat equation
Ou— Au=10 on Q x (0,T) with T > 0. Then we have the following:

e (Maximum principle.) maxg, o ) t = MaXpQx[0,1] U-

e (Minimum principle.) ming o ) 4 = Mingoy [o,7] U-

Corollary 8.2 (Uniqueness of initial value problem with Dirichlet boundary conditions). Suppose
Q CR" is open and bounded. Let g € C°(2), f € C°((0,T) x Q), and x € C°([0,T] x Q). Then the
problem

O —Au—f inQx(0,T),

u=yg on {t =0} x Q, (DBC-IVP)

u=yx on (0,T) x 08,

has at most one solution u € C12)(Q x (0,T)) N C%(Q x [0, T]).

Proof. Suppose that u; and us are two solutions tolDBC—IVP). Then the difference w = uy — ug of
the solutions satisfies w € C(H2)(Q x (0,T)) N CO(Q x [0, T]) and solves the homogeneous problem

Ow—Aw=0 inQx(0,7),
w=0 on {t =0} x Q,
w=0 on (0,T) x 0N.

By the maximum principle, we have maxg, o) W = 0 and minﬁx[o nw = 0. This implies that
w=0on Q x[0,T], so u; = us. O

Corollary 8.3 (Infinite propagation speed). Let Q C R™ be open, bounded, and connected, and
let g € CO(Q) with g =0 on 9N, g > 0 in Q, and such that g(y) for some y € Q. Suppose that
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= 0(172)(9 x (0, 7)) N C%Q x [0,T]) solves the problem

Ou—Au=0 inQx(0,T),
u=g on {t =0} x Q,
u=20 on (0,T) x 0.

Then we have u(z,t) > 0 for all (z,t) € Q x (0,T).

Proof. If this were not the case, then we would obtain a contradiction to the (strong) maximum
principle. ]

Let us now discuss the gradient estimates for the spatial derivatives of the heat equation. For
simplicity, we consider periodic boundary conditions; that is, we assume that u: R — R satisfies
u(z + e;) = u(x) for all x € R™ where e; is the i-th standard basis vector in R”. In this case, one
may also think of u as a function w: T — R where T = R"/Z" is the n-torus. We have:

Theorem 8.5 (A gradient estimate). Suppose that u € C*([0,T) x T") solves the IVP

Ou—Au=0 n (0,7)xT",
u(xz,0)=g(z) on{t=0} xT™

1
Then we have the gradient estimate || Dyul* < 7 max G*(y) for all (z,t) € T" x (0,T).
yeln

Proof. The maximum principle for subsolutions for the heat equation in periodic domains gives us
that for subsolutions to the heat equation, the maximum is attained on the initial time slice. We
consider the auxiliary function v(z,t) = t|Dyu|?*(z,t) + Au?(z,t) where A > 0 is to be determined.
We compute the derivatives ;v = |Dyu|? + 0| Dyul? + Adyu? and Av = tA|D,ul? + AAu?. Hence,
we have 9yv — Av = |Dyul? + (0, — A)|Dyul? + A(0; — A)u?. Evaluating the second and third terms
give

(9 — A)u? = 2udu — 2ulu — 2|Dyul* = —2|Dyul?,
t(0y — A)|Dyu|* = 2 (Dyu, d:Dyu) — 2 (Dyu, ADyu) — 2|D2ul? = 2 (Dyu, D(0; — A)u) — 2|D2u)?
= —2|D2ul?.
Hence we have (9; — A)v = |Dyul? — 2t|D2u|? — 2A| D, u|? < 0 for any choice of A > 1. Pick A = 1.

Then the maximum principle for subsolutions gives us that maxyn(g7) v = maxyn (o} v, and we
have then that for each (z,t) € T" x (0,7T), we have

t|Dyu*(z,t) + u?(z,t) = v(z,t) < max v= max v= max = maxg>.
[0,T)xT" Trx{0} T x{0}u2 ™

This implies then that for ¢ > 0 and z € T",

< t‘DxUP(.T,I;) + u2(ib,t) < Zn%axg{

1

which is the desired result. O
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The above technique is called the Bernstein technique for derivative estimates. It is a powerful
technique for parabolic equations.

Now consider a solution u € C*°([0,T) x R") N C°(R" x [0,T)) of the initial value problem

Ou—Au=0 in (0,7)x R",
u(z,0) = g(z) on {t =0} x R™.

Ast — oo, the temperature should become more and more evenly distributed. We define the average
temperature u at time ¢ by

a(t) = —

= — u(m,t)d"x:/ u(z,t)d"x,
[T Jyn n

where we have here taken the hypervolume of the torus T™ to be [T"| = 1. We compute that the
time evolution of the average temperature is given by

d
—u(t) = Owu(z,t)d"z = Au(y,t)d"y =0,

by the divergence theorem. Thus the function ¢ +— u(t) describing the average temperature is
constant, and in particular, u(t) = g for all ¢ > 0. The natural claim is to ask that

u(x,t) — g = / g(x)d"z for all x € T" as t — oo.

n

There are two possible ways to prove this: the first attempt is via the POINCARE inequality and
interpolation estimates; the second attempt is via the maximum principle.

89 Lecture 09—07th October, 2024

§9.1 The LAPLACE and POISSON equations in two dimensions

Fix an open subset U C R"™. The LAPLACE equation is the PDE Au =0 on U and the PoIsson

n
82
equation is the PDE Au = f on U, where A = g 922 is the Laplacian operator and f = f(x) is a
4
i=1 i

given function on U.

§9.1.1 The LAPLACE equation on a rectangle

Consider the rectangle Qr = {(z,y) : 0 <z < L,0 <y < H} and the LAPLACE equation for the
equation u = u(zx,y) for (z,y) € Qg with DIRICHLET boundary conditions on 0€Qg:

oo
ox?  Oy?
u=g1 on{0}x(0,H),
u=ygy on{L}x(0,H),
u=fi on (0,L)x {0},
u=fy on (0,L)x{H}.

Au = =0 in Qg,

(L-Rect)
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(0,H) u= fo (L,H)
u =0 Au=0 U= g2
(0,0) u=fi (L,0)

To solve (L-Rect), we start by decomposing the problem across the boundaries. Set

w(@,y) = ui(z,y) +ua(z,y) + us(e, y) + ua(z,y),

where the functions u; take the form in the following image:

u=g1(y)

u = foz)

Viu=0

u= fi(z)

U1=0

u1:0

Viu =0

u1:()

uy = fi(x)

uz = fao(x)

V2U3 =

’LL3=0

U2:0

U3=0

u = 0
uz = g2(y)
VQUQ =0
Uy = 0
Uyg = 0
uy =0
+ V2U4 =0
us = g1(y)
ug =0

(Recall that Au = V?u in this picture.) Each part has homogeneous boundary conditions except
for one side, and this fact allows us to solve the resulting ODE eigenproblems. We now move to
looking for product solutions. First we solve for us(x,y)—the other three follow similarly. Assume
that ua(x,y) = V()W (y). Then substituting into the LAPLACE equation gives

2 2 2 2
B = W) L) + V) L 0) =0 = W) ) = V@)
1 d?v 1 d*w
TV @Y = Wy ar W =N
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where A is a constant. This gives us two ODEs, first the eigenproblem in y:

42w

AW =

o7 T =0
w(0) =0,
W(H) =0,

(Here we obtain the boundary conditions from ug(z,0) = V(z)W(0) =0 = W(0) = 0 and
ug(z, H) = V(x)W(H) =0 = W(H) =0.) But we have solved this eigenproblem before, on the
way to obtaining the solution to the one-dimensional heat/wave equation with DIRICHLET boundary
conditions. The solution is

2
A== (F7) Wal) =sin (), n=12....

The other eigenproblem in x is

d?v nm\ 2
dax? __<_(H> >V’
V(0) =0,
ua(L,y) = V(L)W (y) = 92(y),
and this has the general solution

V) = cre ((22) 0) + cvenp (= (25) ).

The condition V(0) =0 = ¢1 +c2 =0, so

Vi) = e (o0 (1) ) —exp (= (22) o)) = 2 sinh (254

n n
So the product solution is sinh (%x) sin (%y), and the principle of superposition gives the

general solution as
[e.e]
ug(x,y) = nz_:l A, sinh (%x) sin (%) .

We can now use the boundary condition ua(L,y) = g2(y) to solve for the coefficients A,. As
. nm .
QQ(ZU) = U2(L7 y) == Zzozl An sinh (ﬁL> Sin (

[t 5 0= S (555) [ (5 )

= sint (") A [ sw () 0y
0

, we have

3

We then get that
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The solution to the LAPLACE equation for ug(x,y) is then

o0

Sy b o () e () ()
H

Repeating this process for the other three parts of u gives us

ug(z,y) = i:o: — < L) /OH g1(y') sin <n;rly’> dy’ sinh <7W(I}/I_$)) sin (%) .
H

We summarise our results in the following theorem.

Theorem 9.1 (Solution to the LAPLACE equation on a rectangle). The solution to the LAPLACE
equation on a rectangle Qr = {(z,y) : 0 < x < L,0 < y < H} with DIRICHLET boundary conditions
18

w(@,y) = ui(z,y) +ua(z,y) + us(e, y) + ua(z,y),

where
- 2 L , nma! . (nTx nm(H — y)
ul(x,y)—z . (mrH) ; fl(x)sm< 7 )dx sm( 7 )sm < T ,
n=1 [, sinh
L
ug(z,y) i 2 /Hg (y') sin (mry’) dy’ sinh (mrm) sin (mry)
2 9 - 2 e s
n—1 H sinh (%L) 0 H H
ug(z,y) = i 2 Lf (2) sin na’ dz’ sin (mr ) h <n7ry)
S\BY) = , <mH> 0 2 L L L)
n=1 [, ginh [ ——
L
> 2 H nmy’ . nm(L — x) nmy
=t [y (1) () 2
n=1 H sinh a

§9.1.2 The LAPLACE equation on a disk

Now we study harmonic functions on the disk. The disk of radius R is given by

Br(0) = {x — (z1,22) € R?: \/(@1)2 + (22)2 < R} c R

56



For a radius R > 0, a given function g: dBr(0) — R and an unknown function u: Br(0) — R, we
study the problem

—Au =0 in Bg(0),
u =g on 0Bg(0).

Separation of variables is more subtle in this problem, as the disk Br(0) C R? is not a product
domain in cartesian coordinates. We first have to change coordinates to polar coordinates. Recall
that polar coordinates are the map p: (0,00) x (0,27) — R? given by

o) = (mose)

rsinf
Observe that the image of this map is given by
p((0,00) x (0,27)) = R*\ {(z1,0) € R* : 2y > 0}.

The map p is a diffeomorphism (i.e. a bijective smooth map with smooth inverse) onto its image.
Note that one is tempted to work with the domain [0, 00) x [0,27) instead. Then the map p is
surjective onto R?, but it is not a diffeomorphism anymore. For our PDE we consider the function
v: (0,R) x (0,27) — R defined by v(r,0) = u(p(r,0)). By the chain rule (this is the LAPLACE
operator in polar coordinates) the function v satisfies the PDE

9% 10v 1 0% .

- (W(r, 0) + ;E(r, 0) + T—Qw(r, 0)) =01in (0, R) x (0,2m).

The boundary condition u = g on dBr(0) translates into the condition v(1,6) = G(0) on {r =
R} x (0,27), where we have defined G: (0,27) — R by the composition G(#) = g(p(1,6)). Since
the image of (0, R) x (0,2m) is given as

p((O, R) X (0,27‘()) = BR(O) \ {(L‘ = (1‘1,0) S BR(O) :0 <z < R}

we have to introduce a further auxiliary condition to guarantee that the function u extends smoothly
to a solution on Bg(0). The upshot is that the problem in polar coordinates has a product structure,
and hence we can apply the separation ansatz

vo(r,0) = f(r)©(0),

where f: (0, R] — R is the radial part and © : [0, 27] — R is the angular part Inserting this ansatz
into the PDE, multiplying by r? (remember that r > 0) and dividing by the ansatz implies the

equation
LI ) e)
o T Tew

This equation can be separated into two ODE problems

=0.

©"(0) + uO(0) = 0 in (0, 27),
and ©(0) = O(27)

{”fWﬁ+w%m—uﬂm=0nwaR>
o'(0) = ©/(2n)

lim, o f(r) is finite

where p € R is a separation parameter. The auxiliary conditions—finiteness at the origin for the
radial ODE and periodic boundary conditions for the angular ODE—are a consequence of the

o7



condition that u extends to a smooth solution on Br(0). Finally, remember the boundary condition

v(1,0) = G(0).
The general solution of the angular ODE is given by
©(0) = Acos(y/p0) + Bsin(\/u0).

Thus the boundary conditions are given by
0=0(0) —6(2r) = A — (Acos(2m\/i) + Bsin(2m\/p)),

0=0'(0) — 0'(2r) = /uB — (—A\/psin(2m\/1) + B\/p cos(2m\/11)) .

We may rewrite this into the linear system

()= (mmtonsin 1 oniomrn) (8) = (0):

where C' € Mat(2;R). Non-vanishing solutions can only exist if det C' = 0. We compute

det C = p ((1 — cos(2my/p))? + sin®(2my/;1)) = 2 (1 — cos(2my/11)) -

Thus p = 0 or i = k%, since cos z = 1 for z > 0 if and only if z = 27k for k € N. Thus for pg = 0
the solution space is one-dimensional and we have

O9(0) = A,
while for py, = k% with k& € N the solution space is two-dimensional and we have

O (0) = Ay cos(k@) + By, sin(k6).

With this information the radial problem reduces to

P )+ fi(r) = K2f(r) = 0

with the auxiliary condition that the solution is finite as » — 0. This ODE is a second order linear
ODE with non-constant coefficients, more precisely it is an ODE of Euler type (also Cauchy—Euler
type). Solutions can be found by a change of variables (which transforms the ODE into a constant
coefficient second order ODE) or by the (equivalent) ansatz f(r) = Cr® for C,a € C. Inserting this
ansatz into the ODE implies

0= r2f1(r) +rfir) = K2f(r) = r*(ala — 1) + o — k?)

and we obtain the polynomial (which is the characteristic polynomial of the associated constant
coefficient equation—or the indicial polynomial in the Frobenius method) p(a) = o? — k? with a
double root o = 0 for £k = 0 and with simple roots o = £k and o« = —k for k > 1. For k > 1 we
obtain the solution

fk(T) = Cl’l“k + CQ?”_k

with C71,Cy € R. While for the case k = 0 with the double root e = 0 we obtain the solution

fo(r) =C1+ Cologr
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for C,C5 € R. However, the second term in both cases does not stay finite as » — 0 and hence we
may discard it. Thus our radial solutions are given by fi(r) = Cr* for k > 0. Thus solutions are
given by

vp(r,0) = fi(r)O(0) = ¥ (Ay, cos(kb) + By, sin(k0)) ,

and our candidate solution is given by

ka r,0) = Zrk (A cos(k) + By sin(k6)) .
k=0

The boundary condition v(1,0) = G(6) then reads as
G(0) = Z (A, cos(k) + By sin(k6)) .
k=0
Hence the coefficients Ay and By are given by the real Fourier coefficients of G:
1 2 1 2m
A = — G(0) cos(kf)dl, By = — G(0) sin(k0) d6.
T Jo T Jo
Thus the solution to the LAPLACE equation on the disk is given by
u(r,0) =Y ¥ (Ay cos(k0) + By sin(kd)),
k=0
where the coefficients Ay and By are given by the Fourier coefficients of the boundary data g. We
summarise our results in the following theorem.

Theorem 9.2 (Solution to the LAPLACE equation on a disk). The solution to the LAPLACE equation
on a disk Br(0) with DIRICHLET boundary conditions is

o0

u(r,0) = Z % (A, cos(kf) + By sin(k)) ,
k=0

where the coefficients Ay and By are given by the Fourier coefficients of the boundary data g:

27 2T
Ap =+ / 9(0) cos(k0) o, By = - / 9(0) sin(k6) 6.
0 0

s 71'

§9.2 LAPLACE’s equation for other domains

e The problem on the annulus Br(0) \ B-(0): The solution to the LAPLACE equation on the
annulus
Br(0)\ B,(0) = {z e R* : r < |7 < R}
with DIRICHLET boundary conditions is obtamed by proscribing u or du/0n on the inner and
outer boundaries.

e The problem on {(r,0) : r € (a,00),6 € (—m,m)}: The solution to the LAPLACE equation on
this domain is obtained by imposing the condition that u is bounded as r — oo.

e The problem on the wedge {(r,0) : r € (0,00),0 € («,3)}: The solution to the LAPLACE
equation on this domain is obtained via a singularity condition at the vertex of the wedge,
and boundary conditions on the two sides of the wedge.
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8§10 Lecture 10—09th October, 2024

§10.1 GREEN'’s functions for one-dimensional boundary-value problems

We start with an illustrative case. Conider the steady-state one-dimensional heat equation with a
steady source and homogeneous DIRICHLET boundary conditions:

~8Y — f(2), ul0) = u(L) = 0. ()

We call G = G(z,y) the GREEN’s function for (x) if, for any given f(z), the solution to the BVP
(%) is given by

/ G(x,y)f(y)dy, (1)
where z € [0, L].

Remark 4. 1. This solution formula for the equation reveals the precise contribution of the
source term f(x) at each point x to the solution u(z).

2. Since we have this “kernel” in the integral representation of the solution, we can also deduce
that it makes sense for nonsmooth data f(x).

We will now go over several methods for computing GREEN’s functions for partial differential

equations with various boundary conditions and initial conditions.

Approach 1: direct solution Consider the equation (x). Integrating twice gives

'x):Cl—/Oxf(z)dz, u(az):C'2+C'1:c—/0m/0yf(z)dzdy.

The boundary conditions give us that

w(0) =0 = Cy =0,

L L
u(l)=0 = ClL—/O /Oyf(z)dzdy:O — Cl:i/o /Oyf(z)dzdy.

The solution to the BVP (%) is therefore

/0 % z)dzdy — //f Ydzdy
/0 % dydz—//f ) dydz

:/OL</szdy)f()dz—/o (/Z dy)f(z)dz
/

L

Z(L —2)f(2) dz—l—/

xT

HE=a@ e [ @21 a:
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L

:/OI (%(L—z)—(x—z)) f(z)dz+/ %(L—z)f(z)dz

xT

T2(L—x Lo(L — 2
= [P e [T G e

Therefore, the GREEN’s function for the BVP (%) is
G(z,2) =

Note that G(z, z) = G(z, z); this is called MAXWELL’s reciprocity principle.

Digression into linear algebra: the matrix eigenvalue problem. Consider the matrix eigenvalue
problem A¢ = A¢. Suppose A € Mat(N x N;R) has eigenvalues 0 < A\; < Ay < --- < A\, and
corresponding eigenvectors ¢y, ¢, . .., ¢, that form an orthogonal basis for RY. To solve Au = f

for u, we can write
N

u= Z Up@,,, Wwith u, to be determined.

n=1

Then N

n=1 n=1

So we can solve for u, by projecting f onto ¢,,:

(£, 0,) (e b - br
3 S I Bb wrrw n<¢m¢n ZA (G- ) 1 Onl P

2

Approach 2: FOURIER series The eigenproblem for ¢ = ——— with homogeneous DIRICHLET

x
boundary conditions u(0) = u(L) = 0 (i.e. the problem Z¢ = A¢p, ¢(0) = ¢(L) = 0) has the

solutions ¢, (x) = sin (%), n =1,2,3,..., with eigenvalues \,, = (@) . We can write the

L

solution to () as a sine series
oo
= Z anon (), with the a,, to be determined.

Differentiating term-by-term (which is allowed since u(0) = u(L) = 0), we get

(f, Pn)

2 o0
_dgzganmm)— z) = Zan (Gns Om) = {fs0m) = an = =0

The solution to (*) is therefore

Z / L0 (0 / (i:j e %))f(y)dy.
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GREEN’s function for the ODE is therefore

> o0 sin (@) sin (@) o sin (@) sin (@)

Z n( _ Z L L _ Z L L/
An ¢n7¢n> nm nmy 2 L

R WD) = ()

n=1

d2
We can also think of the GREEN’s function as a series; for the problem —d—z = f, u(0) = u(L) =0,
x
the GREEN’s function is
G(z,y) — .
: L . .
Since (¢p, Pn) = 3 and |¢,(z)| < 1 for all n, this series converges:
= 1 12 2¢ = L* 1
S DS ma] =T = L T T L =

| An (7)2 =i

and therefore the series defining G(z,y) is a continuous function of x and y.

n—

§10.1.1 The DIRAC delta measure

Now, does

L

n=1

d?
solve the problem —d—z =d(x — xp), u(0) = u(L) = 07 Of course the BCs are satisfied, since ¢,

satisfy the BCs for all%. We have
d?u Log?
L) = ~T5@) = [~ {56y dy—/ 2(6)(e.0) () dy,

X[G](%y) T dx? _n:1)\7n<¢m¢n> <_ dx2 > _n: )\7 da:Q ¢m¢n Z ¢n7

which may not be a convergent series. However, the orthogonality of the eigenfunctions ¢,, allows
us to write, for m > 1,

n=1

L dm(z) [F B
/0 Z1G)(x,y)ém(y) dy % o / 6. )oml) dy = 755 / (m(®))? dy = bm(a),

and since these eigenfunctions form a basis, we get that for any f(z),

L > L o) L
| 2w s ay - > / L1 f@onls) du = Y [ LI f@)only) d
m=1
= Z mﬁbm = )7

and so Zu|(x) = f(x), where f,, = (f, om)-
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Definition 10.1 (The DIRAC delta measure). Z[G|(z,y) = §(x — y) is called the DIRAC delta
measure that represents a point mass from a concentrated source at x = y. For all v, we write

/ 5(z — y)o(y) dy = (6(z — ), v(y)) = v(a).

Fact 10.2. For xg # yo, we have 6(xg — yp) = 0.

Proof. Suppose 6(zg — yp) > 0. Then d(xg — &) > 0 for ¢ close to yo Choose v to be a continuous
function with v(g) > 0 for € near yp and v(zg) = 0. Thus (6(xo — €) fo (xo—¢e)v(e) de > 0,
but (6(xo —€),v(e)) = v(zp) = 0, a contradiction. O

So §(x — y) is a distribution that puts all the mass at x = y, and likewise §(z) = §(z — 0) is a
distribution that puts all the mass at z = 0. Symbolically,

0, if Pn(y)Pn ()

0, 1f:r3—y, —

Note that ¢ is not defined by what it is (i.e. the specific function evaluations) but by what it does
(i.e. its action via the inner product). The DIRAC delta measure is a distribution that acts on a
function v by evaluating v at a point z. Importantly, the DIRAC delta measure is not a function,
but a measure or a distribution.

Proposition 10.3 (Some properties of the DIRAC delta). 1. The DIRAC delta is a weight with
mass 1.

2. We have 6(x —y) = d(y — x).

1
3. For positive ¢ € R, we have 0(cx — cy) = —0(x — y).

€]
L
Proof. 1. We have / d(z —y) dy = (6(zr — y),1) = 1, by choosing v(x) = 1.
0

2. By the distributional property, we have (§(z — y),v(y)) = (§(y — z),v(y)) = v(x).
3. For ¢ > 0,

/[Ré(cm—cy)v(y)dy: /5 er— 2o (2) dz=2 /5:E—z ) dz
:fgca:) Ev(:c), where g(z) = v<c>. 0

A connection to the HEAVISIDE function The DIRAC delta can be thought of as a “derivative” of
the shifted HEAVISIDE function
0, =<y,

1, z>uy.

H(:U—y):{

d X
Symbolically, 6(x — y) = @H(l’ —y), and so H(x —y) = / d(z —y) dz. Note that for all e > 0

and for all x,

/I+€5(a:—y) dy=H(z+e)—H(zx—¢)=1-0=1.
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0 can be viewed as the limit of a sequence of fractions, even though it isn’t a function itself:

graphs of . for different ¢

graphs of H. for different ¢

For e > 0, let

1 . ¢ € cp< €
S <cp<=
€ 2 2’
0 otherwise,

which is a box function of height 1/e and width e. It is easy to see that

Oc(z) =

/_OO dc(z) doz =1, de(z —y) = 0e(y — ), dc(cx — cy) = i55(:673/).

Suppose f(z) is LIPSCHITZ continuous near x, that is,

@ =@l <Ll for yelz— ]

Then as f(y) = f(z) + f(y) — f(z), and therefore

| e -y ==

Q)
N
Q)

1 1 :L'+% 1 :E+%

"ﬂ@+/‘ F@wﬁwzﬂ@+/ F(z,y) dy,
g E Jp—=t z—£

and as the remainder — 0 as € — 0, we have

1 [*t3 1 [*t3 L
/ 2F(az,y)dy S/ 2L-Edy:—s—>0.
€ Jao—t € Juo 2

£
2

Therefore

tiy [~ oo ) dy = f()

The antiderivative of J, is

L
8
A

|

| ™

H.(x) = / " biy) dy =

| =
/N
S
_.I_
N (™
N—
|
VASIES

=o
8

As e — 0, H.(x) converges to the HEAVISIDE function H(x), which is the antiderivative of d(x).
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§10.1.2 Interpreting GREEN’s functions via the DIRAC delta measure

Consider the equation .Z[u] = f with DIRICHLET BCs. If f(z) = §(x — z¢) for some xp € R, then
by the solution formula and the definition of §,

L L
u(x) = /0 G, y)f () dy = /0 G, y)b(y — 20) dy = G(z, o).

This implies that the GREEN’s function can be defined as the solution to .Z[G](x, zo) = é(x — x¢)
subject to the same BCs as the original problem; it represents the response at x due to a concentrated
source at xg. This leads to the following approach for computing GREEN’s functions:

Approach 3: Solving for the GREEN’s function via the DIRAC delta measure Now we first find
the GREEN’s functions for
d2
—— =d@—m).  u(0) =u(L) =0
using the above via the properties of the DIRAC delta measure. If Z[G](z,z¢) = d(z — ), then
when x # xo,

d’G
Z|G](z, z9) = —ﬁ(w,:xo) =0 forz <z and x > xo,
x
and therefore G is piecewise linear, since . = —d?/dx?. So integrating gives
d2

d
— 42 0@ %0) = 0(x —20) = —5-G(2,20) = H(z — 20) + C1,
where C1 is the constant of integration. The antiderivative of H(x) is

x <0,

z 0
Hy)dy=<
/oo ) dy {fomldy:x, x> 0.

Call p(z) =z - 1{z > 0} the ramp (or ReLU) function. Then again by integration,

d
—aG(:p,xo) =H(z —20) +C1=px —x9) + C1 = G(z,20) = —p(z — x0) + C12 + Cy,

for Cs a distinct integration constant. Then via the definition of p,

—(z — x0) + Chz + Co, x—x0>0,_ (C1 — Dz +x9+ Coy, x> xp.

-0+ Crz + Cs, T —x9 <0, Crz + Oy, x < xg,
G(z,x0) = =

Now we use the homogeneous DIRICHLET BCs to get

G(O,l‘o)zo — 01(0)+02 — CQIO,

L —
G(L,xg) =0 = (C1 —1)L+z0=0 = C = L“’O.

So the GREEN’s function is

L— i)

o ) x, x <o,
T,To) =

%(L —x), x> Tp.
This G is piecewise linear in  with homogeneous DIRICHLET BCs.
Remark 10.4. 1. The same expression for G can be derived from Approach 1.

2. G(x,y) is continuous at x = y but has a jump discontinuity in the derivative at x = y.
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§10.2 The GREEN's function for another second-order ODE

Now we look to solve

O<z<L w > 0 const.

using the GREEN’s function. G(x,z¢) satisfies, for each xg, the ODE
d2

—@(x,xo) + w?G = §(x — p), G(0,z9) = G(L,x0) = 0.

So G is a piecewise linear combination of the two linearly independent solutions e¢** and e~“* to
the homogeneous ODE:

A(zg)e?* + B(zg)e ", z < xp,
C(z0)e“” + D(zg)e ", x> xp.

G(z,x0) = {

The boundary conditions give

G(0,20) =0 ___ Alxo) + Blro) =0,
G(L,ay) = 0 O(w)e™ + Dlag)e % =0,

Plugging these into G, we get, for arbitrary A = A(xo) and C = C(xy),

G(z,x9) = {

2A - sinh(wz), r <wmo, A- sinh(wz), x < T,
—2C - e“Lsinh(w(L — z)), = >z |C-sinh(w(L —z)), > zo.

But we still need to find A and C. In the previous example, G(z,y) was continuous at x = y. We

assume the same, i.e that G(zy,z0) = G(x7, 7o), which gives Asinh(wxg) = —C sinh(w(L — z0)).
To find C, we use the properties of §: for any € > 0,

xro+e xo+e d2G
1= / §(z — xo) do = / <_de($’x0) + wQG(m,x0)> dz

0—¢€ Tro—E€
dG G Tote
=——-(x0+¢e,20) + —(x0 — €, 20) + / some continuous function.
dx dx zo—e
—0 as e—0
From the definition of G then, we have —1 = —wC cosh(w(L — x¢)) — wA cosh(wzg), and combining
this with A sinh(wzg) = C'sinh(w(L — xy)), we get
sinh (w(L — xp)) sinh(wz) -
r<x
G, o) = wsinh(wl) ’ 0
077 Y sinh (wxg) sinh(w(L — 7)) -
x> .
wsinh(wl) ’ 0
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8§11 Lecture 11—14th October, 2024

§11.1 General one-dimensional BVPs and nonhomogeneous boundary conditions

Consider the following problem with given homogeneous boundary conditions at x = a and = = b:
d du
5 (PO ) @@ = o). a<o <t @

where the functions p,r € C°([a, b]) and p(x) > 0 for all = € [a,b]. Say that

d du
2 = -4, (s 51 ) - r@uta).
and that the boundary conditions are u(a) = u(b) = 0.

Definition 11.1 (GREEN’s function for the ODE problem). A GREEN’s function for the ODE
problem (1) is a function G = G(x,x0) that satisfies

ZL[G|(z,x0) = d(x —x0), a<x,x0<Db,

with the same homogeneous boundary conditions as ().

The following properties are immediate:
e For x 7é Zo, X[G](x7$0) = 07
G, | dG -1

d
. —G(m,xo) has a jump of magnitude —1/p(x¢) at x = xg, i.e —(zg ,xo)—a(ma,xo) = o (z0)
0

dx dx

)

o G(x,x) is continuous at = = xg.

Fact 11.2. A GREEN’s function for the ODE problem () exists if and only if there is a unique
solution to (1) for any given f(x), i.e. (I) is well-posed.

Now we shift to nonhomogeneous BCs. We will use LAGRANGE’s identity, a key identity in calculus
(and that follows immediately from the product rule (uv)’ = v'v 4+ uv’):

W L] — v L = —% (p(x) <u§; - vj";» .

Integrating both sides gives GREEN’s identity:

b v u o=b
[ @) 21) — o0 210@) s = —ple) ) T @) - o) o)

Y
r=a

and these are true for all u,v € C?([a,b]). To solve Z[u] = f with inhomogeneous BCs, we use
GREEN’s identity with G:

r=b

b b w
/ u(z) ZL[G)(x, xo) dx = —/ G(z,x0)ZLul(x) dx = —p(x) [u(m)if(m,xo) - G(x, xo)jx(m’)]

Tr=a
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which implies that

b u x=b
o) = [ Gaan)(0) da pte) |ule) G o 0) ~ Glrs) o)

r=a

The terms in the last expression are completely determined by the boundary conditions, and we can
solve to obtain a formula for u(z) in terms of f(x) and the boundary conditions.

§11.2 The 2D delta measure and GREEN's function for the POISSON equation

With some calculus we can derive the GREEN identities:

// (uAv + Vu - Vo) dedy = 55 u@ ds, // (uAv — vAu) dedy = yﬁ u@ - v@ ds,
Q a0 On Q 50\ on  On

where Q is a region in R? and 9 is the boundary of Q. We can use these identities to obtain
immediate properties of solutions to the LAPLACE or POISSON equations.

Claim 11.3. The only solution to
Au=0 inQ,
u=20 on 0N

is u(x) =0 for all x € Q.

Proof. As Au = 0, we can use the first GREEN identity to obtain

0://uAu dmdy:yg u% ds—// Vu-Vu dxdy:—// |Vaul? dz dy,
Q oo On Q Q

2 2
= —/ @ @ dz dy.
a ||0z oy
9 e > |ouf : . 9
Thus ||[Vu|* =0 in Q implies p + 20l = 0 in €, and since ||Vu(z,y)||* > 0 for all (z,y) € Q,
x Y
we get that Vu = 0 in €). Thus v is constant in €2, and since u = 0 on 02, u is continuous, and
00 C Q, we get that u =0 in Q. O

As a consequence, any solution to the problem

Au=f in €,
u=20 on 0f)

is unique; to wit, if u1, us are solutions, then w = uq — us solves the above problem for w, and
w =0 in  implies u; = ug in 2. On the other hand, consider the LAPLACE or POISSON equation
with NEUMANN boundary conditions:

—Au=f inQ,

N
M o n. (Neu)
on
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Applying GREEN’s first identity with u, 1:

//1Au—l—Vu-V1 dedy = 1@ ds = //Audxdy:&é %ds,
Q N On Q agﬁn

butAu:—finQand%:hon(?Q,so

55 hder//fd:cdy:O.
a0 Q

f,h are given functions, so this is a required condition for existence of a solution to (Neu). At the
same time, if a solution u exists, then u + ¢ is also a solution to (Neu) for any constant c, i.e. we
have non-uniqueness of solutions.

Two-dimensional delta measure Write, for xg = (z,yo) € €2, the two-dimensional delta measure
6(x —x0) = d((x,y) — (20, y0)) = (= — xo,y — yo) as a function §(x —x¢) = §(z — 20)d(y — yo). In
this sense,

oo if x = xg. 1 if xg € Q.

5(x—x0):{0 if x # xo, //Qé(x_x())dxdy:{o if xo € Q,

With the usual inner product (u,v) = [[, u(x)v(x) dz dy, the delta measure satisfies

(6(x — x0), F(x)) = /ﬂ 5(x — x0) f(x) dardy = f(xo).

Green’s function for the Poisson equation Consider the POISSON equation

—Au=f in €, :
(Pois)
homogeneous BCs on 9f).

The GREEN’s function G(x,xq) satisfies

{—AG(X,XO) =d(x —xp) in €,

homogeneous BCs on 0f2.

G gives a solution formula to (Pois).

Example 11.4. Consider the problem

—Au=f in Q,
u=nh on Of).

The GREEN’s function G(x,x() satisfies

—AG(x,%x0) = 0(x —x¢) in £,
G=0 on 0.
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Applying GREEN’s second identity with u, G gives

//Q [—u(x)d(x — x0) + G(x,%0) f(x)] dx = §£ (x)gi(x, Xp) ds

u
o0

= u(xg) = //QG(x,xo)f(x) dx — ﬁm h(x)gi(x,xo) ds
— u(0 = [ Gox I dy - §_hEI7,6%) nly) ds.

The term gﬁt = V,G(y,x) - n(y) is called the dipole source term.

G depends on the BCs, but also on the properties of the boundary 992 (shape, size, etc.). The
simplest case is when € is all of R?:

—AG(x,%x0) = 6(x — xq) in R?.

This equation corresponds to the electrostatic potential of a point charge at xg in R2. We expect
that, on the whole space with no boundaries, G(x,x() depends only on the radial derivative from
xp, i.e. G(x,%x0) = G(r), where r = ||x — x¢||. In polar coordinates,

1d dG 1 d°G 1d dG
AG=2S () 4 2 LE 1d (4] _ _ 0l .
G rdr(rdr>+r2d92 and rdr(rdr> 0 = G(r)=Cilnr+ Cs
To find coefficients, note —AG = 4, so — [, AG dzdy = — 027r Jo~ 6(r)r drdf = —2m = 1. Take

Q) = B(xg,e) = {x € R? : ||x — x| < £}; then GREEN’s first identity gives
1:—// AGz—% VG -n= % ds (—8G>=>Clz_1.
B(x0,¢) 0B (x0,¢) 0B (x0,¢) or 2m

Definition 11.5 (Two-dimensional GREEN’s function). The infinite / free space GREEN’s function
for —A in two dimensions is, up to a constant,

1
G ylx,%0) = =5 In (Ix = xo]))

Gf(x,x0) = ¢(x — x0) is the fundamental solution to the POISSON equation —Au = f in the whole
space.

Note that G'f(x,xo) is singular at x = Xo, in contrast to the one-dimensional case where the GREEN’s
function is continuous.

§11.3 GREEN’s function for the half-space and the unit disk

Half-space Now we seek to find the solution G to the problem

(HS)

—AG(x,%x09) = d(x —xg), iInQ={x=(z,y) ER?: —0 <2< 00,0<y< o}
G(x,xp) =0, on 9N = {x = (z,9) ER?: —0co < = < 00,y = 0}.
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Note that Gf(x,x) = ®(x — x¢) does not solve this problem since Gy does not satisfy the BCs.
However, for xo € Q, ®(x — xg) satisfies —~A®(x — xg) = §(x — X¢) in both Q and R?. Introduce a
corrector function z(x,xg) that satisfies the following for fixed x¢ € Q: (i) —Axz(x,x%0) =0 in Q,
(ii) z(x,x0) = ®(x — xp) on IN. Then G(x,x¢) = P(x — x¢) — 2(x,X0) satisfies the BCs in (HS); we
just need to find z. We know —Ax®(x —x¢) = 0 for x # xq, so for any w ¢ 0, —AxP(x —w) =0 in
2. So for any xg € €, if we could choose x; ¢ Q depending on x¢ such that ®(x —xp) = ¢(x — x1)
on 09, then z(x,x0) = ®(x — x1(Xp)) would be our corrector function. Recalling the definition of ¢,
we have that x € 0 implies

B(x — x0) = D(x —x1) = In (W) —In (\/m> .

1
The choice of x; is then x; = (z0, —0), and so z(x,Xo) = ®(x — (0, —yo)) = %IH(HX —xpl|) —

1
5 In (||x — (zo0, —yo0)||). Putting all of this together, we get that the GREEN’s function for —A on
7r

the half-space Q is, with Xg = (2, —0),

~ 1 1 ~
G(x,%0) = ®(x —%0) — &(x —X0) = 5 In([lx —xo|) — 5~ In (flx — Xoll),

_1ln<||X—Xo||> _11n<\/(90—1’0)2+(y—y0)2>.

C2m \x=xll) o 2m T \Vw — o) + (y + o)

So the solution to (HS) is

_ 1 ~ C>On \/(x7$0)2+(y7y0)2 T x T € (—o00,00 00
u($’y)_4ﬂ'/—oo/0 ! <\/(aj—x0)2—|—(y_|_y0)2) f( OyyO)d OdyOa G( ) ),yE(O, )

This technique (adding a corrector function that is some “reflection” of the fundamental solution)
can be used to find GREEN’s functions for other domains.

8§12 Lecture 12—16th October, 2024

§12.1 The maximum principle and the mean value property for harmonic functions

Definition 12.1 (Harmonic functions). Let 2 C R™ be an open set. A function u € C%(Q) is called
harmonic if —Au =0 in Q.

We will occasionally need to discuss subharmonic functions given by —Awu < 0 (these functions lie
below harmonic functions with the same boundary data), and superharmonic functions given by
—Au > 0 (these functions lie above harmonic functions with the same boundary data).

Theorem 12.1 (Weak maximum principle). Suppose Q@ C R™ is open and bounded and that
u € C%(Q)NC°%Q) is a harmonic function. Then we have the weak mazimum principle:

max u(y) = max u(y) and minu(y) = min u(y).
yeqQ yeoQ yeQ yEeIN
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Corollary 12.2 (Boundary data controls the size of harmonic functions). Let  C R™ be open and
bounded, and let g € CO(00) be given. Suppose u € C?(Q) N CY(Q) solves the problem

—Au =0, 1inqQ,
u=g, ondf.

Then we have for all x € ) the estimates

i < < .
yrrena%g(y) <u(z) < max 9(y)

Proof. The weak maximum principle implies for all z € Q the inequality

min = min u = minu <u < maxu = maxu = max .
yemg(y) mnin (y) min (y) < ulz) nax (y) = max (y) = yemg(y)

This completes the proof. ]

Corollary 12.3 (Uniqueness of solutions to the DIRICHLET problem). Let Q@ C R™ be open and
bounded. Suppose f € C°(Q) and g € C°(0) are given. Then there exists at most one solution
u € C%(Q)NC°Q) of the DIRICHLET problem

—Au = f, in €,
u=g, on 0.

Proof. Suppose there are two solutions u; and us to the problem. Then w = u; —us € C2(Q)NCY(Q)
solves by linearity the problem

—Aw =0, in €,
w =0, on O

By the weak maximum principle, we have w = 0 in 2, and thus u; = uy in Q. O

Theorem 12.2. Suppose 2 C R" is open and u € C%(Q) is a harmonic function. Then we have for
all radii v > 0 such that B(z) C Q the mean value property:

1
[0B, ()] Jop, ()

where OB, (x) is the sphere of radius r centered at x and dSy is the surface measure on this sphere.

u(z) = u(y) dsy,

Note the connection to CAUCHY s 1ntegral formula: if u is harmonic in a neighborhood of a circle C
and z € C, then u(z —fc

Theorem 12.3 (Characterisation of harmonic functions via the mean value property). Let Q C R™
be open and u € C?(Q). If we have for all radii v > 0 such that B.(x) C € the relation

1
10B:(2)| Jop, ()

u(z) = u(y) dSy,

then u is harmonic in Q.
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Theorem 12.4 (Strong maximum principle). Let Q@ C R™ be an open, bounded, and connected
subset. Suppose u € C?(Q) N C(Q) is a harmonic function. If there exists an interior point xo €
such that u(zo) = max, .qu(y) or such that u(zo) = min g u(y), then u is constant in €2.

Corollary 12.4. Let 2 C R™ be an open, bounded, and connected subset. Suppose the boundary
datum g € C°(0R) satisfies the inequality g(y) > 0 for all y € O and there exists a boundary point
7 € 0Q such that g(y) > 0. Then any harmonic function u € C*(Q) N C°(Q) with boundary data
u =g on I is positive in the interior; that is, u(x) > 0 for all x € Q.

Theorem 12.5 (HARNACK inequality for balls). Suppose again that Q C R™ is open, bounded, and
connected, and that u is a harmonic function on Q0 with uw > 0. Let z € Q and let 7 > 0 be a radius
such that Bs,(z) C Q. Then we have for all z,y € B,(z) the comparison estimate

Theorem 12.6 (HARNACK inequality for general subdomains). Suppose  C R™ is open, bounded,
and connected, and that u € C*(Q) N CY(Q) is a nonnegative harmonic function on Q. Let Q' C
be a compactly contained subdomain (i.e. the closure of Q' is contained in Q). Then there exists an
expression C' = C(n, Q') > 0 (depending only on the dimension and the subdomain) such that

sup u(y) < C - inf u(y).
yeQ ye/

These are extremely deep results.

§12.2 Regularity, gradient estimates for harmonic functions, LIOUVILLE’s theorem

Theorem 12.7 (Interior regularity of harmonic functions). Let Q C R™ be open, and let u € C?(9)
be a harmonic function. Then u € C*®(R2), i.e. u is smooth in the interior of ).

Theorem 12.8 (Gradient estimates for harmonic functions). Suppose 2 C R™ is open, and assume
that w is a harmonic function in Q. For any xoy € Q and any radius r > 0 such that B, (xg) C Q, we
have the gradient estimate

C
Vu(zo)| < / u(y)| dy,
IVu(@o)ll < Br(x)! ()]

where the expression C = C(n) > 0 depends only on the dimension n. Moreover, we have

C
[Vu(zo)|| < — sup |u(y)],
" yeB.(x)

where the expression C = 5’(71) > 0 depends only on the dimension n.

Theorem 12.9 (LIOUVILLE’s theorem). Suppose u is a bounded harmonic function in R™. Then u
15 constant.
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Proof. The idea of the proof is to apply the gradient estimate on larger and larger balls, and use
that the right-hand side is controlled, since the function v is bounded. Since u is bounded, there
exists a constant M > 0 such that sup,cgn [u(y)| < M. Let zg € R” be arbitrary, and let 7 > 0 be
a positive radius. Since B,(z9) C R™, we have the gradient estimate the inequality

C C CM
|Vu(zo)] < — sup |u(y)| < — sup |u(y)] < —.
T yEB7-($o) T yERN T

Since B, (xp) € R™ for all » > 0, we may send r — oo to deduce
CM
|Vu(zg)] < — — 0 as r — oo,
r

and hence Vu(xg) = 0—the gradient vanishes at oy € R™. Since xg € R™ was an arbitrary point, we
deduce that Vu = 0 in R", and hence the gradient vanishes identically. Functions with vanishing
gradient are constant, and thus wu is constant. ]

Theorem 12.10 (Higher-order gradient estimates). Suppose Q C R™ is open, and assume u is a
harmonic function in Q. For any xo € Q, let r > 0 be a radius such that B,(xzo) C 2. Then we have
the following estimate on the higher derivatives of u:

[vhueo| < S iy

where the expression C' = C(k,n) > 0 depends only on the dimension n and the order k of the
derivative.

Theorem 12.11 (Analyticity). Suppose @ C R™ is open, and u is a harmonic function on Q. Then
u 18 real-analytic in 2.

8§16 Lecture 16—04th November, 2024

§16.1 Reviewing the process of separation of variables

As we have seen, the method of separation of variables for PDEs proceeds like this:

homogeneous sub-problem — eigenvalues and eigenfunctions —— basis for space of
solutions —— general solution.

So far, we have seen that if we get a set of orthogonal sines and cosines, then the FOURIER series
theory implies that piecewise C'' functions have a representation as a superposition of basis functions.
But how general is this process? It turns out that the process of separation of variables is a special
case of a more general theory of self-adjoint differential operators and associated eigenproblems.
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§16.2 Self-adjoint linear operators and STURM-LIOUVILLE problems

Now let .Z be a linear operator from a vector space U to itself; we will like to think of .Z as being a
differential operator. (Recall that “linear” means that £ (au+bv) = aLu+bLv and £ (cu) = cLu
for all u,v € U and a,b, c € R scalars.) This vector space U is endowed with an inner product (-, -),
and so we would like to think of U as being a set of functions satisfying homogeneous boundary
conditions.

Definition 16.1 (Self-adjoint linear operators). A linear operator £ is self-adjoint if
(ZLu,v) = (u, L)

for all u,v e U.

These operators arise in linear algebra: Take 4 = R"™ ad endow the space with the inner product
(u,v) =u-v. Take .Z to be an n x n matrix A, so that -Z[u] = Au. For any u,v € R", we have

(Lu],v)=Au-v=u-A'v = <u,ATV> .
So .Z is self-adjoint if A= AT (the reverse direction is also true).
More important for us though is the role these operators play in DE theory.

2
Second-order ODEs and STURM-L1OUVILLE BVPs Take the operator . = 2 and the vector
X

space U as
b
U= {u: [a,8] = R u e C2([a,8)), u(a) = u(b) = 0} mwy_/"wmw@dm

Recall GREEN’s identity for ODEs:

dul?

lﬁmmfm@%mmzmummz_sz_wwmk_

So for u,v € U, i.e. for u,v satisfying the DIRICHLET boundary conditions, we have
dv du dv du
(Zu.0) = (w.20) == (a0 = T 0) + (w0 Tl ~ v@ @) ) =

So .Z is self-adjoint on U.

Now consider Z[u](z) = f(z) for a < x < b, where

2ul(0) =~ (2t [p) 2] + o))

where p, ¢, o are real-valued continuous functions on [a, b] such that p(z) > 0 and o(x) > 0 for every
x € (a,b). We also consider the following boundary conditions:
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(i) Regular BCs: Here we have

fru(a) + @) =0, max{Bi] |al} >0, B+ 5P £0,
Bau(b) + 54%(17) =0,  max{|fs],[Bal} >0, B +[Baf® #0.

The special cases are the DIRICHLET, NEUMANN, and mixed BCs.

(ii) Periodic BCs: Here we have

(iii) Combination BCs: If p(a) = 0, the boundary conditions are (a) a regular boundary condition

d
at x = b, and (b) a singularity condition at z = a, i.e. |u(a)| < oo and d—u(a) < 0.
x

Definition 16.2 (Sturm-LI1OoUVILLE BVPs). The equation £ [u] = f with homogeneous boundary
conditions of one of the above types is called a STURM-LIOUVILLE BVP. We say that £ is a
STURM-LIOUVILLE operator, and that it has STURM-LIOUVILLE BCs.

Transforming to the STURM-LIOUVILLE form Consider now the general second-order ordinary
differential operator
d2
Q2(2) 5 + Qi )f + Qo(z)u = f().

z
With the integration factor technique, we multiply and divide by p(z) := exp < dz) to get
z

Qulo) s + Qi) 2+ Qolou =~ (o [o) ] + (o))

o Q1(2) _ Qo(z) __ p@)
p(x) == exp < ®0) dz) , q(z) = p(x)Q2(x>, o(x) = )

We also have the following fact:

where

Fact 16.3. Any STURM-LIOUVILLE operator £ is self-adjoint on

U= {u:[a,b] = R:ue C*([a,b]), u satisfies the S-L BCs},

b
with weighted inner product (u,v), = / u(z)v(x)o(z) de.

Proof. Consider that

.2, = 2, = [0 (-2 (2 (s + e ) oo

76



LR ) )
b
= —5(0) [ule) ) — o) 220

a

The boundary term vanishes for each type of STURM-LIOUVILLE BC:

(i) For regular boundary conditions, we have

] ) -

for any v € U, i.e. for any u satisfying the STURM-L10UVILLE BCs. So for any u,v € U, we
have that

u(a) v(a)

du( ) is parallel to dv )|

&z az

and consequently the Wronskian

W (u,v)(z) = det [dlifx) (fv(x) ] satisfies W (u,v)(a) = 0.
@(ff) @(ff)

Similarly, W (u,v)(b) = 0, and so from the identity above,

(w, Z[0), — (L[u), v}, = —p(x) [u(:c)j:c(x) - U(:U)jz(x)}

= —p() [W(u,v)(@)]l; = 0.

a

(ii) For periodic boundary conditions, we have u(a) = u(b) and p(a)j—i(a) = p(b)%(b). If u,v
satisfy the BCs, then p(a)W (u,v)(a) = p(b)W (u,v)(b), and so
b
(1.2 D])y ~ (Zlul, v}, = o) |ule) §(0) ~ o) §4(0)

(iii) For combination boundary conditions, we have p(a) = 0, and so

(u, Z[v]) g = (Lul, )y = pla)W (u, v)(a) = p(O)W (u,v)(b) = —p(b)W (u, v)(b) = 0,

g

since u, v satisfy the regular BC at x = b. 0

Laplacian operator in two dimensions Consider the domain Q C R?, with 9Q = 9Qp U 9Qx and
0Qp NIy = @. Then the Laplacian operator .Z = —A is self-adjoint on the space
0

u _ol.
NN

UZ{UZQ—HR:UGCQ(Q), U|6QD:O,%
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0
where a—u is the normal derivative. The inner product is (u,v) = / u(z,y)v(z,y) dedy. Recall
n Q
GREEN’s identity for the Laplacian operator:

// ulAv — vAudzdy = §£ <uav — v@u) ds
0] o0 on on

55 u@—v@ ds—i—% u@—v@ ds
- Np 8n 872 NN 8?1 8TL

= 0. Thus (—Au,v) = (u, —Av), or (ZL[u],v) = (u, Lv]).
00N

. ou
since u|pn,, = 0 and ——

on

Remark 16.4. The two-dimensional partial differential operator

1

Ll = o(@,y)

(V- (k(z,y)Vu))

is self-adjoint in a weighted inner product space, where o(z,y) > 0 and k(x,y) > 0. We will show
this in the homework.

The eigenvalue problem for an operator .Z is
ZLu] = A, uel,

where A is a scalar. Nontrivial solutions u to this problem are called eigenvectors or eigenfunctions,
and the corresponding X\ are called eigenvalues.

§16.3 Properties of self-adjoint linear operators

Here are some of the properties of self-adjoint linear operators:

1. All eigenvalues A are real.
Proof. Suppose Zu = Au for some u € U and A € C. Then
Mu,u) = (A, u) = (Lu,u) = (u, Lu) = (u, \u) = Mu, u).
Since (u,u) > 0, we must have A = ), and so A is real. O
2. There are infinitely many eigenvalues Ay < Ao < A3 < ... < A, <...,and )\, = 00 as n — oc.

Proof sketch. Apply the weak maximum principle to the problem .Zu = Au to show that the
eigenfunctions corresponding to distinct eigenvalues are orthogonal. Then apply the RAYLEIGH
quotient to show that the eigenvalues are unbounded. O

3. For each A, the span of linearly independent eigenfunctions is finite dimensional. (In particular,
the eigenspace corresponding to A, has dimension n.)

Proof. Suppose ZLu, = \yu, and Lv, = \yv, for some u,,v, € U. Then £ (au, + bv,) =
An(auy, + buy,), and so the eigenspace corresponding to A, is a vector space. To show that the
eigenspace has dimension n, apply the maximum principle to the problem Zu = Au. O
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4. The eigenfunctions are orthogonal relative to the inner product on Y. That is, if Z[p,] = A\ndn
and Z[pm] = Amom for Ay # A, then (¢p, o) = 0.

Proof. As 7 is self-adjoint, we have

0= (L[dm], n) — (Pm, L [¢n])
= )\m < ™ ¢n> - >\n <¢m7 ¢n> = ()\m - /\n) <¢m7 ¢n> .
So since A\, — Ay, # 0, we must have (¢, o) = 0. O
Remark 16.5. 1. Self-adjointness implies orthogonality between eigenfunctions corresponding

to distinct eigenvalues. This is a generalization of the orthogonality of sines and cosines.

2. For a fixed eigenvalue, one can orthogonalise the corresponding eigenfunctions among them-
selves via the GRAM-SCHMIDT process.

3. The eigenfunctions form a basis for the space of solutions to the eigenproblem.

d2

Example 16.6. 1. Consider the differential operator ¥ = ——— on the interval [0, L]

75
with homogeneous DIRICHLET boundary conditions. Then the eigenproblem is

d2
T (¥ o
4(0) = 6(1) =0,

2
The eigenvalues are \,, = (%) for n =1,2,3,..., and the eigenfunctions are ¢, (z) =

sin (%ﬂ) (Note that we also have regular STURM-L1IOUVILLE BCs with 81 = 33 =1
and By = B4 =0.)
2

2. Consider the differential operator £ = ——— on the interval [-L, L] with homogeneous

7
NEUMANN boundary conditions. Then the eigenproblem is

—— =\, z € (=L, L),

s-D)=o(0), -n=Lw.

2
Then the eigenvalues are A, = <n—ﬂ> forn=0,1,2,3,..., and the eigenfunctions are

¢n(x) = cos (?) and ¢, (z) = sin (%) However, sine and cosine are orthogonal,

even for the same n.
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8§17 Lecture 17—06th November, 2024

§17.1 Projection and the RAYLEIGH quotient

The eigenfunctions ¢, form a complete basis, that is, every function f can be represented as a
generalised FOURIER series:

In one dimension, the generalised FOURIER series S oC ;| a,¢n(2) converges to 5(f(z) + f(z7)) for
0 <z < L. In two and higher dimensions, the generalised FOURIER series Y~ | an¢n(X) converges
to f(x) for x € Q if f is continuous. In any dimension, we have

<fa ¢n> = <Zak¢ka ¢n> = Zak <¢ka ¢n> = Qn <¢ny ¢n> .
k=1 k=1

So the coefficients a,, are found by projection:

- (f, én)
fx) = andn(x) = a, = .
2 T )

In this sense, we can relate any eigenvalue A, to its eigenfunction ¢, by the RAYLEIGH quotient.

Definition 17.1. The RAYLEIGH quotient is defined as

(LI v)

RQ[v] = o)

In particular, if £ |dn] = A\udn, then RQ[on] = M.

Example 17.2. Consider the problem

d2u ’LL(O) :O,
—— = 0 L
dgj2 u, <z < ) j—Z(L)—i—ﬂu(L):O,

where § > 0 is a constant. This is an eigenproblem for the STURM—LIOUVILLE operator

d
&£ = —— with the form p(z) =1, g(z) = 0, o(z) = 1 and with regular STURM-LIOUVILLE

x
boundary conditions. .Z is self-adjoint, i.e. for all u,v satisfying the BCs, we have

L d?u L d?v

So .Z has eigenvalues A\ < Ay < ..., and for each \,, at least one eigenfunction ¢,, exists.
The eigenfunctions ¢, form a complete basis for the space of functions satisfying the BCs. It
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makes sense for us to use the RAYLEIGH quotient to learn more about eigenvalues:

(21, u) /o <‘3u> v

R = =
Q[u] <'LL, U> /L 2d
u’ dz
0
du|* L /qu\? du Ly |?
_u(1930+/0 <d:v> dx_o_u(L)clzv(L)+/0 P dz

I3 L
/ u? dz / u? dx
0 0

—u(L) <—5U(L) — jZ(L)) +/OL % : dx - B(U(L))2 +/OL

L - L
/ u? dz / u? dz
0 0

and so RQ[u] > 0 for all u satisfying the BCs.
Plugging in u = ¢,, into the RAYLEIGH quotient, we get A, = RQ[¢,] > 0 for all n; indeed, if

¢1(L) # 0, then A\; > 0. (Note that we didn’t find the general solution yet, but the case A < 0
2

is already ruled out.) So the general solution to —d—g = Au is
75

2

d
—ude‘

dx

I

u(x) = Acos (ﬁx) + Bsin (ﬁx) , A >0,
u(z) = Az + B, A=0.

d
But the BCs u(0) = 0 and d—u(L) + pu(L) = 0 force A > 0 (check this!). These same
x

BCs also force A = 0 and Ssin (\fAL) + v/ cos (\f)\L) = 0. This equation has infinitely
many solutions A,, and they form a sequence of positive numbers tending to infinity. The
corresponding eigenfunctions ¢, are sin (\/)\n:v).

§17.2 Approximation properties of generalised FOURIER series

The series

(f, Pn)
(dns &n)’

is the best approrimation to f in the space spanned by {gﬁn}i‘il with respect to the mean square
error. For gy (z) = 224:1 an¢n(x), with oy, arbitrary scalars,

If = full? = min | f = gl where |2 = (£,5).

M
fur = Z anOn, where a,, =
n=1

Then orthogonality of {¢,}M , implies that if f = >°0 | anéy, and g = Y% | by, then

(f9) = <Zan¢n,2bn¢n> => an <¢n,2bn¢n>
n=1 n=1 n=1 n=1
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= Zan bn <¢n7¢n Zan n ¢n7¢" .
1

n=1 n=

This is the PARSEVAL identity:

Zan n (bn; ¢n where f = Zan¢na g = an¢n
n=1 n=1

With f =g, we get the PLANCHEREL theorem:

”f”2 Z |an| ¢na¢n s where f = Zan¢n

n=1

This particular result often finds use in computing certain infinite series. Indeed, we have the
BESSEL inequality:

o
> anl? (én ) < 1111
n=1

We saw these already in the context of FOURIER series:

Example 17.3. Consider the problem

d2¢ ¢(—L) = (L),
—@E = 0<e<L de o do
dx dz

2

The operator .¥ = ———
dz?

(u, Z[v]). The eigenpairs A, ¢, are

= () o= () e (752,

is self-adjoint—i.e. for all u,v satisfying the BCs, (ZLu],v) =

for n =1,2,..., and so from PLANCHEREL’S theorem, if f(z) = ag + Y .- an cos <

by, sin <%>, then

nﬂ$>
L

L
/ f(2)2 dz = 2La? +Z a2 +82)L
_I =1

since (1,1) = f_LL dz = 2L, and

(s (22 i (72 = [ i =2, (s (MY seos () ) = 1
L)’ L s L - L)’ L -

§17.3 Minimisation principle for self-adjoint problems

We claim that for any n > 1, A\, > Ay, where

A —mmRQ[ | = Hbln%,
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where the minimum is taken over all continuous functions v that satisfy the boundary conditions.
But why? Well, the eigenfunctions form an orthogonal basis, so that

v = Zanqﬁn - g Zan ] = ian)\nﬁbna
n=1

and the PARSEVAL and PLANCHEREL identities give

D andn (G bn) MY ar (6. bn)
RQ[v] = "= > n=l =\l

SR Gutn) Do (o)
n=1 n=1

So RQ[v] > Ay, and if v = a1¢1 and az = ag = ... =0, then RQ[v] = \;.

To get the second smallest eigenvalue, we take the minimum over the set of continuous functions
that satisfy the BCs and are orthogonal to ¢;. So for v = ZZO:Q andy (in which case a1 =
(v, 1) / (b1, ¢1) = 0 since (v, ¢1) = 0),

ST @A (b bn) A2y a2 (bn, bn)

RQ[v] = =2 > =2 = o

N @ Gundn) Y a2 ()
n=2 n=2

ODEs The RAYLEIGH quotient associated to the STURM—LIOUVILLE operator

2100) = = (45 [0 2] + aoroto))

is, using integration by parts,
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8§18 Lecture 18—11th November, 2024

§18.1 Example: Vibration of non-uniform string

Consider a vibrating string with a non-uniform density p(z) such that 0 < ppmin < p(z) < pmax. S0
we have the problem

0*u 0%u ) u(0,t) = 0, u(z,0) = f(x),
P(x)@ =052 with w(L, ) = 0, and ?;;(:c,O) _ (@),

Separation of variables u(z,t) = ¢(z)w(t) gives the eigenproblem

Ty d%¢

—m@(@ = \¢p(z), $(0) = ¢(L) = 0.

T 2
(—O)W as well as (u,v) = (Tp) ™! fOL u(z)v(z)p(z) dz the inner
p(z) dz

product. Furthermore, .Z is self-adjoint with respect to this inner product on

U={$:10,L] = R:(0) = ¢(L) = 0}.

Here we have the operator . = —

So by the above formula,
2

/L &

@ dl’

RQl¢] = — " >0,
— | 1o@)Pp(a) do
0Jo

since p, Ty > 0. We claim A = 0 is not an eigenvalue of .Z. For if it were, the numerator of the
RAYLEIGH quotient would vanish, and so for all x,

d
d—i =0 = ¢(z) = const.,

but the boundary conditions ¢(0) = ¢(L) = 0 would force this constant to be zero, which is a
contradiction. Therefore the general solution to the wave equation is

o0

u(x,t) = Z (an cos (\/Et) + by, sin (@t)) On(x),

n=

where A\, are the eigenvalues of the operator .Z, ¢, are the corresponding eigenfunctions, and

(f, dn) b — (9 dn)

an = s n )
[¢nl? Vanlonll?

which makes sense because A, > 0 for all n.

For the first eigenvalue A1, we apply the minimisation principle to get
dv

L
TO/ dv
A1 = min o |dz

veUu L 9 )
| @Pota) aa

2
dx
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We can find the upper and lower bounds on A; as follows. We have ppin < p(z) < pmax, SO

L

L L
ponin / o) de < / (@) *(2) dr < prma / o) ? da,
0 0 0

and we can use this (and some algebra) to bound RQ[v]:

L L 2 L
To / dz 1o / dx To /
0 < 0 < 0

L — L — L :
2 2 . wlz 2 T
P /O () ? da /0 u(@)Po(z)dz  pain /0 fu(z) 2 d

2 2

du da

dz

du

du du
dx

dx

Taking the minimum over all continuous (why?) u € U, we get

L 2 L
dz
To ) /o To . /0
P ELHEIZ{{I L ~weu L Sp' uwed (L
/0 () ? da /0 (@) Pp(z) dx /0 () ? da

This is the same as

d7u du

2 L
dx T[) /
. o |d

x

<min Ii\é[u]) < min RQ[u| < To <min Iié[u]) ,
Pmin \ v€U

Pmax \ueld ueld
L
- / |du/dz|* dz N
where RQ[u] = Y 7 . From a qualitative perspective, we can check that RQ[u] is the
Ju(z)]? dz

0
RAYLEIGH quotient for the problem

2,
T3 e(0)= (L) =0,

dz?

where X is the eigenvalue corresponding to the first eigenfunction ¢;. We know these eigenvalues Xn

~ 2 N
already; we have solved this 10" times! They are A\, = <n7£r) for n > 1. Therefore min, ey RQ[u] =

- 2
Al = (%) , and so our bounds are

2 2
(D) =ms ()
Pmax Pmin L

Interpretation: lighter strings vibrate faster, and tighter strings vibrate faster.

d2
Example 18.1. Consider the problem —d—z = Au with u(0) = u(L) = 0. (We already know
x
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2

that A\; = 72/L?, but suppose we didn’t.) We have
d
Y dx

e
Ah@Wm

Here are some v’s satisfying the boundary conditions:

RQ[v] =

v(x) v(z) v(x)

For a “reasonable” upper bound, it is best to choose a v that stays > 0 (since we are squaring
everything in the RAYLEIGH quotient). Let us choose v(z) = (L — z), since v(z) > 0 for all
x € (0,L) and v(0) = v(L) = 0. Then

L
o2
/0 |L — 2z|* dz 10 10 a2
= = N> =~ .

L T2 12 T 12
/ |Lz — 2?2 dz
0
§18.2 Example: CHEBYSHEV polynomials
Placing the problem
d?u du
—_ 2 - - — 1 —_ = =
(1—x )dar:2 o +Au=0 with u(—1)=u(1)=0

into STURM—LIOUVILLE form, we get

2
—Je/@-Nde _  [2 _q. _ _ m: 1
p(r) =e x , q(z) =0-p(x) =0, o(x) 0 =

So the operator is

L] = M, MMeXM:~ﬁ—ﬁd<ﬁ—ﬂM>

dx dx

We have DIRICHLET BCs, and so we have regular STURM—LIOUVILLE BCs, so that .Z is self-adjoint
with respect to the inner product

1 1
(u,v) = /1 u(x)v(x)o(z)dr = /1 u(:v)v(:v)\/ll_ix2 dz.
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Thus

[ Ja] v
1—22dx
RQ[u] = (Llul,w)  Ja > 0,

U, u ! -
(w,u) /1\u(:z:)\2\/1—:1;2dx

%
dx

forall u e U = {u: [-1,1] = R : u(—1) = u(1l) = 0}. We can also show that A = 0 is not an
eigenvalue of .%Z; indeed, if it were, then Z[u] = 0 would imply u(z) = const., but the boundary
conditions would force this constant to be zero, which is a contradiction.

To find the eigenpairs, let x = cosf, so that —1 < = < 1 corresponds to 0 < # < 7. Then with
v(0) = u(cos @) <= v(cos™!x) = u(x), we have

dv dudz o du
Vodd - —sm@a(cos@),
d?v  d%u .9 du 5 d2u du
W= @(COS 6)(sin” 0) — a(cos ) cos = (1 — cos 9)@(005 ) — cos Ha(cos 0).
So we obtain ) )
Lu)(z) = —%(cos o) = —%(az) + x%(x) + Au(x).

Thus v(€) solves the problem

2
—d—eg+)\v:O, v(0) =v(m) =0,
and the eigenpairs are \, = n? and v, (0) = sin(nf) for n > 1. Therefore the eigenpairs for the
original problem are )\, = n? and u,(x) = sin(ncos™! x) for n > 1.

Using the identities, we see that

The functions ug/v/1 — 2% are the CHEBYSHEV polynomials of the first kind, Tj(x). The CHEBYSHEV
polynomials are orthogonal with respect to the weight function 1/v/1 — 22, and they satisfy the
CHEBYSHEV differential equation above:

42T, dT,
k —x—k+k2Tk:0.

2
(1 x)d:cQ dz

§18.3 Positive definite operators, quickly

Definition 18.2. A linear operator £ from U to U is called positive definite if (u, Zu) > 0 for all
u € U with u # 0. It is called positive semi-definite if (u, ZLu) >0 for all u € U.



Theorem 18.1. If £ is positive definite, then the problem Zu = f has at most one solution for
any f €U.

Proof. Let Z[ui] = f1 and ZL[ua] = fa. Then w = uj —uq satisfies Z[w] = Lui] — Luz] = f1— fo.
So (w, ZLw) = (w, fi — f2) > 0, which is a contradiction. Therefore u; = us. O

§18.4 Returning to the two-dimensional heat and wave equations

Left class early, didn’t take notes.

8§19 Lecture 19—13th November, 2024

§19.1 Separation of variables in multi-dimensional regions

We consider the following two common initial-boundary value problems (IBVPs) in multi-dimensional
regions for the heat and wave equations respectively:

0%u :
?;Z =~vAu in Q x (0, 00), 92 Au in 2 x (0, 00),
homogeneous BCs on 99 x (0, c0), homogeneous BCs  on 9 x (0, 00),

0
u=f on Q x {t =0}, u:f,a—?:g on Q x {t =0},
In higher dimensions, we separate time and space variables. So assume u(z,y,t) = w(t)v(z,y). We
distinguish the results for the two equations.

The wave equation becomes

1 d*w 1
Aw(t) dt2  v(x,y) v(z,9) ’

where ) is a separation constant. This gives
the ODE in ¢ as

d?w
dt?
and the PDE in x and y as

=~ w(t),

v 0%

—Av(z,y) = T2 92

= \v(z,y).

Both of these problems have this in common:

{ —Av=M\v in Q,

homogeneous BCs on 952,

The heat equation becomes

1 dw 1
0@ at ol gy = A

where ) is a separation constant. This gives
the ODE in ¢t as

dw

and the PDE in z and y as

9%v B 9%v

—Av(zy) = —5 a2

= \v(z,y).

eigenproblem for . = —A,
with boundary conditions.

| Example 19.1. Consider the domain 2 = {(z,y) : 0 < x < L,0 <y < H}, on which the



problem

82
a—tg = 2 Au, on Q x (0, 00),
ou . .
U(l‘, Y, 0) = f(aj7 y)? a(xa Y, O) = g(m) y)? (lnltlal CODdlthHS),
u(0,y,t) =u(L,y,t) =0, wu(z,0,t) =u(x,H,t) =0, (homogeneous Dirichlet BCs).

So the eigenproblem is then

—Av =) in €,
v(z,0) =v(x,H) =0 on 0%,

We solve this eigenproblem using separation of variables.

(5.0) = a(@)Bls) = B3 +al®) s = ~Aa()50)
v(z,y) = a(z)B(y 12 amdy2 a(x)ply
1 d2a 1 d?s _
ads? ~  Bdy? :
This then gives
A%
—g? = pa(z), a(0) = a(L) =0,
~G2 = (= W), B(O) = B(H) =0

The eigenpairs for the x-equation are then

0 2 3
g . JTxr .
Nj:<L> ) Oéj(ff):SIIl<L>a J=123,....

This then leads to the eigenproblem in the y-variable as

2 2
- (A -(%) ) 8ly),  B(0) = B(H) = 0.

For each j, we get infinitely many eigenpairs:

Jm 2 k2 kmy
Mr(L) =<H> , Bk(y)zan(H), k=1,2,3,....

So the eigenpairs for —A are, for j,k=1,2,3,...,

g 2 kr\ 2 JjTx kmy
Nk = (L) + (H) , vik(z,y) =sin <L) sin (H> .

So now we solve the --ODE which is

d? .
—@wjyk(t) = /\j7k02wj’k(t), wjk(t) = Ajk cos (c\/)\j,kt> + Bj j sin (c\/)\jyk.t> )
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Superposition then gives, since u(z,y,t) = 322, > 5% wik(H)vk(@,y),

<+ i i Bj . sin (T) sin <k}7;y> sin (c )\j,kt> .

flz,y) = ZkZAJVk sin <‘7zx> sin (?) ,

j=1 k=1
i . Jjrx\ . kmy
glz,y) = JZ:; ; cv/AjkBj ke sin (L> sin (H) ’

which implies

4 LorH JTT kmy
Aip=— in | =— | sin [ —=
9ok LH/O /0 f(@.y) Sm< L >Sm< H ) dy da,

4 LorH jTx kmy
Bip=— in (272 ) sin ( 22 dy da.
ik T )\j,k/o /0 g(x,y)sm( 7 )sm( H) ydx

§19.2 General framework for multi-dimensional heat and wave IBVPs

Recall GREEN’s first identity

// (uAv + Vu-Vv) dedy = 515 u@ ds,
Q o0 On

v
where n is the normal derivative of v on 02, and GREEN’s second identity

n
ov ou
//Q (uAv — vAu) dedy = 7(599 <u0n - v3n> ds.

For u, v satisfying suitable boundary conditions on 0f2, so that the right-hand side of GREEN’s second
identity vanishes, we have (u, Av) = (Au,v), where (u,v) = [[quvdzdy. So —A is self-adjoint.
With proper reindexing of eigenvalues, we have

¢ infinitely many eigenvalues A\ < Ao < A3 < ... with lim,_,, A, = 00,
e corresponding eigenfunctions {¢,}°; that form an orthonormal basis for L?(),
e C! functions v(z,y) have a generalised FOURIER series expansion

<Ua ¢k>
(Pr, Dr)

v(z,y) ~ ka¢k($7y) in Q, where v, =
k=1

90



The RAYLEIGH quotient for —A with homogeneous DIRICHLET/NEUMANN /mixed BCs is

_ (=Av,v) //Q‘A”‘”d“fdy B //Q Vol* dedy — yéﬂ(av/an)vds

"= (v,0) //Qv-vdxdy //szdxdy
_//Q|Vv|2d:rdy

// v2 dz dy
Q

So we see from the minimisation property of the RAYLEIGH quotient that A\; > 0, and that A; = 0 if
and only if 0Q = 0Qy. (If 0Qn = 99, then ¢1(z,y) = 1 is the constant function.)

Example 19.2. 1. Consider the domain Q = [0, 7] x [0, 7], with 0Q = 0€Q2p has associated

eigenpairs n? + m? and sin(nx) sin(my) for n,m = 1,2,3,.... The RAYLEIGH quotient
for —A is then
o0 o0
22 9
// Vo[ dz dy Z Z M Unm
RQ['U] _ Q _ n:1£:100
2 2
Jlrawa Sy,
n=1m=1

2. Consider the domain Q = [0, 7] x [0, 7], with 0Qp = {z =0,z = 7} and Iy = {y =
0,y = 7}. The associated eigenpairs are n? +m? and sin(nz) cos(my) for n =1,2,3, ...

and m =0,1,2,.... The RAYLEIGH quotient for —A is then
2,2 2
// IVo|? dz dy Z Z v Un m,
RQ[v] = # === -
2
dzd 2

3. Consider the domain Q = [0, 7] x [0, 7], with 9Qp = ) and 9Q = 9. The associated
eigenpairs are n? + m? and cos(nx) cos(my) for n,m = 0,1,2,.... The RAYLEIGH
quotient for —A is then

// IVo|? dz dy Z Z L
Q

RQ[U] — — n=0m=0

//vgdxdy N 2
o 2 B

n=0m=0
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§19.3 Eigenproblem for —A in circular domains and the BESSEL functions

Consider the following problem defined on the domain Q = {r < a,—7 < 0 < 7}:

u(r, —m) = u(r,m),

—Au=Au in Q, with singularity condition |u(0,8)| < oo, 5
u(r,d) =0 on 09, and compatibility conditions 7u( —m) = u( ),
00 00
1 19°
for 0 <r < aand —w < 6 < 7. Recall that Au = fﬁ 8—u + —@ By separation of variables,
ror \| or r2 062
rd dv 1 d?w
0) = w( APy = ———— =
) =uwl®pr) = o () + Loy,

where p is a separation constant. This in turn gives the following problem:

d?w dw dw
~Cap =, w(=m) =), SGo(-m) = o),
with the eigenpairs (uo,wo) = (0,1), (ftm,wm) = (m? cosmb), and (pm,wn) = (m?,sinmb)
for m = 1,2,3,.... The corresponding STURM-LIOUVILLE problem for v(r), with p(r) = r,
q(r) = —m?/r, and o(r) = r, is
d (v m | [0(0)] < oo,
- < dr) + V= Arv,  with BCs v(a) = 0.

So A is real and positive. We now execute the change of variables v(r) = 1 (v/Ar), so that with
z =/ r, we get v(z/v\) = 1(z), which satisfies the differential equation

2% dy 2 :
@—F Tz+(z —m*)y =0, with BCs

[4(0)] < o0,
P(avA) = 0.

This ODE is called BESSEL’s differential equation of order m, and it has the general solution

U(z) = c1dm(z) + c2Yim(2),
where

e Ju(z), which is well-behaved at z = 0, is the BESSEL function of the first kind of order m. As
z — 0,
1 ifm=0,

if m > 0.

2mm!

e Y, (), which is unbounded at z = 0, is the BESSEL function of the second kind of order m.
As z— 0,
2
—logz ifm=0,
~T
Yi(2) 2§ Tom(m — 1))

1
_ 2 ifm>0.
i 2zm
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Bessel Functions of the First Kind Bessel Functions of the Second Kind

L | ——Jo, Yo
1 0.5 Ry
0.8 | . ——Jo,Ys
——J3, Y3
0.6 - | ol || Ja Yy
04 7 E
02} NG
0l i —0.5 i
—0.2 | e
—04 . 1t N
| | | | |
0 5 10 15 20
z z

These BESSEL functions of the first kind J,,,(z) are defined for z € R.

Returning to the original problem, the boundary conditions give

(%)

v(a) =0 = v(a) = P(aVA) = c1Jm(aVA) =0 = Jp,(aVA) = 0.

[v(0)| < 00 =

= [¥(0)] <00 = ¢P(2) = c1Jm(2).

Therefore, the roots of J,,(z) are av\ = Pm.n, where pp, » is the nth root of J,,(z). The eigenpairs

2
are then (Apn, Vmn) = <pm2’",Jm (pm,nr>>7 where m =0,1,2,...and n=1,2,3,....
a a

Properties of BESSEL functions These functions have the series representation

Y (x) = Jy(z)cosvm — J_, () v v eR
Y sin v o ’

R G0 A
Tu(2) _kzok!.r(k+u+1) (5)

where T is the GAMMA function I'(z) = [ t*~!e™" dt satisfying I'(n) = (n — 1)! for n € N. Also, it
is immediately obvious that Jy(0) =1, J,(0) =0 if v > 0, and J_,(x) = (—1)"J,(z). The following
are also easily verified for constants C', Co:

d /1 1 d .
b (@) == fhnl@. L) =a ),
L (yfay) = Bl o), 2 yi1(2) = 20T (2) — 2y 1(2),
T 2
1 1
/ — vi1(x)de = ——VJ,,(:U) + C1, / 2V Jy—1(x)dx = 2" J,(x) + Cs.
dom(z) ¥ T dom(z)

The BESSEL differential equation (with STURM-LIOUVILLE boundary conditions) is a self-adjoint
problem, and so the following hold:

e Orthogonality. For fixed m and o(r) = r, we have

(Frmns Frnge)y = /Oa Jim (MT) Iom (\/mT) rdr=0 ifnk.
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e Completeness. For given m and piecewise smooth h(r),

/0 mn?;)rdr'
/ mnr)‘ rdr

E an, m( mnr) where a, =

Example 19.3. For the problem
—Au = \u ulon = 0,

where Q = {r < a,—m < 6 < 7}, we have the eigenpairs
Pm,n 2
Ann=|—), m=>0, n>1,
a

1/,,(”1/7),,1 =Jm (\/WT> cosmdb, (2) = Jm (\/WT) sinm@.

Orthogonality then gives [™ [ Vf(,%)nl/l(g’le)r drdf = 0 if (m,n) # (k,£).

8§20 Lecture 20—18th November, 2024

§20.1 Eigenvalues of —A and P0OISSON’s equation
To solve the POISSON equation
—Au=f

with general homogeneous BCs, we use the generalised FOURIER expansion by eigenfunctions
{0k}, with corresponding eigenvalues {\}72, and use term-by-term differentiation to get

y) = Zum(aay) [=-Au= Zuk (—Agy) = Zuk)\kd)k — upA\p = f 0k
k=1 k=1 k=1 <¢k7 ¢k>
by orthogonality of the eigenfunctions. Then
f’ d)k:
Z (z,y).

k(P ¢k

k=

Another way to write this:

x y)—;fmk(x,y); fr= Tona ) = u(z,y) kg)\

Note that if \; = 0, then we need the compatibility condition (f,¢1) = 0, so the sum starts from
k=2.
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Example 20.1. 1. We first solve —Au = f in Q = {(z,y) € R? : 0 < z,y < 7} with
boundary conditions u(z,0) = u(z,7) = 0 and u(0,y) = u(mw,y) = 0.
Here we have 9Q = 0Qp, with eigenpairs Ay, = n? +m? and ¢y, 1, (z,y) = sin(nz) sin(my)
for n,m € N. We expand f as

o0
=2
n=1

4

fn m sin(nx) sin(my),

/ / £ (@, y) sin(nz) sin(my) dz dy.

Then the solution is

Z Z n2f:—T;LnQ sin(nz) sin(my).

n=1m=1

This u satisfies the BCs, and

—Au(z,y) = Z Z _fnm_ (—Assin(nz) sin(my))

oo o0 f
_ 2 Z_m 2 (—n® sin(nz) sin(my) — m? sin(nz) sin(my))
n? 4+ m

|
(]
(]

= Z frm sin(nz) sin(my) = f(z,y).

2. Now we solve —Au = f in Q= {(x,y) € R? : 0 < 2,y < 7} with boundary conditions
ou ou ou ou
@(xuo) - @(x7ﬁ) - a?“%y) - %(ﬂ-vy) =0.
Here we have 9Q = 9Qy, with eigenpairs A\, = n?+m? and ¢, 1 (x, y) = cos(nz) cos(my)
for n,m € N. We expand f as

— Z Z frn.m cos(nz) cos(my),

n=1m=1

(fspnm)
<¢n,mv ¢n,m> <¢n my an m

Jnm = / / f(x,y) cos(nz) cos(my) dx dy,

where

2 ifn=m=0,

(@rngios Do) = / / cos? nw)cos (my)dzdy = ¢ 72/2 ifn=0o0r m=0,
2 /4 otherwise.

We verify the compatibility condition

<f,¢0,0>://Qf(x,y)dxdy://g—mdxdy:—/Qv-(vu)dxdy:— 9 45—,
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Thus foo = fo fo (,y) dz dy = 0 needs to be satisfied for a solution to exist. So

Zanmcos (nz) cos(my) + Zfomcos (my)

n=1m=0

= Z fn m cos(nz) cos(my) + Z fo.m cos(my) + Z [0 cos(nx),

m=1 n=1

and so a solution is

(my).

Z Z an:—T:nQ cos(nx) cos(my) + i

n=1m=0 m=1

Then u satisfies the BCs, and —Au(z,y) = f(z,y).

Remark 20.2. a) The series solution would not make sense if the n = 0, m = 0 were
included (as the denominator \g o would be zero).

b) uw+ cpoo = u+ ¢, where u is given by the formula above, and c is an arbitrary
constant, solves the BVP.

We summarise these as follows:

1. If A =0 is not an eigenvalue—that is, if the BVP for —Aw = 0 has only the trivial solution—
then —Aw = f has a unique solution for any f.

2. If A =0 is an eigenvalue—that is, if the BVP for —Aw = 0 has a nontrivial solution ¢g¢—then
—Au = f has a unique solution only if

/ [ @ )onola.u) drdy = (f.d00) = 0.

If this holds, then we have infinitely many solutions of the form u + c¢g0, where u is the
solution given by the series formula above, and ¢ is an arbitrary constant.

But how general is this? The answer comes from the FREDHOLM alternative for self-adjoint problems.

§20.2 The BVP for the general PoOI1ssON equation and the FREDHOLM alternative

We will consider the one-dimensional and two-dimensional cases in the following discussion. Consider
the problem

{ L] = f in Q,

homogeneous BCs on 0f2,

where Z is a linear differential operator that is self-adjoint, i.e.
(ZLul, vy = (u, ZLv]) for all u,v satisfying the BCs.

Recall that in one and two dimensions respectively, we have the inner product

(u,v) = /Q w(@)v(z)o(z) de and {(u,v) = //Q u(z, y)v(z, y)o(z, y) de dy,
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where o(z) and o(z,y) are the weight functions. If £ is self-adjoint, then we have eigenvalues
Al < Ag < A3 < -+ with limg_yo0 Ay = 00 and corresponding eigenfunctions {¢;}7°, that form an
orthogonal basis for the space of functions satisfying the BCs, i.e. (¢, ¢;) = 0 for k # j. We also
consider the generalised FOURIER expansion u(x) = Y po ; ugdr(x) in Q, where ug, = (u, ¢r). Then
we distinguish two cases:

1. Case 1: A =0 is not an eigenvalue. In this case, -Z[u] = 0 has only the trivial solution, and
consequently the solution to Z[u] = f is unique for any f. To find a solution formula, we use
term-by-term differentiation and orthogonality to get

<f7 ¢k>
= < = A oo AL = .
kEIuk (&) k;EIUk kPk UR Ak Tor o8]

Then the solution is
(f, ¢n)
Z o (@)
Ak (O, D)
This gives us the solution formula for .Z [u} = f in Q with homogeneous BCs on 0f2:

B <Z5k )o (o)
B /Q G (x,%0) f(x0) dxo, G(x,%0) Z ¢ka¢k> .

The GREEN’s function

Z (X Ak¢;:0¢k>(XO) satisfies 2 [G(x,%0)] = 6(x —xq) in Q,

where d(x — X¢) is the DIRAC delta function. So

// Z [G(x,%0)] v(xp) dxg = //qubk ¢k7¢k‘>( 0) v(xg) dxo = v(x).

(If p(x,x0) satisfies [[, ¢(x,%x0)v(x0) dxo = v(x) for any function v, then it must be that
p(x,%0) = 6(x —x9).)
Since .Z is self-adjoint, we have the “mixing” property o(x)G(x,%g) = 0(x0)G(X0,X), as

G(x,x0) /5z—x (z,x0)0 dz—//,ﬁf (z,x)] G(z,%0)0(z)dz

—/QG(Z,X).,%[ Z,X0)] dz—/ G(z,x)0(z — x0)o(z)dz
= G(x,%0)o(X0).

Remark 20.3. Note that the formula

= Or(x)dr(x0)a(x0)
G, x0) = ; e (ks D)

because A\, # 0 for all k. If o = 1, then the formula simplifies to G(x,xo) = G(Xo, X).
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2. Case 2: A =0 is an eigenvalue. In this case, if A,;,, = 0 is an eigenvalue, then Z[¢p,] = Ay, =
0, i.e. Z[¢m] =0, which implies that the homogeneous problem .Z[¢] = 0 with homogeneous
BCs has a nontrivial solution ¢,,.

If u solves Z[u] = f with homogeneous BCs, then

<fa ¢m> = <$[u]7¢m> = <u7$[¢m]> = <u7 0> =0,

e. (f,dm) is a compatibility condition on f for a solution to exist. If this condition is not
satisfied, then there is no solution.

On the other hand, if (f, ¢,,) = 0 is satisfied, and if u solves .Z[u| = f with homogeneous BCs,
then so does u + c¢,, for any constant ¢. Indeed, Z [u + cdp,| = ZLlu] + cLom| = f+0=f,
and u, u + co, satisfies the same BCs. Thus there are infinitely many solutions of the form
U+ copm for c € R.

The FREDHOLM alternative summarises the situation:

Theorem 20.1 (FREDHOLM alternative). For the self-adjoint problem ZL[u] = f with homogeneous
BCs, exactly one of the following holds:

1. w =0 is the only solution to the homogeneous problem £[u] = 0 with homogeneous BCs, and
there is a unique solution to Lu] = f with homogeneous BCs for any f.

2. there is an eigenvalue Ay, = 0 with a set of K linearly independent eigenfunctions {¢m7j}§(:1
such that

a) If (f,¢mj) =0 forallj =1,2,..., K, the problem L[u] = f has infinitely many solutions
of the form u + Zszl ¢j®m,j for ¢; € R arbitrary.

b) If (f, ¢m,j) # 0 for some j, then there is no solution to L[u] = f with homogeneous BCs.

If X =0 is not an eigenvalue, then the unique solution is given by the GREEN’s function formula

B ¢k )o (o)
B //QG(XvXO)f(XO) dxo, G(x, x0) Z <l>k, ¢k> '

Proof sketch. We proceed in two main cases:

Case 1: The homogeneous problem has only the trivial solution. Suppose £ [u] = 0 with homo-
geneous boundary conditions (BCs) implies u = 0. We show that Z[u] = f with homogeneous
BCs then has a unique solution for any f. To see this, note that the operator .Z is assumed to be
self-adjoint, so we can use orthonormal eigenfunctions {¢x} covering the domain. Because 0 is not
an eigenvalue, the resolvent operator .#~! exists and is bounded. Hence, we directly obtain the
unique solution: u = £ ~1[f], consistent with the GREEN’s function formula when expanded in the
basis of non-zero eigenvalues \.

Case 2: The homogeneous problem has nontrivial solutions (i.e., 0 is an eigenvalue).

Let {¢m,; }le be orthonormal eigenfunctions corresponding to A,,, = 0. Any solution u to the inho-
mogeneous problem Z[u] = f must satisfy an orthogonality condition with all these eigenfunctions,

namely
(f,¢mj) =0 foreachj=1,... K,
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otherwise no solution exists. When all these inner products vanish, one finds infinitely many
solutions of the form u, + Zszl ¢j ¢m,j, where u, is a particular solution of Zu] = f and ¢; € R
are arbitrary constants.

These two cases exhaust all possibilities. Therefore, either there is a unique solution (when 0 is not
an eigenvalue or the homogeneous solution is trivial) or there are infinitely many or no solutions,
depending on the orthogonality conditions (when 0 is indeed an eigenvalue). This completes the
proof. O

§21 Lecture 21—20th November, 2024

§21.1 An analogy from linear algebra and more on the FREDHOLM alternative

Note that if A is a real symmetric matrix, then
1. If Ax = 0 has only one solution x = 0, then Az = b has a unique solution for all b.
2. If Ax = 0 has a nonzero solution ¢, then Az = b has a solution only of b 1 ¢, i.e.,b-¢ =0. If

b L ¢, then x = xg + c¢ is a solution for all ¢ and for a special fixed solution xg to Ax = b.

Example 21.1. 1. Consider the problem

d?u du du
—= —(0) =—(L) =0.
2
The homogeneous solution, i.e. the solution to —d—z = 0 is any constant function c¢. In
0

this case, A\; = 0, we have ¢;(z) = 1.
2

But when does —d—g = f(z) have a solution? It has a solution only when the com-
x

patibility condition is satisfied, i.e. fOL flz)de =0 = (f,¢1) = (f,1) = 0. So all
2

the solutions to —d—u = f(z) are of the form u = wug + c¢1 where ug is a solution to
x

2
2
_dtu f(2).

Glluse
2. Consider the problem
d2
d—xg +u=sin(z) — 5, u(0)=u(r)=0.
2u
The homogeneous problem is 12 + u = 0 which has a nontrivial solution u = sin(z).
x

(Indeed, .Z[u] = Au has cigenvalue A = 0 and eigenfunction ¢; = sin(z).) So A = 0 and

¢1 = sin(x). By the FREDHOLM aternative,

(sin(x) — B,sin(z)) =0 = /07r sin?(z) dz = B/OW sin(z) dz,

i.e. f = /4, then we have infinitely many solutions to the problem. As we will see in
the homework, if 8 # /4, then the problem has no solution.
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3. Consider now the problem

—Au = f(x) on Q, g—z =0 on 0f.

Then A; = 0 and ¢1 = 1. A solution only exists if (f,1) =0, i.e. [[, f(x)dx =0. In
that case, there are infinitely many solutions, any two of which differ by a constant.

More on the FREDHOLM alternative GREEN’s identities can be used to handle nonhomogeneous
boundary conditions. The FREDHOLM alternative applies to multidimensional problems
1
Lu] = 5 (V- (v(x)Vu) + a(x)u) = f(x),
where v(x) > 0 and «a(x) are given functions, with DIRICHLET/NEUMANN/ROBIN boundary
conditions. This problem has infinitely many solutions if (f, ¢,,) = 0 of the form u + ¢, ¢y, Where
¢m is the mth eigenfunction of the homogeneous problem Z[u] = 0, and no solutions otherwise.

The RAYLEIGH quotient can be used to identify if A = 0 is an eigenvalue, and if so, can obtain
eigenfunctions from this quotient.

Nonhomogeneous boundary conditions We have done problems like this before; recall when we
found GREEN’s functions for the POISSON equation.

Example 21.2 (RoBIN BCs). Consider the problem

—Au = f(x) in €,
u +Pu=0 on 09.
On

The GREEN’s function G satisfies

—AG(x,%x9) = 6(x —xp) in €,

%+BG:0 for x € 09).
On

Using GREEN’s second identity, we have

oG ou
//Q (UAG — GAu) dxdy = 7569 <u8n - G8n> ds
:55 <u<8G+ﬁG> G(%Jrﬁu)) ds.
o0 on on
Thus, by the boundary conditions, we have

—Ghds = u(xg) ://QG(X,XO)f(X)dX—G— ) Ghds.

—u(x0,¥0) + //Q Gi(x, %0) f(x) dx =

o

The same method works for DIRICHLET, NEUMANN, and mixed boundary conditions.
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§21.2 Uniqueness for the NEUMANN problem

Consider the NEUMANN problem

—Au = f(x) in Q,

N
%:0 on 0f). (N)
on

From the FREDHOLM alternative, if (f,1) = 0, then (N) has infinitely many solutions of the form
u = U+ ¢ with ¢ constant and @ a particular solution to (N). If (f, 1) # 0, then (N) has no solution.

(1) = ] ) ax =

then there is only one solution to (N) satisfying the additional condition.

If we additionally impose that

Justification. If uy and ug are solutions to (N), then u; —ug = C a constant. If (u1,1) = (ug,1) =0,
then (u; —ug,1) = 0. But 0 = [ (u1(x) —uz(x))dx = C-vol(Q) = C =0, i.e. u; = up. O

The problem
—Au = f(x) in Q,
9u =0 on 052, (N)
on

(u,1) =0

has a generalised GREEN s function, given by

Z >\k ¢k7¢k

k=2

where (\g, @i ) are the eigenpairs for —A with NEUMANN boundary conditions and A\; =0, ¢ = 1.
Indeed,

B Ak (x or(x y ~ n(x)d(y)
AGx,Y) Z Ak ¢k7¢k Z ¢k, (p1, 1)
1
=0 =¥) = iy
Therefore
or(x ok(y) (Dr, 1)
Z/ )\k ¢ka¢k kzz i Dk, Dk) =0

by the orthogonality of the {¢;}72,. So G(x,y) satisfies

CAG(xy) =d(x—y) - —— 9,

vol(€2)
oG =0 on 01,
On
(G(y),1) =0 forally € Q.
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G is symmetric:

G(x,y) // z—x)G(z,y dz—//< AG(z ¢1<Ebl)7q;11(>)>G(z,y)dz

- /Qa@,x)g G(z 2)61(x)G(2,y) dz

=G(y,x) Voll(Q / )il v

) 1 or(2)or(y)
=603+ iy [ o0 Z N (0w
= G(y,x).

§21.3 Imposing uniqueness conditions for general problems

Consider the problem Z[u] = f with homogeneous boundary conditions and with £ self-adjoint.
Suppose A, = 0 is an eigenvalue with a set of k£ linearly independent eigenfunctions {qzbm,j}?:l
Then Z[u] = f has a solution if and only if (f, ¢ ;) =0 forall j=1,... k.

Theorem 21.1. Suppose (f,¢m ;) =0 for all j =1,... k. Then the problem

Ll =f in ,

homogeneous BCs on 012,

(U, o) =0 forallj=1,... )k

has a unique solution. The generalized GREEN’s function G(X,y) satisfies
(bm,‘ X ¢m,' y .
Z106x,y)] = 6x —y) — 3ob, PmaOmay)
<¢)m,]) ¢m,]>

the same homogeneous BCs for G on 00,y € Q,
(G(,¥); dm,j) =0 for all j € [k]l,y € Q.

Additionally, G(x,y) = G(y,x), and essentially,

= () on(y)
Gy =2 e (D, Ok)

for o > 1.

(Note that other constraints result in uniqueness; one example to the NEUMANN problem is (u, 1) = M
for some constant M given.)

Proof of Theorem 21.1. By hypothesis, f is orthogonal to every ¢,, ; with A, = 0. Hence, by the
FREDHOLM alternative, there exists at least one solution to .Z[u] = f under the given boundary
conditions. To show uniqueness under the constraints (u, ¢, j) = 0, suppose u; and ug are two
solutions. Their difference w = u; — uy satisfies Z[w] = 0 with (w, ¢y, j) = 0. Since {¢,, ;} span
the null space of .Z, this forces w = 0, ensuring uniqueness. The prescribed generalised GREEN’s
function then follows by superposition, subtracting the projection onto the null space. Its symmetry
G(x,y) = G(y,x) and the given series expansion complete the argument. O
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8§22 Lecture 22—25th November, 2024

§22.1 Inhomogeneous problems
§22.1.1 General heat equation: separation of variables, eigenfunction expansions

Consider the general equation

Yo 2, ux0) = ),

where .Z is a self-adjoint operator—i.e. satisfies (Z[ul],v) = (u, Z[v]) for all u,v satisfying the
BCs—with homogeneous BCs. In the discussion that follows, we will treat the one-dimensional and
two-dimensional cases simultaneously, so that x = x or x = (z,y) below. Solving this equation gives
us eigenpairs ¢ and Ag, and the ¢ form an orthonormal basis for the space of functions satisfying
the BCs.

Separation of variables We can write the solution as u(x,t) = w(t)¢(x), from which we get the

subproblems
dw

dt
We consider here the product solutions ug = wg - ¢, where wy, solves

=,  ZL[¢] =\

dwy,
dt
and by the method of superposition,

= -\wp, = wk.(t) = Ce_Akt,

u(x,t) = Zuk()g t) = Z Ape Mg (x).
k=1 k=1

We then proceed to find the Ay by the initial conditions and orthogonality:

(f, on)
(k> D)

u(x,0) = f(x) = ) Argr(x) = Ag =
k=1

The solution is then

The eigenfunction expansion method This strategy is an (equivalent) alternative to separation of
variables. We expand u in terms of the eigenfunctions:

u(x,t) = Z ug (1) pr(x),
k=1

with coefficients uy(t) yet to be determined. We also expand f as well:

(f, o)
(P, Dr)

Fx) = fabr(x),  fr=
k=1
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Substitute this u into the PDE, and use term-by-term differentiation to get

ou > duy

= /d
—z(;pm) 65(%)

k=1

Recall that the ¢, form an orthonormal basis, so if Y p-; cx¢r = 0, then

0= <07¢j> = ch <¢ky¢]> =¢C <¢j,¢j> =Cj = Cp = 0 for every k.
k=1

Therefore, dug/dt + Agur = 0, and so each coefficients uy(t) solves this first-order ODE. The initial
conditions give

Zuk ) (x ka¢k = uk(0) = fi-

So we solve
Uk | Nk =0, £>0
dt kUL — y
uk(o) :fkv t>07

to get the coefficient

ug(t) = fre ™M = u(x,t) kae M (x).

k=1

This is the same solution as we got from separation of variables.

Remark 22.1. 1. This eigenfunction expansion method also works to solve the wave equation.
We get u(x,t) = > 52, uk(t)¢r(x), where uy(t) solves

d2uk duy,

g2 T =0 w0 =fi,  —7(0) =g

2. Eigenfunctions satisfy homogeneous BCs of the same type as the BCs of the PDE. These BCs
affect the forms of the eigenfunctions and term-by-term differentiation.

We will use this second method to solve heat and wave equations with inhomogeneous source terms.
For equations with homogeneous BCs but nonzero source terms, our strategy is as follows:

e Expand the source term with respect to eigenfunctions of the operator . with boundary
conditions. (For example, u(x,y,t) = >, . Unm(t)Pnm(x,y) for the heat equation on a
rectangle.)

e Expand the initial conditions in the same way:
— ODE:s in t for coefficients via term-by-term differentiation,

— Solve the ODEs with initial conditions to get the coefficients.
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Example 22.2 (Heat equation with inhomogeneous source). Consider the equation

u 82 %01y =0
U U O<z<lL ..\l =Y,
i ’ - b
(L,t) =0
ox
We have the operator
2
@ )Ll =29 o a=s() . nenw
L = _"iﬁ’ d¢( 0) = d¢( L)=0o with eigenpairs B -
e dz ¢n(x) = cos T) .

Write the series expansion for u(z,t), f(z), and Q(z,t) over [0, L] for any ¢ > 0:

= i fn cOS (?) , Qx,t) = i Qn(t) cos (?) , u(x,t) = iun(t) coS (?) )
n=0 n=0 n=0

We need to solve for the u,(t). Plug these into the PDE, and use the term-by-term differenti-
ation to get

Zd(;;n(t)cos (mrm) —mz ( ) (t) + Qn(t) cos (?)

n=0
- fé(izl+m<i:)2wxﬂ(}Jﬂ)mﬁ(nzx>:(1

n=0

The initial conditions give

7i)un(o)Cos (”7735) ancos< > = u,(0) = f, = dd%"' (%)Qun:Qn.

This is a system of first-order ODEs (one for each n € N) with initial conditions u,(0) = f,.
We use the integrating factor method:

duy, At Aty At d Ant) _ Ant
Sttt 4 dpettu, = i Qu(t) = T (un(t)e) = ' Quit)
t
= u, (1) — uy,(0) :/ e Qn(s) ds
0

t
= Un(t) = uy(0)e At +/ =D Q, (s) ds.

0
So we get the solutions

t 2
up(t) = e_’\"tfn + / e’\"(s_t)Qn(s) ds where )\, = & (mr) .
0 L

So we can determine the u,(¢) from the initial conditions and the source term. The solution

is then
o0

u(z,t) = Z <€_)\"tfn + /t Q. (s) ds) cos (?) .
0

n=0
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0
Remark 22.3. We can use this method to solve general diffusion equations 6—1: = —ZLu] +

Q(x,t) with different homogeneous BCs. It also applies to problems in one, two, or three
spatial dimensions.

§22.1.2 General wave equation and the method of undetermined coefficients

In one dimension,

Pu  8u u(z,0) = f(z), t>0, o0
—— = —— with homogeneous BCs = u(x,t) = ug(t x
o2~ Ox2 g (z)?(:c,o) @), >0, (z,t) k§—1 k(t)dr ()

is the general solution to the wave equation, where ¢ (x) are the eigenfunctions of the STURM-
L1OUVILLE problem

d do -
“dz (P(ﬂﬁ)dx) +q(x)p = w(x)p, a<x<b,
arg(a) + f1¢'(a) = 0,
azg(b) + B2¢'(b) = 0,
and ug(t) are the solutions to the ODEs
dzuk
12 4+ Aup =0, t>0,
ur(0) = fi,
duk o
i (0 =9r

with general solution
u(t) = Ag cos (x/)\kt) + By, sin (\/ )\kt> ,
where Ay and By are determined by the initial conditions f; and gip. The PDE then has solution

o0

u(x,t) = Z (Ak COS (\/ /\kt) + Bk sin (\/ )\kt>> gbk(x)
k=1
With an inhomogeneus source,
Pu O%u d2uy,
— = — t — + A = qr(t
52 = 922 +Q(z,t) = TR (1),

where qi(t) is determined by the inhomogeneous term @Q(z,t). This is a second-order linear
inhomogeneous ODE with constant coefficients; it can b solved using the method of undetermined
coefficients or the method of variation of parameters.
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Example 22.4. We will presume to find the general solution to

d?w 9
Frel + v w(t) = cos(Bt),

for v # 0, which is w = wy, 4+ wp, where wy, is the solution to the homogeneous equation and
wp is a particular solution to the inhomogeneous equation. The homogeneous equation is

d2wh
de?
From ODE theory, we know that
o If |8] # ||, then wy(t) = (v* — B%) ! cos(Bt),

o If |5] = ||, then wy(t) = atsin(ft) for some constant o to be determined.

+ 72w (t) =0 = wy(t) = Acos(yt) + Bsin(qt).

Plugging w, into the ODE gives

djz;/p + 2w, = —af®t cos(Bt) + 2a8 cos(Bt) + af?tsin(ft) = wy(t) = wl;éﬁt)

cos(ft) =
So the general solution is

t sin(St)

w(t) = Acos(vt) + Bsin(vt) + 25

Recall also from the ODE theory that if the right-hand side is of the form sin(f8t) and |5] = |/,
then y,(t) = at cos(ft) for some constant « to be determined. We can also use the Wronskian from
the variation of parameters method.

e When |5| # |y|, w(t) remains bounded for all time.

e When |5| = ||, w(t) grows without bound as t — oo.

0? 02
Let ¢, be the nth eigenfunction of TZ = 028—;
conditions. Let (A cos (c\/)\nt) + Bsin (c\/)\nt)) ¢n(x) be the n-th normal mode. If the source term

is of the same form as the nth normal mode, the nth mode of the solution to the inhomogeneous
equation grows in magnitude without bound as t —+ co. Thus we have resonance.

corresponding to some homogeneous boundary

§22.2 Normal modes for the two-dimensional vibrating membrane

(a) The membrane Q = (0, 7] x (0, 7], with 0Qp = {(z,y) € 02 : & = 0 or z = 7}. Recall we
have eigenpairs (Aﬁ,ll,)n, £})n) = (n? + m?, sin(mx) sin(ny)), with m,n > 1.
(b) The membrane Q = (0,7 x (0, 7], with 0Qp = {(z,y) € 92 : z = 0 or x = 7}. Recall we

have eigenpairs (AE%?”, <Z>£,21)n) = (n? + m?,sin(nx) cos(ny)), with m,n > 1.

(¢) The membrane Q = (0, 7] x (0, 7], with 9Qp = (). Recall we have eigenpairs ()\7(52?”, S’;)n) =

(n? +m?, cos(mx) cos(ny)), with m,n > 0.
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(d) The membrane Q = {r < a}, with 9Qp = {r = a}. Recall we have eigenpairs (/\Si?n, %)n) =

(2227 1 (o) costm). () sino) ) with . > 0,

We plot the normal modes for each of the four cases in Fig. 22.1. Spatial vibrating patterns follow
normal modes; bounded forces may cause unbounded resonance.

Example 22.5. With g > 0 a constant, we will solve the PDE

0*u 0%u . (TX u(e,0) = (@),
37 =g +oos(B)sin (), w0 =u(k.t) =0, o @,0) = (@)

via the method of eigenfunction series expansion. We have

7= _;;, dn(@) =sin (T5), A= (%)2

where n € N. We have the series expansions

u(x,t) = iun(t) sin (%ﬂ) . Qz,t) = i qn(t) sin (?) ,
n=1 n=1

with
q1(t) = cos(fBt), n=1,

Q(x,t) = cos(ft) sin (W—;) =5 {qn(t) —0, n> 9

The PDE then becomes

> L i (7Y = 30 0 (%) s ("2 + gt s (75

n= n=1

The ODEs are then

d2u, nm\ 2 du,,

d¢2 +9 <T> 'U,n(t) - 07 for n = 17 un(O) - fn7 ?(O) = On,
d?u T\ 2 du
—dt; +9 (E) u1(t) = cos(pt), forn >2, wui(0) = fi, —dtl 0)=an

The general solution u,, for n > 1 is

3 3
un(t) = Ay, cos (Tt) + B, sin (Tt) ,

and the general solution u is

uy(t) = Aj cos <3£rt> + By sin (Tt) + v(t),
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where

L . (3 3
6—7Ttsm (Lt> , B=T.
The coefficients A,, and B,, are determined from the initial conditions
fn :Un(o):Am fi :ul(o):Ab
du, 3nm duq 3

= — = — = — = — !
gn = (0) Bny g1 dt (O) L Bl +v (O)a

So
. (TX 3nm dnm . [3nm . (NTT
u(z,t) = ui(t) sin (f) + <fn cos <Lt> + ~ nsi <Lt)> sin <T) .

If 8 # 3m/L, then v(t) = ((3F) — 52)_1 cos(ft), in which case u(z,t) remains bounded for all
time. If 5 = 3n/L, then v(t) = %t sin (27¢), in which case u(z,t) grows without bound as
t — 00, and we have resonance.

§23 Lecture 23—02nd December, 2024

§23.1 Solving problems with inhomogeneous BCs

We will now cover two different methods for one-dimensional heat and wave equations.

§23.1.1 Solution via the method of decomposition

Here we write u(x,t) = v(x,t) + w(x,t), where v(z,t) is a “nice” function that satisfies the
nonhomogeneous BCs. After finding v(t), we then figure out what equation w(z,t) = u(x,t) —v(z,t)
satisfies, and then solve it. (Note here that the equation for w must have homogeneous BCs.)

Example 23.1. Consider the equation

ou 0% u(0,1) = a(t),
O W Q. ug’g: ngj u(z,0) = £(z).

We wish to find a simple function v that satisfies v(0,t) = «(t) and v(L,t) = B(t). We can

take v(z,t) = a(t) + /B(t)za(t):v. Then w(z,t) = u(x,t) — v(x,t) satisfies
@_@_@_ 872” 82710 _@4_@( t):>6£— @_@_’_Q( t)
or ot ot "\aa2 " oa?) ot ot~ "oxr o Y
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The boundary conditions are

and the initial condition is w(z,0) = f(x) — v(x,0). So we have a new problem to solve:

ow 9*w ov
Fri ’Qw + Q(=z,t) — Bk
w(0,t) =0,
w(L,t) =0,

w(zx,0) = f(z) — v(z,0).

We can then solve this problem using the method of separation of variables or the method of
eigenfunction expansions.

§23.1.2 Solution via GREEN’s identities

Here we wish to solve problems of the form

0 0

S =L+ Q). or S =2+ Q).

with given initial conditions and inhomogeneous STURM—LIOUVILLE BCs, and with . a STURM—
LIOUVILLE operator from which we can get eigenfunctions {¢,}°; and eigenvalues {\, }2°; with

homogeneous version of the BCs, so that Z[¢,] = \pén.

We have the generalised FOURIER series expansion

(u; Pn)
(Pns Dn)

u(x,t) = Z Un (t)Pn (), where u,(t) =
n=1

Differentiating term-by-term in ¢, we have

ou =, du, 0%u =, d2u,
a = Z E(t)qbn(w)? W = nE_:l dz2 (t)¢n(x)

We need to be careful, however, in the case of nonhomogeneous BCs, because Z > un(t)dn(x)] #
Y on Un(t)L[Pn(x)], i.e. we cannot differentiate term-by-term in z. To work around this issue, we
expand Z[u] as its own series

(ZLul, én)

g[u](x7t) = ch(t)¢n($), C'fl(t) = <¢n7¢n> :

But how do we find the ¢, (t)? How do they relate to u,’s? So far, we have the heat and wave ODEs

respectively as

Unp Qun
Cot) = —enl) b an(t), () = —enlt) + aa(0)
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To get useful expressions for ¢, (t), we use GREEN’s identity for .Z:

=L
(0 6 60) = (L[ ) = (02001 = (1.0 = 010) [ on() G 0.0) — ) G2 0) |
= u T T don du =
= a0 + ) ) 2 0) = () o o0) ]|
= A0+ (L) [l L) D) - 0n(D) L1

= 010) [ul0.0) 22 0) = 0,0 10,0

The terms on the last line are completely determined by the boundary conditions. Plugging these
in for ¢, (t), we get ODEs for wu,(t) that we can solve.

Example 23.2 (Heat equation). Consider the problem

ou 82u u(0,t) = «
5 a 9.2 + Q(l’ t) ’LL((L’,O) - f(fL’), ( ) _ ﬁ(t)
2
e )
¢n(L) = 0. So we have eigenpairs ¢, () = sin (Lzm> and A\, = Kk <nf7r) , for n € N. So with

Consider the operator . = —x , where the eigenproblem is .Z[¢,,] = A, with ¢,(0) =

L
the inner product (f, g) fo x) dz, we have (¢n, pn) = > and (¢n,, ¢m) = 0 for n # m.
The ODEs for w,, are then
du,
dt = —Lyu(t) + qu(?), un(0) = fr.

The formula relating ¢, and w, then becomes

gcn(t) =K (%)2 gun(t) +K (%) (B(t) cos(mn) — a(t) cos(0)),

and so the ODE becomes

B (T (2; - ”L”) (a(t) — (~1)"B(E)) + an(2),

up(0) = fn.

We can solve this ODE using the integrating factor method.

Remark 23.3. 1. For the same IBVP for the wave equation, the ODEs become

= () e (5 ) - cari s

which we can solve using the particular solution or the method of variation of parameters.

2. We can use the vectorial GREEN s identities in a similar way to find the series solution to the
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two-dimensional and three-dimensional heat and wave equations

with inhomogeneous BCs.

Example 23.4 (Wave equation). Consider the problem, for 0 < x < 7, and t > 0,

ou 2
&; - @; = (1 — ) cos(t), 5(0’” = cos(t) — 1, a;a(m,o) =
875 a:v %(Tra t) — COS(t)v a(l‘, O) =] COS(3$),

We will solve this problem via decomposition. Write u(x,t) = v(z,t) + w(x,t), where v(z,t)
satisfies the nonhomogeneous NEUMANN BCs

ov ou x (Ou ou T x2
Then w(z,t) = u(z,t) — v(z,t) satisfies
Pw  %u P 0% Pw  Pu v Pu 1

@ o or _or T mTaE o W

which implies that

d*w 0w B (82u 9%u

4 4 4
o2 Yo 52 48:::2> + z cos(t) + —= (1 — ) cos(t) + x cos(t) + —= cos(t) + —

We have boundary conditions g—w(o, t) =0 and g—w(ﬂ', t) = 0, and initial conditions
x x

w(z,0) = u(x,0) —v(z,0) = ;QT — ;i =0, E;:(m,O) = cos(3z) — 0 = cos(3x).
So we need to solve the problem
o ) 20,8 = 22m 1) =0,
pro 4@ = cos(t) + p with a:ﬁ(m,O) = (1
E(l‘, 0) = cos(3x).

So we get
w(z,t) =Y wn(t) cos(nz),
n=0
s 4
Q(z,t) = an(t) cos(nx), = Q(x,t) = cos(t) + % N qo(t) = cos(t) + p

n=0 qn(t) =0, for n # 0.
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d%w,

2 + 4nw, = g,(t), and from the initial

So with term-by-term differentiation, we get

conditions, we get

wy(0) = 0 for all n,
dw,
dt
So for n # 0,3, we have

(0) =1 for n =3, and 0 for all other n.

+4n’w, =0,  w,(0) =0, (0) =0,

dt

which we can solve to get wy,(t) = 0 for n # 0,3. For n = 0, we have

dsz 4 dwo
a2 + 4wp = cos(t) + p wp(0) =0, E(O) =0,
2
which we can solve to get wo(t) = 1 — cos(t) + —t2. For n = 3, we have
T
d2w3 4 dws
W + 36“}3 = COS(t) =+ ;, 'LU3(O) = 0, W(O) = 1,

1 4 1 1 1
which 'W’e can solve to get ws(t) = % sin(t) 4+ ;t ~ 3 sin(t) cos(t) — 36 cos(t) + 36 = & sin(6t).
Combining all these, we get

2 1
w(z,t) = wo(t)(1) + w3(t) cos(3z) = 1 — cos(t) + =t + 6 sin(6t) cos(3x).
7r
So the solution to the original problem is

u(z,t) = v(x,t) + w(zx,t)

22 1
R sin(6t) cos(3x).
Toow

= (1—x)(1—cos(t))+2— =

§23.2 Again, the three-dimensional LAPLACE equation

The LAPLACE operator for u = u(z,y,z) in Q is

Ot N 0%u N 0%u

022 Oy 022

The LAPLACE equation is Au = 0, and the POISSON equation is —Au = f(z,y, z), for some function
f- We will here introduce the three-dimensional é measure:

Au

d(x —x0) = 0(x — 0,y — Yo, 2 — 20) = 0(x — 20)d(y — ¥0)d(2 — 20)-
1 if Q
// §(x — x¢)drdydz = 1 X0 €25
Q 0 if X0 §é Q.
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Now fix Q to be some three-dimensional region, and let n = n(z,y, z) be the outward unit normal
to Q at (x,y, z) € Q. Then

ou Ou Ju ou
vu—(ax,ay,az>, %—Vun

Proposition 23.5 (The GREEN identities under a surface integral). We have:

1. GREEN s first identity: For u,v € C?(Q) N C(Q),

///vAu—i—Vu Vvda:dydz—// v—dS
o0 on

2. GREEN s second identity: For u,v € C%(Q) N C(Q)

///uAv—Vu Vvdxdydz-// o2y —dS
o0 on on

Now we discuss GREEN’s function for —A in three-dimensions in all of R3. Consider the equation
—AG(x,x%x0) = 0(x — xp).

We expect that, just like in the two-dimensional case, G(x,xg) depends only on the radial direction
from xg, that is, G(x,x¢) = G(r), where r = ||x — xg||. Then in spherical coordinates, u = u(r, ¢, 0),

and
1d 1 9%

Ay = —— du +$i sin % 4+ -
“2ar \"ar r2sin @ dp (Pago r2sin? p 062

1 d [ ,dG\ e
7“725 (7’ d’r’) =0 = G(T) 7"_027

for some constants C7,Cs. So we find coefficients:

—AG =6, 50// AGdz = — // —dS—l
8Q

for any region Q surrounding xo. Take = B(xg,¢) = {x € R? : |x — x¢|| < €}. Then by the
GREEN identities, we have

= ]l sear=— [ vams- (// ds) (- Loe).

d
So with € = r, we have —1 = 4772 er( r), and so G(r) =

So for r > 0,

dnr

Definition 23.6. The infinite / free-space GREEN’s function for —A in R3 is, modulo a constant
factor,

1 1

Crlexo) = @ =x0) = e = I/ 2o T o s E =m0

We say that ®(x — xq) is the fundamental solution to —A in R3.
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§23.3 GREEN’s functions for the unit ball and for —A with DirRICHLET BCs

We begin by considering the Laplacian —A with DIRICHLET boundary conditions. Let Q = B(0,1)
be the unit ball in R3. We define by

—Au=f on?{,

G(X,XO) = G((SC,y,Z), (3307?40,20)) = @(HX - XOH)’ for {U —h on 0.

the solution to

-AG :5($_$07y_y072_20) in Q:
G((J), Y, Z)a (»”Coayo, ZO)) =0 on 0f).

Then GREEN’s second identity gives the solution formula

// GAu —u AG dxdydz—// U %ds,
8Qv8n \_fan

which implies

0G
U‘(anyOa ZO) = //Q G((I’,y, Z)? (x()v Yo, ZO))f(xaya Z) dzx dde - //8Q h(.ﬁU, Y, Z)ain ds.

Just like in two-dimensions, the method of images (adding a corrector function that is some
“reflection” of the fundamental solution) can be used to find GREEN’s functions for some domains.

GREEN’s function for the unit ball For domain Q = B(0,1) = {(x,y,2) € R : 22 +y? + 22 < 1},
we wish to solve
—AG(x,%x0) = d(x —x¢) in B(0,1),
G(x,x9) =0 on 0B(0,1).

The same geometric trick we used in two-dimensions also works in three-dimensions. Indeed, for

xo € Q—i.e. for ||xg|| < 1—define x§ = It is easy to see that for any z € 01, i.e. for ||x]| =1,

X0
[Ix0l[?”
we have [|x — xg|| = [|xo|[|x — x5]|. So

G(x,%0) = ®(x — x0) — ([|x0|(z = xp))

1 ( 1 1 )
dm \[lx = xoll - [Ixollllx —x3]|

is the GREEN’s function for the unit ball with DIRICHLET boundary conditions. (On homework, we
will use the method of imags to find G for 2 the half-space {(z,y,2) € R®: z > 0}.)

Example 23.7. Suppose we wish to solve the LAPLACE equations

—Au =0 on {||x|| <1},
u=nh on {|x|| =1}
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From the solution formula, we have

:1: 'Yy % // h XO g—GdS,
{lIxoll=1} n

where G is the GREEN’s function for the unit ball. We can compute

oG <6G oG aG> ez = L ol — 1

a0 %) =\ 35y 02 = lx—xf

So the solution to the LAPLACE equation in the unit ball with « = h on the boundary is

_ L 1—|lxo]?
u(x0) = 7 //{ o MO 08

We can compute the surface integral in spherical coordinates, and we find

1—r2

1 2 pm
= — h(si 0, si in 6 inpdpdf.
u(xo) gy /0 /0 (sin ¢ cos @, sin ¢ sin 0, cos @) 7 orcosp 1 sin pdep

Here 6 = 0(x) and ¢ = ¢(x) are the spherical coordinates of x, and r = ||xq]|.

8§24 Lecture 24—04th December, 2024

§24.1 Fundamental solutions for the heat and wave equations in 2D, 3D

§24.1.1 The two- and three-dimensional heat equation

ov 0%v ow 0w .
If % a2 0 and FTRr 0, then we can verify from
ov 0% ow 0*w
— (Grtet gt wat) 4 o(e) (G0 - 655w
o) 0% 0*w
= 9 (ol Dy, 1) ~ K5 (o, (e, 1) — kol )2 (21
_0,_ B
T ot "ox?
ou 0?u
that u(z,t) = v(x,t)w(y,t) solves Frimi i 0. So choose v, w to be the heat kernels for the

one-dimensional heat equation concentrated at (xo, o), (yo,to) respectively:

ey 1 (=)
v A (t — to) p< 4!@(75750))7 B A7 (t — to) p< 4%(75750))'

Then by the above calculation, and with ||x — x¢||? = (z — 20)? + (y — %0)?,

. _ : _ 1 [ — xol|?
G(z,y, t; 20, Y0, t0) = ®(x,y,t; w0, Yo, to) = meXP —m
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satisfies

oG
E(az?yata any()?tO) = /{AG(:Evyat;manOatO)a for ($ay7t) € [RS X (0,00) and ¢ > to,

G(x7y7t0;$07y07t0) = 5(LU _xO)é(y_y0)7 on IR37

since v(x,tg) = 0(x — xo) and w(y,to) = 0(y — yo). G(x,t;0,tp) is the fundamental solution for the
two-dimensional heat equation.

The solution formula to

O — kBt Q. 1), for (,3,1) € B x (0,00),
u(z,4,0) = f(z, 1), on R,

has a form similar to the formula for the one-dimensional heat equation:

u(z,y,t) = / O(x — x0,y — Yo, 1) f(x0,y0) dzo dyo

t o] 0
+/ / / (I)(SL‘—:Eo,y—yo,t—to)Q(ﬂ?o,yo,tQ) d:Eodyg dto.
0 J—ocodJ—0

The same trick works in three-dimensions; if v, w, £ functions all solve the one-dimensional heat
equation, then u(z,y, z,t) = v(z, t)w(y, t)&(z,t) solves the three-dimensional heat equation

ou A ) ou 0%u n 0%u n 0%u
— = kAu ie. —=k|lost+=-—5+—-—5].
ot ’ ot ox?  Oy? 022
The fundamental solution for the three-dimensional heat equation is
1 I — xol|?
q)(x_;UO)y_yOaZ_ZOvt_tO):exp<_ ’
(4r(t —to))>/? 4k (t — to)
where, in this case, ||x —xo||? = (z — 20)? + (y — y0)? + (2 — 20). The solution formula for
0
8—1; = kAu+ Q(z,y, z,t), for (z,y,z,t) € R x (0,00),
u(aj7 y7 Z? O) = f(aj7 y7 Z)7 On [R37

is
o0 [ee] o0
u(x,y, z,t) Z/ / / ®(x — x0,y — Y0, 2 — 20, 1) f(Z0, Yo, 20) dro dyo dzo
—00 J —00 J —00

t 00 [e’s) o)
+/ / / / ®(x — w0,y — Yo, 2 — 20,t — t0)Q (0, Yo, 20, to) dwo dyo dzo dto.
0 —00 J —00 J —00

§24.1.2 The two- and three-dimensional wave equation

Fundamental solution for the three-dimensional wave equation Recall that in one-dimension,
the solution to the wave equation

57 =5 for (x,t) € R x (0, 00),
u(z,0) = f(z), onR,
au (x’ O) = g(x)7 on IR,
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is given by D’ALEMBERT’s formula

flx+ect)+ flx—ct) 1 [t
2 +20/m

u(z,t) = 9(y) dy.

—ct

In three-dimensions, we assume that the response corresponding to a unit impulse concentrated at
the origin, i.e. the solution G(x,t) to the problem
0’G 0G

o2 AG =0, G(x,0) = E(X’ 0) = d(x),

is spherically symmetric and expands in all directions with equal strength. That is, G(z,y, z,t) =

v(r,t), where r = /22 + y2 + 22 is the distance of (x,y, z) to the origin. In polar coordinates, the
equation becomes

v 209 [ 40v
8752_r2£)r<r(97">’ for r > 0, > 0.
Define w(r,t) := rv(r,t). Then
P o
o2~ o
Pu_ o[ o\_ o o (# 200
a2 or\"" or) " "or2 o \arz T ror)
So

Pw 0w

oz~ or?
i.e. r-w(r,t) solves the one-dimensional wave equation. We will use the D’ ALEMBERT solution to
the one-dimensional wave equation to get v(r,t) = w(r,t)/r.

for r > 0, > 0,

Definition 24.1 (Spherical means). For f € C°(R3), define for x € R3,r >0,

1
Mt =g @

when r > 0, and M¢(x,0) = f(x).

Some properties of the spherical means include

e M¢(x,7) is the average value of f over the sphere of radius r centred at x.

=0.
r=0

e If f € C*, then so is My, and % (My(x,1))

Proof. Since f € C¥(R3), the smoothness of f ensures that My inherits this regularity, making
M; € CK(R3 x [0,00)).

= 0, we differentiate under the integral sign:

d
To show that —My(x,r)
or r=0

) o ( 1
5 M) = = ( ym— / y_x”:rf(}’) dS(Y)) :

Evaluating the limit as r — 0, and using the smoothness of f, it follows that the derivative at
r = 0 is zero. O
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o If x =0, then Ms(0,7) = (4xr?)~1 [T [T f 0) sin p dp do.

Proof. The spherical coordinates of y are (7, ¢, 0), where r = ||y||, ¢ is the polar angle, and 6
is the azimuthal angle. Then dS(y) = r?sin ¢ dpdf, and the result follows. O

e We have

0 o
o (My(x,7)) = Trr? //{llxo xll=r} 8n(X0)dS Mgrfl (x,7),

0
where of is the normal derivative of f.

on

Proof. To compute the derivative of M(x,r) with respect to r, we differentiate under the

integral sign:
2M (x,7) // f(x0)dS
or ! 47’['7" llx0— x||—r 0

xo)dS Maf(x ),
47T7” //|x0 —x||=r

where the last equality follows from the fundamental theorem of calculus. O

e We have w )
Awy.2) (My(x,7)) = 2o <T2me(X, 7’)) , for r > 0.

Proof. Proceeding directly gives
1
Ay,2) (My(x,7)) =V -VMs(x,7) =V - (WV //{” | }f(Xo) dS)
x0—X||="r
—V- // xo)dS// V- Vf(xg)dS
47”“2 {lixo—xl=r} {lixo—xl=r)

10 0
— 47r7‘2//{xox||=r} Af(xp)dS = 27, <7“ a—Mf(x r)) O

Equation for spherical means Define

1

Mu(X,t,?”) ) //{x_xour} u(X(]vt) dS(XO)a
1

Mybtr)= o | ) ast)
1

Mt = gl aoasi)

If u solves 3
2 u(x,0) = f(x), on R°,

Pu_ . ux0) =56
ot? ’ N x,0) = g(x), on R3,
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then M, (x,t,r) solves

#M, 9 ( 25'M“> My(x,0,7) = My(x,r), on R
_ . ,

o2 r20r or

So the function w(x,t,r) = rM,(x,t,r) solves

0?2 2 0?2 =0 8w(X70,7’) = TMf(X,T) = F(X, 7’), on |R37
=\, %(X7O7T) = TMQ(X,T) = G(X,T), on [R?)'

It is not hard to check (exercise) that the solution w(t,r) to a one-dimensional wave equation on
the half-line > 0 for time ¢ > 0 is determined from D’ ALEMBERT’s solution:

F(r+ct)+ F(r—ct 1 [rtet
witr) = LEEDEEEZA L [ G,
2 2¢ r—ct
for r < ct. So
. . w(x,t,r)
) = lim My(x,t,r) = lim 22"
ubet = g Mubotor) = g =
. F(ct+7r)+ F(ct—r) I
=1 —_— G(o)d
r—1>%1+ < 2r + 2cr /CtT (o) do

= F'(ct) + ¢ 'G(ct),

+
since ¢~ Mg(ct,r) imalhi ¢ 1G(ct). So

M
u(x,t) = My(x,ct) +ct- aatf(x, ct) + tMy(x, ct)

= My(x,ct) + ctM(%)(x, ct) + tMy(x, ct).

After some computation—see Section 12.6 of [0 14]—we arrive at KIRCHHOFF’s formula for the
three-dimensional wave equation:

1

u(x,t) = 4?2

//{” I tg(x0) + f(x0) + V f(x0) - (x — x0) dS.

Solution for two-dimensions using HADAMARD’s method of descent To solve the two-dimensional
wave equation, we will first solve the three-dimensional wave equation, and then treat one variable
as fixed.

Assume that u(x,y,t) solves the two-dimensional equation

82U 2 3
o = CAu, for (x,t) € R? x (0, 00),
u(x,0) = /(x), on R, (WEge)
%(X, O) — g, on |R3

121



Define u(z,y, z,t) == u(z,y,t) for each z € R. Then u solves the three-dimensional wave equation

P, 3
w = C AU, fOI' (X,t) S R° x (Oa 00)7
H(X, 0) = ?(X), on |R3, (WE[RS)
@(){7 0) = g, on [R3

with initial conditions f(z,y, 2) = f(z,y) and g(x,vy,2) = g(z,y). Thus KIRCHHOFF’s formula for
the three-dimensional wave equation gives
_ 1 // _ — _
u(x,t) = ———= tg(xo) + f(x0) + Vf(x0) - (x —xq) dS.
08) = gz ] 100) + )+ VT (-0
Now,
_ amz T — Xo Oz f T — Xo v
Vf(@o,Y0,20) - (xo =%) = |0y f| - |y—wo | = |Oyf | |v—wo| =V I(zo,y0)- [y B yo] ;
o.f Z =20 0 Z2— 20 0

and thus the integrand is independent of z and z.

Fact 24.2. For any function h independent of the third variable,

// h(zo,0) dS = 2 // > L h(xoé o) = g dyo.
{II(z0,90,20) —(z,9,2) | =r} {(zo—2)2+(wo—p)2<r2} /T2 — (x — )% — (y — yo)

Proof. Consider the sphere of radius r given by {(zo, 40, 20): ||(z0,%0,20) — (z,y,2)|| = r} for a
fixed point (x,y) in the plane. Project this sphere onto the (zg,yp)-plane. The projection is the
disk {(a:o,yo): (ro — )% + (yo — y)? < 7’2}. For each point (x0,y) in this disk, there are exactly
two points on the sphere:

(w0, 0, 2 % V/1” = (@0 — ) = (30— 1)?) .

Since h is independent of the vertical coordinate, it takes the same value h(xg,yo) at both points.
The surface-area element at each of these two points is
r

V2 —(zo = 2)? — (yo — y)?
Hence, summing over the two points and integrating over the disk yields
h dxod
// h(fﬁo,yo) ds = 2// : r ($07y0) Zo dyo . O
{1l (wo,30,20)— (@,2)l|=r) {(zo-2)+(wo-y)2<r2} /1% — (w0 — 2)% — (yo — ¥)

Therefore,

dxg dyo.

u(z,y, z,t) = U(x y,t)

// tg(wo,yo) + f(zo,yo) + V(0. y0) - (z — 0,y — Yo)
{1l zo.v0) —(z.0) 1 <et} VAR — (z—20)% = (y — y0)?

solves the two-dimensional wave equation with initial conditions f and g.

dxo dyo

27rct

Remark 24.3. Note that u is always less smooth than the data. In general, if f € C* and g € C*~1

u
for k at least the dimension, then it can happen that v € C*~1 and 5 € C*=2 at some later time
t > 0. This is a manifestation of the HADAMARD phenomenon.
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§24.1.3 GREEN’s functions for the wave equation, HUYGENS’ principle

The GREEN’s function G(x,t;xq,%o) solves

2
8875 — AAG = §(x — x0)0(t — to),

where c is a constant, so that the solution to the inhomogeneous wave equation

82
@ - CQAU = Q(X7 t)7 U(Xv 0)

ou
5 —(x,0) =0,
is given by
t
u(x,t) = / G (x, t;x0, to)Q(x0, to) dxo dtp.
0 JRd

In three dimensions,

1

G(x,t;%0,t0) = T———
(e tix0,t0) = ol

0 (|lx = xoll = e(t — o))

We can think of this as a spherical shell impulse travelling from the source with radial velocity ¢
and concentrated on the light cone; the intensity decay is proportional to ||x — xq||~!.

To derive the two-dimensional GREEN’s function, note that

t 1
u(x,t):/O ///R T (e =0l = et = 1) Q. to) o

92 92u O 32 ou
o O (g + g o)~ w0 = F0) =0

solves

ot?
The GREEN’s function G(x,t;Xg,%o) in two dimensions satisfies

%G <a2G 0%G

— = (9302+(9g/2> =d(x — x0)0(y — yo)o(t — to), G(x,t;x0,t0) = 0 for t > tp.

ot?

To compute G, we use the three-dimensional solution with @ as a two-dimensional source term on
the right hand side. We get, with r = (z,y, 2) and T = (7,7, 2),

G(r,t;ro, to) = /t /[RS —0(lt =9 = lIr = 7)) F ~ r0)(F = to) d*rdt

4re||r — T

Gl
//[R3 4re||T| -6(F —10)d(t —to)d°Tdt

(ct —r) 2 _ - n T 7

/ / ///52 y— 0z —xzo—rx)d(y — yo — 19)0(t — to — t) dS(z,7,2z) drdt

/ / 2rd(ct —r / 6(x — 20 —1Z)0(y — yo — rY)0(t —to — 1) dz dg dr df
fra)

© 4me m

_ /0 5 3 et —to) =7) / Oz =20 —1T0W =9 = 1Y) 4 4 gy

{Z*4+92<1} m
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Now
J z)0 Y 1
/ (x — a0 —17)0(y — yo — 1) Az dg = r\/TQ —(z—x0)2— (y—yo)27
{z2+y?<1}

So we get the two-dimensional GREEN’s function

if |x —xql| <,

if ||x — xol| > 7.

1

G('rﬂyat;xOMy()atO) = QWC\/CQ(ZL’ _t0)2 - p2
0, if p > c(t —to),

, i p<e(t—to),

where p = (z — x0)% + (y — v0)%.

HuvGENs’ principle  In dimension 3 (and in general for odd dimension) the solution u(x,t) is
determined only from f and g at the boundary of the light cone K = {(xo,t) : ||x — x¢|| < ct,t > 0},
where c is the constant speed of light, with 0K = {(xo,t) : ||x — xo|| = ct,t > 0}.

\/ R3
X

However, in dimension 2 (and in general for even dimension) the solution u(x,t) is determined
from f and ¢ within all of K. How may we interpret this? “Disturbances” originating at a point x
propagate along a “sharp” wavefront for d = 3. That is, the GREEN’s function centred at x is given
by a singular DIRAC-type measure that is supported only on K. But for d = 2, the disturbance
continues to have effects even after the wavefront passes. The GREEN’s function centred at x is
given by a DIRAC-type measure that is supported on all of K. This is the essence of HUYGENS’
principle.

§25 Lecture 25—06th December, 2024

§25.1 Separation of variables in three dimensions
§25.1.1 LAPLACE's equation; the spherical Laplacian

Consider again, for (z,y, z) € Q C R3, the equation

Pu 0 0

Auz@—i_@y?—i_azz_
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Of course we have the common BCs: DIRICHLET (u = h on 0f2), NEUMANN (Ju/0n = g on 012),
ROBIN (qu+ - 0u/dn = f on 99), etc. We examine again the solutions for this problem in several
regions.

Box Here, Q = {(z,y,2) : 0 <2 < L,0 <y < M0 <z < N}. To solve Au = 0, write
u(z,y,z) = v(z)w(y, z) to get the ODE and PDE couple
d2
d—l;} =—-\v, —Aw=\w.
To solve —Aw = Aw, again split w(y, z) = a(y)5(z) (we have solved these subproblems before).
1
Typically, product solutions will have the from v %x « (my> I} (Ez), where v, a, 8 are

W H
trigonometric functions of the form cos, sin, or cosh, sinh.

To ensure enough subproblems are homogeneous, we may need to decompose the problem (recall
the same situation for the two-dimensional LAPLACE equation).

Cylinder Here, Q = {(z,y,2) :r <2 < L,0<60 <271R,—00 < z < oo}. The function u(r,0, z)
satisfies

18<8u> 1 9%u é?zu_o
. )

"or) "o a2
Writing u(r, 8, z) = ¢(r, 8)w(z), we get the subproblems

dZw

@:)\Z.

~Ad =,

The eigenpairs ¢,,, are products of BESSEL functions and trigonometric functions, while the
solutions of the z-equation are functions of the form sinh, cosh. So we only need form a general
series solution, and then determine coefficients from the inhomogeneous BCs and the orthogonality
of the eigenfunctions.

Unit ball Here we have the problem

Au=0, for {z,y,2} € Q= {2”+y* +2* <1},
w=nh, ondQ={r?+y>+22=1}

In spherical coordinates, u(r, p, 6) satisfies
lg 742@ _i_;g sin @ _i_;@—o
r2 or or r2sin @ dp S06(,0 r2sin? p 062
Plugging in u(r, ¢, 0) = v(r)w(p,0), we get
wO (200 v O (. Ow\ v 0w
r2 or or r2 sin @ dp 7 dp r2sin® p 002
10 < 50V

1
v or r ar):—'AS[w]:Ma

w
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. 1 0 . Ow 1 0w . . .
where p is a constant. Here, Ag[w]| = g 9p <sm 803@) + sn?p 907 is the spherical Laplacian
d d
operator (involving only ¢ and 6). So we get the ODE a (r2dv> = pv—where v satisfies the
r r

singularity condition |v(r)| < oo as r — 0—and the PDE for w(y, #) as

1 9 (. Ow 1 0w

- — [sinp— | — ———5 = pw.

singdp \" T op ) sn?p o0z 1

We need to find explicit nontrivial solutions w, so again split w(p, ) = a(p)B(0) to get

B0 (g 0\« 9B g
sin ¢ g (p&p sin? ¢ 062 - K

—Agfw] =

1 d d 1 d?
— % (Sin¢d4p (singodg> + pusin? (p@) = 5 . _dief =\,

where A is a constant. Thus we get the two ODEs

a’p

d d
sinqb@ <sin (pdg> + psin? pa = Ao, BT AB.

The equation for 3(6) has the eigenpairs
B(0) = cos(m#), or sin(mb), A =m?,

for m =0,1,2,.... For each m, we need to solve the a(p)-equation
d d
sin gb@ <sin SOd:Z) + (usin® ¢ —mHa =0

d? d
— sin® go—a + sin ¢ cos go—a + (pusin® ¢ — m?*)a = 0.
dp? de

We will simplify this ODE via a change of variables. Let ¢ = cosp, and define A by a(y) =
A(cosp) = A(t). Since 0 < ¢ < 7, sing = /1 —cos?2¢p = V1 —1t2, and 0 < sinp < 1 or
0<vV1—-t2<1 = —-1<t<1. So we have

do _dAddt o dAd_ g pdd
dp At dp 7 at’
@_@ ﬁ2 %ﬂ_(_2)@_%
dp?  dt2 \dyp dt de? de2 dt’
Thus from the ODE for a(y), we get the ODE for A(t) as
d?4 dA
12284 o5 284 12— m2)A —
(1= 2P 2t~ )2 4 (u(1 ) —m?) A =0,
or, equivalently,
d dA m?
—— (== ——A = uA.
dt<( )dt>+1—t2 a

This is known as the LEGENDRE equation of order m. The boundary conditions require |« (0)| < oo
and |a(m)| < co—or |A(1)] < oo and |A(—1)| < co. The nontrivial solutions to this problem exist
only when m =n(n+1) for n =0,1,2,..., and they are known as the LEGENDRE polynomials
(=p" d" 2
Pal®) = e g (A=)
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Example 25.1 (The first few LEGENDRE polynomials). It is easy to check that Py(t) = 1,
1 1
Pi(t) =t, Py(t) = 5(3752 —1), and P3(t) = 5(51&3 — 3t).

We can verify directly from the formulas that

_% ((1 — ﬂ)ﬁ?) =n(n+1)P,.

These polynomials have nontrivial solutions for positive m only when m =n + 1 for n = m,m +

1,m + 2,...; the solutions are known as FERRERS functions
dm (_1)m dn+m
Br() = (1= £2)"2 o Pa(t) = oo (L= 622 (1= )]

Example 25.2. Here are some examples of FERRERS functions:

Py(t) =1,
Py(t) =t, Pl(t) = V1-#,
0 3t2_1 1 2 2
P =""—, PB#)=3V1-2, P3(t) = 3(1—12),
5t3 — 3t 3(5t2 — 1)v1 — 2
Py =2 Py = X IVITE by — a5 - 42), B = 151 - )72

Indeed, when m > n, P*(t) = 0.

As before we can verify directly from the formulas that

d dPm m2
—— (1 =¢¥)—=2 P™ = 1)P™.
(R e R

Now recall the original STURM-LIOUVILLE problem for a(p):

. d (. da 9 m? - . la(0)] < oo,
sm(np)@ <smcpd(p) + (u sin® ¢ — - 30> a =0, with la(m)] < oo,

This equation has eigenvalues u, = n(n + 1), and each p, has n + 1 eigenfunctions
al(p) = PM(cosp),  0<m<n.

These are the trigonometric FERRERS functions.

Product solutions for the spherical Laplacian Consider the problem
Yo' (0,0) = ' (9) cos(mf) and  Y;"(,6) = () sin(mb)

forn =0,1,2,... and m = 0,1,...,n. The functions Y¥," and 17',:” are known as the spherical
harmonics; they satisfy

—AsY] = n(n+ DY, —As[Y;"] = n(n+ DY
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and we can show that each eigenvalue p, = n(n + 1) has a (2n + 1)-dimensional eigenspace spanned
by the functions Y0, Y,!, ... Y,", Ynl, YnQ, ..., Y Even further, —Ag is self-adjoint with respect to
the inner product

(u,v) /7; /07r u(p, 0)v(ep, 0) sin p dp do.

Now, spherical harmonics are orthogonal for distinct eigenvalues; however, it also holds that

YrEyvh =k vh=wkvh=0

ni» - n mni» - n n»tn

for all k,£=0,1,...,n with k # £. Moreover, it is possible to check directly that

47 o 27(n +m)!
YO YO — Ymoymy — (Y™ Y™y —
for m =1,2,...,n. We then get the spherical harmonics series expansion

n=1 m=1

h<907 6) - hOOYO 907 + Z (h()n + Z <han7;n((pa 9) + ﬁmn?nm(<pa 0))) 5

where

0 T T
o = a2 4] / / h(ip, 6) P (i) sin g dip .,

(YR, v0)
_ (h,Y,") (2n—|—1 / /
hmn = Yy e » (p,0 () cos(m@) sin ¢ dp db,
~ (h, Y™ (2n +1)( / /
b, = ———21— = h(e, sin(m#) sin ¢ de do.
Ty n+m (0, 0) P () sin(m#) sin p dg

We still need to solve the v(r)-equation

d [ 5dv
I < dr) pv =n(n+ 1),

for which we use the solution ansatz v(r) = r®:

di(ara"‘l) =ala+1)r*=nn+1)r* = ala+1)=nn+1) = a=nora=-n—1
7“

So we have general solutions of the form v(r) = C1r™ + Cor~""1. We want |[v(0)| < co = v(r) =
C1r™. So the final product solutions to the three-dimensional LAPLACE equation are

uy' (1,0, 0) = vn(r)Y," (0, 0) = r" P, (p) cos(mb),
upt(r,0,0) = vp(r)Y, " (@, 0) = r" P () sin(mb).

It turns out that, after reverting to Cartesian coordinates from spherical coordinates, u," and u,"
have simple expressions in (z,y, 2).

Definition 25.3. w]" and u,' are known as the harmonic polynomials of degree n and order m.
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Example 25.4. Here are some examples of harmonic polynomials:
HY =1, H =2, HS—zQ—xZ;yz,
H] =z, H} = 3zz,
Hi =y, Hy = 3yz,
HZ = 322 — 3y°
.F~I22 = 6zy.

Putting all of this together, we get the series solution
u(r, ¢,6) = Boo + Z (BOnr Y3 (g, 0) + Z (Bunt™ Y, (,0) + Bt ", (. 0))) :

The coefficients By, and By, are determined from the boundary conditions u(l,,0) = h(p,0);
we get coefficients from the orthogonality of the spherical harmonics for h.

§25.1.2 Eigenproblem for the three-dimensional Laplacian

Recall that in the separation of variables for the two-dimensional heat and wave equations, the heat
of the matter was to find the eigenpairs for

—Au = Ay on {2, with homogeneous BCs.

The same is true in three-dimensions (see the homework).

Eigenproblem for the Laplacian in a unit ball with DiricHLET BCs We wish to find solutions to
—Au = \u, for (z,y,2) € Q= {2? + > + 2° < 1},
u =0, for (z,y,2) € 00 = {x? +y* + 22 =1}.
In spherical coordinates, u(r, ¢, 0) satisfies
Au:%2 ( 8u> —1—;& (sin<p8u> —i—#@:—)\u.
r2 Or or r2sin @ Op Op r2 sin? ¢ 062

By separation of variables, we plug in u(r, ¢, 0) = v(r)w(p,0) to get

Eﬁ 81} + v i sin aﬂ + v i——/\vw
2ar \| or r2sin @ dp ('084,0 r2sin® p 002
1/d [ 5dv 1
= v(dr( dr>+)\r v) ——E-Ag[w]—,u,

G, o) 1 62
sin p— v 72—1; is the spherical Laplacian operator. We then get
Oy sin® ¢ 00

4 (2dv) g
ar \" ar rUsHY
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where Aglw] = ——
sin ¢ Oy
the ODE for v(r) as



with the singularity condition |v(0)| < co with boundary conditions v(1) = 0, and the PDE for
—Aglw] = pw. We have already found the eigenpairs for —Ag; for p = n(n + 1), we have the
eigenfunctions Y, and Y.

Now we need to solve the STURM-LIOUVILLE problem for v(r):

d de 2, =
drcgh>+wv—nm+ww v(1) =0, [p(0)] < co.

We apply the change of variables ®(r) = \/rv(r); then ® satisfies the ODE

¢ do 1\?
2 2 _
This is exactly the variant of the BESSEL function we saw when we solved the two-dimensional
LAPLACE equation in a disk. The solution that remains bounded as r — 0 is v(r) = CpJ, 41 /2(\57"),

where J,,; /9 is the BESSEL function of the first kind of order n + 1/2. Nontrivial solutions to the

v(r)-equation are thus

m;&%mmy

Define
w1
Sn(t) = \/;\/anH/Q(t),

where we have applied the constant \/7/2 to make the S,, orthonormal. S,, is called the spherical
BESSEL function of order n. From the series formula,

s (=1) t\¥  sin(t)
’WFﬁ§WHWHﬂxg_t’

dSy
and via the recurrence relation S, (t) = —d—i + %Sn, we see that
dSp cos(t)  sin(t)
H=_——0_ _ Sty
S1(t) dt P T
ds; 1 —t2sin(t) — 3t cos(t) + 3sin(t)
So(t) =——+ =51 =
2(t) a i 3 ’
Sa(t) = _dciQ N %Sg _ t3 sin(t) + 62 cos(t) ;15t sin(t) 4+ 15 Cos(t)7

and so on. The v(r)-solution is then v, () = S, (v/Ar). From the boundary condition v, (1) = 0, we
get S, (VA) = 0.

Let py 1 be the kth root of Sy, (so that 0 < pp1 < pp2 < Sppz < ...). Then V= Pnk, and the

solutions to —Au = A\u are

uk,m,n(r) 97 90) = Sn(ﬂn,kT)Yr{n(% 9)7

ﬁk,m,,n(r? 97 ()0) = Sn(pn,kr)yyzn((;@a 9)7

where n =0,1,2,...,m=0,1,...,n,and k = 1,2,3,.... The eigenvalues are A, = pik, and
2
<Uk,0,n, Uk,o,n> = m (Sn+1(pn,k))2 )
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- - w(m+n)!
<uk,m,n, uk,m,n> = <uk‘,m,n7 uk,m,n> = (2n T 1)(77’L — TL)' (Sn+1(Pn,k))2 ,

and we can use these quantities to write solutions to the POISSON, heat, wave, etc. equations in a
unit ball with DIRICHLET BCs.
Example 25.5. The solution to
—Au = f(z,y,2), for (z,y,2) € Q= {z? + > + 22 < 1},
u=0, for (z,y,2) € 00 = {z? + 92 + 22 =1},

is given by the series solution

T‘(p, ZZ(fkonukOn 907 +Z<fkmkn kmn(r 90)9)

k=1n=0 =il

+ fkmnkamn(r (’079)>>

)\n,k
from
_zz( kong (5 r)Y0(p,0)
k=1 n=0 pnk
fkmn m fk,m,n
+Z s Sn(Pn k) Y (0, 0) + 5 S (pn k) Y (0, 0)
n,k n,k
where
om+1
Jrom = 2t / / / £, 0,8)Sn(pn i) YO (0, )2 sin p dr dip ),
2m n+1 pnk -7
2n + 1)(
o = (“ / / / £(r,0,0)Sn (o 7)Y (0, 0)r2 sin o dr dip ),
7r(m+n) ( n+1 pnk —T
- 2n + 1)(
Fomm = —Znt Dim / / / £, 0,0)Sn (o s7) T (0, 8)r2 sim g dr dip .
7r(m+n) (Sn—H pnk -7
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