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Conventions for notes.

1. N={1,2,3,...}, No={0,1,2,3,...}, [n] ={1,2,...,n}, [n]o ={0,1,...,n}.
lgn = logy n.
a ~. b means |a — b| < e.

log™ n is the number of times you have to apply log to n before you get a number < 1.

otk W

Us is the uniform distribution over {0, 1}* or {£1}*. N(0,1) is the standard normal distribution,

and N (u, 0?) is the normal distribution with mean p and variance o?.

6. E[f] means Eqyy/[f(u)] and Pr[f] means Pryy/[f(u)].

7. We will use bolded font for random variables, e.g. u, and calligraphic font for distributions,
e.g. D. The only exception is when we use C to denote a class of functions.



81 Lecture 01—16th January, 2024

Overview of today’s lecture.
e Introductions: course, instructor, students.
e Administrative and logistical overview.

e More detailed overview of course topics.

§1.1 Introduction

For this course we will be using the excellent survey by Hatami and Hoza [HH23|.

The general topic for this course is complexity theory. There are two general strands of complexity
theory:

1. High-level complexity: This strand dwells with angels in the Great Beyond and deals with
“high level” complexity questions: Does randomness enhance the power of efficient computation
(i.e. is P properly contained in BPP)? Is it easier to verify a proof than to construct one (i.e.
is P properly contained in NP)? Of course, we do not know the answers to either of these
questions; most results in “high level” complexity are conditional results that rely on various
unproven assumptions such as P # NP or P = BPP. While many interesting connections have
been established between different computational problems and computational resources, and
many beautiful and important results have been achieved, the major open questions here are
unanswered and seem likely to stay that way for the foreseeable future.

2. Low-level complexity: A second strand of research in complexity theory is rooted down in
the mud with the worms and grubs; it deals with establishing unconditional results. This is
essentially a “low level” study of computation; it typically centers around simple models of
computation such as decision trees and branching programs, Boolean formulas and restricted
classes of Boolean circuits, different types of polynomials, and so on. In this line of research
unconditional results are established which rely on no unproven assumptions, but we are
only able to achieve such results for various restricted models of computation such as the
examples given above. There has been steady progress made here over the years using a
range of techniques from combinatorics, algebra, analysis, probability, and other branches of
mathematics. Results and techniques from this low-level study of computation often play a
role in “high-level” complexity.

In this class we will look at some of the following:

Restricted models of computation | Different research goals

Boolean formulas Worst-case lower bounds

Shallow Boolean circuits Average-case lower bounds

DNF and CNF formulas Pseudorandom generators (PRGs)

Decision trees Pseudorandom functions (PRFs)

Branching programs Pseudorandom permutations (PRPs)

Polynomial models Pseudorandom generators for low-degree polynomials
Communication protocols Deterministic approximate counting algorithms




For the entire class we will be establishing a connection between the two columns of the table above;
for example we may be concerned with proving average-case lower bounds for shallow Boolean
circuits or with constructing pseudorandom generators for certain polynomial models of computation.
We will not cover all of the topics in the table above, but we will cover a good number of them.

§1.2 Overview of course topics

First a few definitions:

Definition 1.1 (Boolean function). A Boolean function f(z) = f(z1,...,2,) is a function from
{0,1}™ to {0,1}.

Let B be a set of Boolean functions, which we often call a basis set. The fan-in of a function g € B
is the maximum number of inputs to any gate in the circuit computing g.

Definition 1.2 (Boolean circuit). A Boolean circuit over a basis set B is a directed acyclic graph
(DAG) such that for each node v in the graph, either (a) v has indegree 0 and is labelled with an
input variable z; for some i € N, or (b) v has indegree n > 0 and is labelled with a function g € B,
where g is an n-ary Boolean function and with an ordering on the incoming edges to v. The output
of the circuit is the label of the node with indegree 0.

A gate is a non-input vertex in a Boolean circuit, the size of a circuit is the number of gates in the
circuit, the depth of a circuit is the maximum number of gates on any path from an input to the
output, and the width of a circuit is the maximum number of gates at any level of the circuit.

Here are some computational models that we will be looking at:

1. Boolean formulas. A Boolean formula is a Boolean circuit in which every gate has outdegree
less than or equal to 1. Here’s an example of a Boolean formula:

output

We will discuss Boolean formulas in greater detail throughout the course. Indeed, we will see
that Boolean formulas are a very useful model of computation for proving lower bounds on
the size of Boolean circuits.



Example 1.3. Define the class of Boolean functions

FORMg = FORMgy)
= {class of f:{0,1}" — {0,1} comput. by a Boolean formula of size < S}.

In the next lecture we will show that PARITY,, ¢ FORM,,1.40—this is an example of a
worst-case lower bound.

2. DNFs and CNFs. A disjunctive normal form (DNF) is a Boolean formula of the form

f(l‘l,.. . ,:cn) = \/ /\ Ei]’,

i=1j=1
where each /¢;; is either z, or Ty, for some k € [n]. A conjunctive normal form (CNF) is a

Boolean formula of the form I
f(xla”'vxn) == /\ \/Eljy

i=1j=1
where each ¢;; is either xj or Ty for some k € [n]. We will discuss DNFs and CNFs in greater
detail throughout the course. Here’s an example of a DNF:

output

e width

We can similarly define a size-s-DNF as a DNF with s clauses and a width-w-DNF as a DNF
with w variables in each clause. We can similarly define size-s-CNFs and width-w-CNFs. We
will see that DNFs and CNF's are useful models of computation for proving lower bounds on
the size of Boolean circuits.

3. ACS,S. The class AC?[,S is the class of Boolean functions computable by a circuit of depth d,

polynomial size, and unbounded fan-in. We will discuss AC& s in greater detail throughout
the course.

4. Fo-polynomials. The class of Fo-polynomials is the class of polynomials over the finite field
with two elements, GF(2) = Fy = {0,1} in n variables. An Fa-polynomial is a polynomial of

the form
flan,. . zn) =Y as [
SCln] €S
where ag € Fo for each S C [n]. For polynomials f,g € Fa[z1,...,z,], we say that f and

g are equal if and only if their coefficients are equal. We will often discuss F2-polynomials
in terms of their sparsity—the number of contributing monomials in the polynomial—and
their degree—the maximum degree of any monomial in the polynomial. We will discuss
F2-polynomials in greater detail throughout the course.



Example 1.4. We can define the following class of Fs-polynomials:

DEG, = DEGq)
={all f:{0,1}" — {0,1} computable by a degree-d [Fa-polynomial}.

Note that here n is an asymptotic parameter.

§1.3 Goals for our area of study

We have fleshed out the left side of the table from earlier, but what about the right side? What are
the goals of our area of study?

§1.3.1 Establishing hardness

How do we establish hardness? The dream is to establish a proof that P % NP:

Problem 1.5 (P # NP). Is every language L accepted by some nondeterministic algorithm in
polynomial time also accepted by some deterministic algorithm in polynomial time?

We think that there are natural Boolean functions which don’t have poly-time algorithms or poly-
sized formulas to compute them or poly-sized Fo-polynomials to compute them. We think this is
true (at least most people do), but there has been very little progress towards proving this result.
But how can we hope to prove this? It is known that P # NP if we have worst-case superpolynomial
lower bounds on Boolean circuits computing functions which correspond to languages L € NP. In
particular,

If it was true that any family of unrestricted Boolean circuits (C,)n>1 of circuits solving
the Hamiltonian cycle problem HAM-CYCLE (or any other NP-complete problem for
that matter) on n-node graphs must have size > n@(1) (i.e. superpolynomial in n), then
it would follow as a consequence that P # NP.

This establishes strong circuit-lower bounds as a natural goal for our area of study. But we don’t
know how to prove this; in fact we are very far from proving this. So we need to lower our sights
and look at weaker goals instead. We can look at proving lower bounds for restricted models of
computation like Boolean formulas, DNFs, CNFs, AC& , circuits, polynomial threshold functions,
Fo-polynomials, etc. The following definition is natural given the above discussion:

Definition 1.6 (Worst-case hardness). Let C be a class of functions f : {0,1}" — {0,1} (for
example C = FORM,,1.49 ). We say that h : {0,1}" — {0,1}" is worst-case hard for C if h ¢ C.

The way to think of this is that for every function in the class C, for every Boolean formula, however
clever, there is some input on which the formula fails to compute the function correctly—the
worst enemy gets to adversarially pick such an input. A stronger lower-bound notion is that of
an average-case hard function; instead of worrying about whether there’s a function in C which
computes h correctly on every input, perhaps we can consider instead a function in C which gets A



right on almost every input—hence average-case hardness. Before we define this, we first need to
set things up:

Definition 1.7 (Correlation). Let f,g :{0,1}" — {0,1} be two Boolean functions, and let D be
some distribution over {0,1}"™. Define the correlation Cor as a measure of the failure probability of
f while computing g over D:

Connl. 5] = | P [1(&) = o(@)] = Prlf@) # sl =2-|§ - Pr[7(e) 2 o(@)]| € 0.1},

The correlation is simply a measure of how often f and g agree on inputs drawn from D. If they
agree (or disagree) with each other half the time, then the correlation is 0; if they agree (or disagree)
with each other all the time, then the correlation is 1. We can also speak of the correlation of a
fixed Boolean function g : {0,1}"™ — {0, 1} with a class of Boolean functions C:

Corplg,C| == I?é‘é( Corplf, g].

Often D is the uniform distribution & = U,, over {0,1}", in which case we write Cor,[f, g] and
Cory,[g,C] (or even omit the subscript n altogether).

Remark 1.8. 1. If f=g or f =3, then Corp|f,g] =1 (obviously).
2. If f,g:{0,1}" — {£1}, then

Corp|f,g] = |Ex~p [f(x) - g(x)]].

We can now define average-case hardness:

Definition 1.9 (Average-case hardness). Let C be a class of functions f: {0,1}" — {0,1}, D be a
distribution over {0,1}", and take a parameter € > 0. We say that h : {0,1}"™ — {0,1} is e-hard for
C under D if for all functions f € C, we have that

Pr [f(x) = h(z)) — =

- <e
x~D 2\’

that is, Corp[f,C] < 2e.

Think of € in the definition above as the advantage over triviality—for smaller e, the function h is
harder to compute than for larger €. Thus proving average-case hardness for a function h under a
distribution D is a stronger notion than proving worst-case hardness for h.

§1.3.2 Getting rid of randomness

In computation, the use of probabilistic tools and randomness has often led to the development
of new algorithms and proof techniques. Randomised algorithms—algorithms that toss coins and
make random decisions—have been used to develop algorithms for a variety of problems, and these
algorithms are often simpler and more efficient than their deterministic counterparts. Here are two
examples:



Problem 1.10 (GRAPH REACHABILITY). Given an n-node undirected graph G = (N, E) and two
vertices s,t € N, does there exist a path from s tot in G?

This problem has many deterministic algorithms; a popular example is the breadth-first search
algorithm. However, there is a very simple randomised algorithm for this problem: simply perform
a random walk on the graph starting from s and take 100n? steps; if ¢ is reachable from s, then
the probability that we reach t is Prf[hit ¢] > 0.99. This algorithm requires space O(logn) and time
O(n?), and it is very simple to implement.

Problem 1.11 (POLYNOMIAL IDENTITY TESTING). Given two algebraic formulas p(z1,...,x,) and
q(z1,...,xy,), consisting only of the operations +, x, are p and q equal as polynomials for all inputs
Lly.-eyLp ¢

The only known algorithm for this problem is randomised: define the quantity m = |p| + |g|, and
pick ¢ = (z1,...,%,) uniformly from {1,2,...,3m}", and then check if p(z) = ¢(z). It can be
shown that if p # ¢, then ( )
deg(p—q) _ 1
Prlp(e) = g(e)) < “EL—D < 2,
and we can repeat this procedure sufficiently many times to reduce the probability of error to a
very small constant.

Randomness is crucial in both of these algorithms, and many more! But in some cases we may want
to devise algorithms and heuristics that guarantee correct answers with absolute certainty, and,
in particular, determine whether fast randomised algorithms have fast deterministic counterparts.
This is at the heart of the following problem:

Problem 1.12 (BPP = P). Does every polynomial time randomised algorithm have an efficient
deterministic analogue?

We believe that the answer to this question is yes, but we don’t know how to prove this. Indeed,
there is a long history of randomised algorithms successfully being derandomised: two examples are
the derandomisation of the GRAPH ISOMORPHISM problem accomplished by Reingold, Trevisan,
and Vadhan 25 years after the original randomised algorithm was proposed [RTV06], and the
derandomisation of the PRIMALITY TESTING problem accomplished by Agrawal, Kayal, and Saxena
30 years after the original randomised algorithm was proposed [AKS04].

Notwithstanding the above, how might we go about proving BPP = P?

If there exists a “good-enough” explicit pseudorandom generator (PRG) G : {0,1}" —
{0,1}™ (i.e. a function G such that G(U,) “looks like” U,,) for the class C of all
polynomial-sized Boolean circuits, then it would follow as a consequence that BPP = P.

This establishes the appeal of a good-enough explicit pseudorandom generator as a natural goal for
our area of study. We now define pseudorandom generators:

Definition 1.13 (Fooling). Let f : {0,1}" — {0,1}, and let X be a random variable over {0,1}".
We say that X e-fools f if

[E[f(X)] = E[f U] <&,



where Uy, is the uniform distribution over {0,1}".
We say that X e-fools a class C of functions if X e-fools every function f € C.

Definition 1.14 (Pseudorandom generators (PRGs) for a class of functions). Let f :{0,1}" — R,
G :{0,1}* — {0,1}", and € > 0. Then we say that G is an e-PRG for f (i.e. G fools f with error
e) if G(Us) e-fools f, where Us is the uniform distribution over {0,1}°.

Similarly, G is an e-PRG for a class C of functions (i.e. G fools C with error €) if G is an e-PRG
for every function f € C.

The idea here is that given a “seed-length” s < n, we can toss s coins (hence Us) and not have to
toss n coins (hence U,,) to get a function that “looks like” f and is good enough for our purposes.
Equivalently, a PRG G uses a few truly random bits (the s coin tosses) to sample a pseudorandom
string that is indistinguishable from a truly random string, from the perspective of the observer f.

Despite the promising claims of PRGs, there is one unfortunate fact: for any non-trivial PRG, there
exists a function that is not folled by it.

Theorem 1.1 (Impossibility of fooling all functions). Let G : {0,1}* — {0,1}" where s < n. Then
there exists a function f:{0,1}" — {0,1} such that G does not 0.49-fool f.

Proof. Let f be a Boolean function outputting 1 in the image of G. When we draw  ~ U, the
probability that it remains in the image of G is 2%/2" (since there are 2° strings in the image of G
and 2" strings in {0, 1}"). Therefore, for ¢ = 0.49,

25
P =11- P =1]|l=11—- — .49.
B @ = 1= Py i@ =1 = [1- 2> 09
Thus G does not 0.49-fool f. O

We say that a PRG G is explicit if it is computable in polynomial time. Indeed, nonexplicit PRGs
exist:

Lemma 1.15 (Nonexplicit PRGs exist and are easy). Let C be any class of Boolean functions
f:{0,1}" — {0,1}, and take € > 0. Then there ezists an e-PRG for C with seed-length

1
loglog |C| 4+ 21og — + O(1).
€

Proof. Let G : {0,1}* — {0,1}" be uniformly random; G(y) is uniformly random in {0,1}" for
every y € {0,1}*. For each fixed Boolean function f and fixed s-bit y, f(G(y)) is a random bit
in {0,1} with E¢ [f(G(y))] = By, [f(U,)]. We have independence, and therefore by the Chernoff
bound,

PrifElf] -0 Y fGW)| > | <22

ye{0,1}s tiny!
and by a union bound over all f € C, we have that

Pr[G doesn’t e-fool C] < [C| - 2¢7%"2",

10



Now if s = loglog |C| 4+ 2log 1 + O(1), then

95 — ’ﬂ .9~ log|C|  9—2log 1 9O(1) < H7
2 S — S—— —~—~ 2
tiny! tiny! tiny!
and therefore
C s C _o2.1cl C 1
Pr[G doesn’t e-fool C] < 1 2e~ 272" iy 9% 2 . 2721 < = < 1,
g2 g2 g2 2
and so some outcome of G fools C. O

In fact, there are natural constraints on the seed-length of a PRG: even the class C of all poly(n)-size
circuits has |C| = 2P°W(") and S = O (logZ). Lemma 1.15 shows that we can use randomness only
once to get a PRG G, and that would indeed be enough. But still, we didn’t eliminate randomness
altogether; we didn’t accomplish our goal of dining PRGs G(n) that are computable in polynomial
time via a deterministic algorithm with access to an s-bit string z. Fortunately this is not a problem,
as, given a PRG, we can derandomise it by merely trying out all its seeds:

Lemma 1.16. Suppose G : {0,1}* — {0,1}" is an explicit PRG that e-fools C. Then there exists a
deterministic algorithm running in time 2° - poly(n) giving a value in [E[f] — e, E[f] + £].

The following corollary is not hard to show:

Corollary 1.17. If we had an explicit PRG with seed-length s for the interesting class we have
defined as C = {all poly(n)-size circuits}, then we can get a 2°-poly(n)-time deterministic algorithm
for any language in BPP.

Proof sketch. Given an input z to a randomised algorithm, view C, as a circuit on random coins
7= (r1,...,m). Now fool C; with a PRG G with seed-length s to get a circuit C ) that is close to
C; on all inputs x. We can then simply try all 2° possible seeds  and check if Cg(,) accepts z. [

From all our discussion, it follows that O (log %) seed-length PRGs for polynomial-sized circuits
would imply BPP = P. But we don’t know how to construct such PRGs, and we don’t know how to
prove that they exist. This is our motivation for trying to find small seed-length PRGs for restricted
classes of Boolean functions.

There is a natural connection between hardness and PRGs:

Lemma 1.18 (PRGs imply worst-case lower bounds). Let C be the class of n-bit functions such
that C is closed under restrictions (i.e. if f € C then the function evaluated on the input vector
that has one of its components fixed to 0 or 1 is also in C; note that all our classes C are closed
under restrictions). Let G : {0,1}* — {0,1}" be an explicit e-PRG for C, where s <n and e < 1/2.
Define the function h: {0,1}**t!1 — {0,1} as that which outputs 1 on x if some string in the range
of the PRG starts with x:

h(z) =1 if and only if Jy € {0,1}%,2 € {0,1}" 571 such that G(y) = (x, 2).
Let C' be all restrictions of functions in C by fizing the last n — s — 1 bits and leaving the first s + 1
bits alive. Then h ¢ C'.

11



Proof. G fools C, and C is closed under restrictions. Therefore G(Us)1,.. s+1 e-fools C'. But G
doesn’t fool h; by the definition of A,

E[n (G, )| =1 while En@aa)= Pr @) =1<],

mNZ/{5+1

because G has image size < 2°. Therefore h ¢ C'. O

The significance of this result is that PRGs imply worst-case lower bounds, and we will see more
about why this matters in the next lecture.

§1.4 Addendum: Complexity-theoretic vs cryptographic PRGs

Here we discuss the difference between complexity theoretic and cryptographic PRGs. Briefly, the
high-level idea is the same in both settings: a PRG is a deterministic algorithm that stretches a
short truly random seed (i.e. a uniform random bitstring) into a longer bitstring that “looks random’
to a suitable observer. The difference is in the details: (1) what is the “suitable observer”; (2) how
long is the longer bitstring; and (3) what is the required efficiency of the deterministic algorithm.

)

In the cryptographic setting:

1. The “suitable observer” is allowed to be any polynomial-time algorithm—i.e. we’re fooling
the class of all polynomial-time computations/polynomial-size circuits. (Of course, it’s only
known how to give explicit PRGs that do this using computational hardness assumptions!)

2. A PRG generally has “polynomial stretch”: its input is an s-bit string, and its output is a
string of length poly(s); and

3. The requirement on the deterministic algorithm is that it be polynomial-time computable.
For complexity-theoretic PRGs things are somewhat different:

1. In the context of proving unconditional results (where we don’t make any computational
hardness assumptions), the current state of the art is that we can only fool restricted classes
that are weaker than all polynomial-size circuits. (For example, we’ll see a couple of different
unconditional PRGs against the class of all polynomial-size constant-depth circuits in this
course. )

2. We think of a complexity-theoretic PRG as stretching an s-bit truly random seed to an n-bit
output string, and we want the seed length to be as short as possible (because the point
of having such a PRG is to enumerate over all 2° seeds—that’s how we approximate the
expectation, under the uniform distribution, of the function that the PRG is fooling). So the
idea here is to have n be a superpolynomially large function of s; ideally n would be about
2% (equivalently, s would be about logn). In the unconditional setting we’ll sometimes be
able to achieve this or something close to this; for example, for the class of polynomial-size
constant-depth circuits, we’ll get PRGs that have a seed length s which is polylog(n).

3. Finally, since as mentioned above the idea of having a PRG stretching s bits to n bits is that
we’ll cycle through all 2% input strings to the PRG, it’s fine for a complexity-theoretic PRG
with seed length s to have running time poly(2°,n) on its length-s input string.

12
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Last time.

e Overview of some restricted computational models we’ll consider; worst-case, average-case
lower bounds, and pseudorandom generators.

e PRGs imply worst-case lower bounds.
Today. Finish overview:
e Deterministic approximate counting.

e Boolean formulas: various worst-case lower bounds.

We start where we left off last time: PRGs imply worst-case lower bounds. We saw that if we had
an explicit PRG with seed-length s for the class C = {all poly(n)-size circuits}, then we can get
a 2% - poly(n)-time deterministic algorithm for any language in BPP. But we don’t know how to
construct such PRGs, and we don’t know how to prove that they exist. This is our motivation for
trying to find small seed-length PRGs for restricted classes of Boolean functions.

We will now show that PRGs imply average-case lower bounds. We will do this by showing that if
we have a PRG G that fools a class C of functions, the likelihood that a random function f € C is
close to G is likely not more than half.

Lemma 2.1 (PRGs imply average-case lower bounds). Let C be a class of n-bit functions such
that C is closed under restrictions. Let G : {0,1}* — {0,1}" be an e-PRG for C, where s <n and
e <1/2. Let r = s +logl/e < n. Define the function h:{0,1}" — {0,1} as that which outputs 1
on x if some string in the range of the PRG starts with x:

h(z) =1 ifand only if Fy € {0,1}°,2€ {0,1}"" such that G(y) = (z,2),

where x is an r-bit string and z is an (n — r)-bit string. Let C' be all restrictions of functions in C
by firing the last n — r bits and leaving the first r bits alive. Let D = % U, + %G(US)LT. Then h is
e-hard for C' with respect to the distribution D.

Proof. We have defined a suitable probability distribution D which is a uniform mixture of the
uniform distribution over the truly random r-bit strings and the output of the pseudorandom
generator on G(Us)1.r. Let u ~ U, denote a sample from the truly random uniform distribution
over s-bit strings, and let u’ ~ U, denote a sample from the truly random uniform distribution over
s-bit strings, where r = s + log 1/e.

Fix any f € (', say f(z) = fo(x,a) for some fixed suffix a € {0,1}"" and some fy € C. Then

1 1
Prif(@) = h(@)] = 5 Pr [f(u) = hw)] + 5 Pr [ (Gw)i) = b (Glw))
1 1
= 5 P [fw) = h(w)] + 5 Pr [f (G)) = 1
from the way we defined h. Now it either holds that f = h =0, or f = h =1, and so we have that
1 1
Prlf@) =h@) =5 Pr(f(w) =hw)]+ 5 Pr [f(G@),) = 1]

<3 By ) =0+ 5 Pe (1) = 11+ 5 ( P ) = 11+2)).
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since f € C' CC and G is an e-PRG for C. This then resolves to

1 1
= < — — =
Prff(e) =@ < g+ 5 (P ) =11 )

1 e+E[R] 1 2

— T - =
2T T2 S22t

1,

= 2 8’

and similarly, we can show that Pryp[f(z) # h(x)] > 3 — . Therefore Corplf, h] > 2¢, and so h

is e-hard for C’ under D. O

§2.1 Deterministic approximate counting algorithms

PRGs are nice because they let us obliviously derandomise restricted classes of computation—the
2% n-bit output strings of a PRG fool every function f € C without looking at f itself, which is
amazing! We are fighting an adversary (namely the class C of functions) without knowing anything
in particular about the functions themselves. But what if we could do better by actually knowing
f (for which we want to compute E[f] & ¢), we could use it by itself. This is the idea behind
deterministic approximate counting algorithms.

Definition 2.2 (Deterministic approximate counting algorithm). Let C be a class of representations
of functions f : {0,1}" — {0,1}. An algorithm is an e-deterministic-approzimate-counter (or
e-DAC) for C if it is deterministic, and on any input F' € C, it outputs a value in the range
[E[F(U)] — &, E[F(U)] +€].

Indeed it is not hard to show that given a poly-time (¢ = 0.1)-DAC for the class C of all polynomial-
sized Boolean circuits, then P = BPP.

Fact 2.3. For various classes C, we can give e-DACs which are faster than 2° - poly(n), where s is
the seed length of the best-known -PRG for C.

§2.2 Boolean formulas and their worst-case lower bounds

Definition 2.4 (Boolean formula). A Boolean formula (also called a Us-basis or a {A,V}-basis or
a de Morgan formula) is a rooted binary tree with leaf nodes labelled with x; or T; for i € [n], and
internal nodes labelled with N\ or V. The size of a Boolean formula is the number of leaves in the
tree, and the depth of a Boolean formula is the length of the longest root-to-leaf path in the tree.

Definition 2.5 (Formula size, depth). Given a function f:{0,1}" — {0,1}, the formula size of f
s the minimum size of a Boolean representation F' computing f. The formula depth of f is the
minimum depth of a Boolean representation F computing f.

Sometimes we will consider Boolean formulas with unbounded fan-in; in these cases, the size of the
Boolean formula unchanged but the depth changes; consider for example the two Boolean formulas

14



/

T i) XT3 T4 T5

r1 X2 x5

€3 T4

CNF and DNF formulas both have depth 2 and unbounded fan-in.

Example 2.6. The decision list function

0 0 0 0
7 T3 T o 1

1 1 1 1

0 0 1 0
has the associated formula 77 V (z3 A (T5 V T2)).
Indeed, we can convert formulas with depth-2 unbounded fan-in to formulas with 2 logn depth

and ©(n?) size. We can do this by replacing each gate with a binary tree of depth logn, and
then replacing each leaf with a variable z; or T; with a tree of depth logn.

Example 2.7. The parity function PAR,, : {0,1}" — {0, 1} is
n
PAR(z1,...,2p) = Z z; (mod 2).
=1

The Boolean forula for this function is recursive: for PAR(z,y) where z,y € {0,1}"/2, we
have that it is computed by the formula

PAR(X)  PAR(Y) PAR(X) PAR(Y)

15



Let s(i) denote the size for ¢ variables in this formula. Then we obtain the recurrence

s(1)=1
s(2i) = 4s(i) fori> 1.

Solving this recurrence, we get that s(n) = ©(n?).
This is exactly optimal when n is a power of 2! That said, we will obtain a lower bound of
Q(n'), using techniques relevant to PRGs.

Fact 2.8. There are O(n)-size circuits for PAR,,.

Why do we do better with Boolean circuits as opposed to formulas? The reason is that we
can use the same gate multiple times in a circuit, but we cannot do so in a formula—circuits
are more expressive than formulas and can reuse subcomputations.

§2.3 Shannon’s (exponential) lower bound on formula size via counting arguments

We will now prove that there are functions which require exponential-size formulas. The idea here
is very simple: every small formula has a concise description, but there are many many Boolean
functions out there, so there aren’t enough concise descriptions to go around—there’s only a small
number of small descriptions.

Fact 2.9. There are 22" many Boolean functions f : {0,1}* — {0,1}.

Proof. There are 2" many n-bit strings, and each of these can be mapped to either 0 or 1 via AND
or OR, so there are 22" many Boolean functions. O

Theorem 2.1 (Shannon’s lower bound, [Sha49]). A 1 —27" fraction (actually much more) of all
n-bit Boolean functions f :{0,1}" — {0,1} have a formula size

2”
2logn’

size(f) =

Proof. We will show that for s = 2" !(logn)~!, the number of Boolean formulas of size s over
Boolean variables x1, . .., z, is < 27"-22". This will imply the theorem, since the number of Boolean
functions is 22", and so the fraction of Boolean functions with formula size < s is

2—"n. 92"
g = 27",

Here’s why this is true: any formula f is specified by:
(I) the tree structure of the binary tree (essentially what it “looks like”), and

(IT) the labelling of the leaves with z; or ;.

We will show an upper bound on the number of both these specifications:

16



(I) An s-leaf formula has s — 1 internal nodes. We can describe any such tree as an element of
the alphabet {I1,IL,LI, LL}*~', where II specifies that the first and second children are
internal nodes, IL specifies that the first child is an internal node and the second child is a
leaf, and so on. For example, the string ITIILILL corresponds to the tree

L L

Every tree has such a description, and so the number of trees with s — 1 internal nodes is
< 48—1_

(IT) There are 2°~! labellings for the s — 1 internal nodes (either V or A), and there are (2n)*
labellings for all the s leaves (either x; or Z; for i € [n]).

Therefore the total number of size-s formulas over {0, 1} is

<457t 25Tl (9n)s < (16n)°.

trees internal nodes |o5ves

For s = 2" !(logn)~!, we have that

for sufficiently
gn. (logn)+4 large n

(16n)2"/(210gn) =9 2logn < 90.51-2" < 27", 92" ]

Fact 2.10. A DNF or CNF for f has < 2"~ ! terms and n literals per term, so we can easily get a
worst-case lower bound of n.- 2”1 on the size of a DNF or CNF for f.

§2.4 Subbotovskaya’s lower bound on formula size via random restrictions

Subbotovskaya' was a Russian mathematician who analysed the effect of random restrictions on the
size of Boolean formulas in her work [Sub61]. The idea is that given some Boolean formula F' of
size s computing a Boolean function f(z1,...,x,), we can fix some fraction of the variables to 0
or 1 and obtain a smaller formula F’ computing f on the remaining variables. Essentially we will
make the argument that setting some of the inputs to 0/1 values and leaving the rest free shrinks f
“by a lot”, and yet the size after the restriction is > 1, which would then mean that size(F') must
have been large!

Definition 2.11 (Restriction). A restriction p is a mapping [n] — {0,1, %} such that p is a partial
assignment to variables x1,...,x,, where x; — * means that x; is free/left unassigned.
Equivalently, we can write p € {0,1,%}". We write I1p to denote the restriction of the function f
to the variables specified by p.

!Unfortunately she lived a sad life and met a tragic end presumably at the hands of the KGB.
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Example 2.12. Take p = (1,0,1,%,%,1) and a six-variable function f. Then f[, is the
function f(1,0,1, 24, x5,1).

Effectively we can think of the restriction f[, as “zooming in” on a subcube of f.
Let Ry denote the following distribution over restrictions:
e choose k variables uniformly at random for *,

e let the other n — k variables be fixed to 0 or 1 uniformly at random.

Theorem 2.2 (Subbotovskaya’s lower bound, [Sub61]). Let f: {0,1}"™ — {0,1}, and let p be drawn
from Ry. Then,
. K2 3
pgrzk size(f[,) <4- <n) -size(f)| = T
Before we prove the theorem, let’s see one of its applications. Let k£ = 1, and let f = PAR,,. Then
f1, is either z; or 77, and so size(f[,) = 1. Therefore

1\%2 . 1
1<4- - -s1ze(f)=>81ze(f)>z-n .

Proof of Theorem 2.2. Let F be an optimal (smallest) size Boolean formula for f, with size(F) = s.
View p as being constructed in n — k stages, where at each stage we choose an unfixed variable
uniformly at random and fix it to 0 or 1 uniformly at random. We’ll analyse one of these stages. At
the first stage, we pick x;, and for some b € {0, 1}, by fixing z; — b, all instances of z; or Z; vanish.
Then,

: . s
E [number of occupations of z; or T;] = —,
n

and consequently E[size of F'] shrinks by s/n. The key to the proof is that F' shrinks by more than s
(in expectation). Consider any occurrence of z; or 7; in F' (perhaps in a A structure where there is
an AND gate on top and branches out to z; on the left and G on the right), where G is a subformula
of size > 1. Note that G doesn’t have z; or Z;: G only matters if x; = 1, and then by replacing any
occurrence of z; or x; in G with 1 or 0, we’d have a smaller formula, contradicting the optimality of
F. Therefore with probability 1/2, x; gets fixed to 0, G then vanishes, and so there are > 1 literals
vanishing. Therefore,

E [number of literals vanishing due to this secondary effect] >

N
S|w

and consequently,
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Now we repeat; on the second step with n — 1 variables, so we have

1\ 3/2 1 \3/2
E[size of F'[, after the second stage| < s - (1 - > : <1 - )
n n—1

n_1\32 /n _o\3/2

= () 0=)
N2/ o\ 3/2 B\ 3/2
n—1 k+1 ’

and therefore after n — k stages,

3

Efsize of F'[, after n — k stages] < s -

Voo

n
A
=)
Then by Markov’s inequality, with probability > 3/4,
1\ /2
size(F'[,) < 4 (n) - size(F). O

Call T the shrinkage exponent of f if for any restriction p, i.e. the I' for which

Pr [size(f[p) <4 <k>r-size(f)] > %

p~Ry n

It is known that I' < 2 is an upper bound on the shrinkage exponent of any Boolean function f.
There is a body of active research trying to establish a lower bound on the shrinkage exponent: Nisan
and Impagliazzo [IN93] showed that I" > 1.55, Paterson and Zwick [PZ93] showed that I" > 1.63,
Hastad [Has93] showed that I' > 2 — o(1), and Avishay Tal [Tall4] gave a better I" > 2 — o(1) bound
via spectral techniques.

§2.5 Andre’ev’s lower bound

This step due to Andre’ev is a bound that provides a clever way to get an n! T! formula size lower
bound for an explicit function. Since we proved that I' = 3/2 via Theorem 2.2, we get a lower bound
of n5/2 for an explicit function for free. If we take Avishay Tal’s result as fact, then we get a lower
bound of n37°M) for an explicit function.

Warmup. We saw that there is an n-variable function with formula size > 2" /(2logn). Can we
scale down? Yes! We can scale down to, say, b = lgn variables, and what this tells us is that there
is some (lgn)-variable function requiring formula size

n
ize(F) 2 ———.
size(F) & loglogn
Call this function ¥ (x1,...,2,). Let m = n/b = n/logn, and view z1,...,x, as b blocks of m

variables per block. Define fy: {0,1}"™ — {0,1} as follows:

fw(x1,~--,$n)=w(ﬂﬁEB---Eme,me@---®$2m,~--,$n—m+1@--'@xn)-
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Now apply Subbotovskaya’s lower bound (Theorem 2.2) and the shrinkage exponent I' to the
function fy with k£ =b-1n (4b), so that p ~ Rj. Then we have that with probability > 3/4,

E\T
i <4-(—) -si .
size(fy,) <m> size(fy)
The following claim is useful for our argument:

Claim 2.13. With probability > 3/4 over p ~ Ry, we have that p fizes > 1 % to each block.

Proof. 1t’s a straightforward calculation:

n—m k
Pr[block i gets no * under p| = ( k ) < (n — m>
P () n

1 b-41lnb 1
=(1-- < —.
b 4b

Then by the union bound over all b blocks, the probability that any block gets no * is < 1/4, and
so the probability that any block gets > 1 * is > 3/4. O

Therefore with probability > (1 — %) + (1 — %), the events in both Claim 2.13 and Theorem 2.2
overlap, and so with probability > 1/2 the restriction p ~ Ry, satisfies both Claim 2.13 and Theorem

2.2. Fix any such p. For such a p, we have that f,[, has ¢ as a subfunction, and therefore,
Size(fw rp) 2 SiZe('l?Z)) 2 @
Putting the pieces together,

n

w < size() < Size(fw fp)

<4- <:L>F - size(fy)
. ((logn) .ln(41nn)>r.size(fw)7

n

which means that

(logn) -In(4lnn)\" | n
4- : Z .
( n size(fy) loglogn

So size(fy) = Q (n'1).

However, this f, is not explicit! Here’s a trick we can use to make it explicit. Give fy the 1) as
input, and view ¥(z1, ..., 1) as a (2° = n)-bit string. Then for any y € {0, 1}", view f, as a b-bit
function:

fy(xlan'uxm):y(xl@"'@xmuxm—i-l@"'@mey---’xn—m-‘rl@"'@xn)-

Then f, is a 2n variable function and is explicit; it is in fact Andre’ev’s function on n-bit inputs
and y. Some y € {0,1}" gives ¢, and so

size (A(z,y)) > size(fy) > Q (nF‘H) .

The Andre’ev’s function A is computable in polynomial time by a linear-sized circuit; it is in P.
Indeed A has circuit size O(n) and formula size Q(n?3).
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83 Lecture 03—30th January, 2024

Last time. In the previous class, we

e Finished the last bit of overview; showed that if we have a PRG for a class C, we not only get
worst-case lower bounds, but also average-case lower bounds. (And so if we have a class of
functions in a restricted computational model, we should try to first prove worst-case lower
bounds; if we succeed, we should then try to prove average-case lower bounds, and if we
succeed, we can try to give PRGs for that class.)

e Mentioned deterministic approximate counting—which gets us to the same endpoint of figuring
out how many satisfying assignments there are for these different types of functions, but via
an algorithmic route.

e Gave various worst-case lower bounds for Boolean formulas:
— Shannon: non-explicit £2(2"/logn) lower bound;
— Subbotovskaya: lower bound of Q(n!-3) for the parity function PARITY;

— Andre’ev: lower bound of Q(n*9) for A(z,y) = fy(z), where f, is the function

m 2m n
fy(l'l,---,m'm):y(@l‘i, @ Tiyenny @ 1'2)
=1

i=m+1 i=n—m-+1

Today. Finish overview:
e Deterministic approximate counting.
e Boolean formulas: various worst-case lower bounds.

The readings for today are Sections 6.1, 12.1, and 12.2 of [J*12] and Sections 3.3 and 3.4 of [BS90].

§3.1 The Karchmer-Raz-Widgerson conjecture

Last time we proved a lower bound of Q(n??) for the Andre’ev function A(z,y) formula size, if we
believe that the shrinkage exponent I' = 2. The following question is natural:

Question: Can we do better than this, perhaps by recursively applying the reasoning we used in
the construction of a hard function for an augumented version of the Andre’ev function?

> Suppose we take an input of size 2nlogn + n which we view as f (x1,...,Ziogn, ), where all
the z; have length 2n and we interpret the last n bits as encoding a function on logn variables.
However, the proof doesn’t work via Andre’ev’s methods.

The KRW conjecture is a famous conjecture related to this question of whether the formula size
behaves as we expect it to for these simple combinations.

Conjecture 3.1 (Karchmer-Raz-Wigderson (KRW), [KRW95]). Given two Boolean functions
f:4{0,1}" = {0,1} and g : {0,1}"™ — {0,1}, write go f : {0,1}" — {0,1} to denote the disjoint
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composition

(gof)(xl,---,xnm) :g(f(fUl,---,xn)yf(xn—&—l,---7332'(1,)---,f(xnm—n—‘,-l,---,fvnm))-

It is clear that we can get a formula upper bound for the depth of this combined function given
formula upper bounds for the depth of f and g:

depth(g o f) < depth(f) + depth(g).

The KRW conjecture claims that this is the best we can do; that is, for any two nontrivial functions
f and g, the formula depth of g o f is more or less the same as the sum of the formula depths of f
and g:

depth(g o f) = depth(f) + depth(g).

There’s been a lot of progress on proving certain special cases of this conjecture, but it remains open
in general. If it were true, we would get very strong formula size lower bounds (and super-polynomial
circuit lower bounds), because there is a close connection between formula depth and size in general
as we will see next.

Question: What does = mean in the statement of the conjecture?

> The statement of the KRW conjecture is a bit vague and can be formulated in different ways
depending on how much precision is desired. For instance, we could say that “depth(g o f) =
depth(f) + depth(g)” means depth(g o f) = O(depth(f) + depth(g)). The point is that the formula
depth of g o f is (claimed to be) not much smaller or much larger than the sum of the formula
depths of f and g.

§3.2 Depth versus size for Boolean formulas
We already saw that Andre’ev’s function A has

circuit size O(n)

biggest separation we
A(z,y) know how to prove

formula size 2 (n3_0(1)>

if we believe that the shrinkage exponent is 2 — o(1)?. But if we're interested in depth, there is no
gap for any function!

Claim 3.2. If a Boolean function has a fanin-2, depth-d {A\,V,—} circuit, then f has a fanin-2,
depth-d {\,V, =} formula of size 2¢ (and the converse also holds for the depth,).

Proof. Trivially, if a function f has a fanin-2 formula of depth d, then f has a fanin-2 circuit of
depth d, since every formula is a circuit. For the forward direction, we can prove the claim by
induction on the depth of the circuit.

2We believe there are bigger separations; we believe that P % NC!, and so we believe that there are functions which
have polynomial-sized circuits but do not have superpolynomial-sized formulas, but we don’t know how to prove this.

22



L ” formula
circuit
‘ separation
e

intersection

If f is a single variable, then f has a fanin-2 formula of depth 1 and size 1. Suppose that f has a
fanin-2, depth-(d — 1) circuit. Then we can write f as f = C; A C2, where C; and Cy are fanin-2,
depth-(d — 1) circuits. By the inductive hypothesis, C; and Cs have fanin-2, depth-(d — 1) formulas
of size 2471, Then following the picture, f has a fanin-2, formula of depth d — 1 + 1 = d and size
2471 4 24=1 = 94, O

Related claim. If f has an unbounded fan-in circuit of depth d and size s, then f has an unbounded
formula of depth d and size s¢, and the converse also holds for the depth.

Proof. The proof is similar to that of the previous claim:

formula

circuit

separation
=

Just apply the same inductive argument as before. O

Here’s a natural question:

Question: Do we really need this exponential blowup in size, or is there a smarter way to avoid it
by any chance?

> In some settings, yes. Rossman [Ros14] showed that for some functions and for some sufficiently
small d, there exist size-s depth-d circuits with no size s°@ depth-d formula.

So what do we know about the relationship between formula depth and formula size?

Theorem 3.1 ([Spi7l]). For any Boolean function f, depth(f) = ©(logsize(f)).

Proof. One direction is easy: given F' a Boolean formula, we know that it is a binary tree by definition,
and for every binary tree, the number of leaves is at least 29P*h(F) S size(F) < 29ePth(F) and so
log size(F') < depth(F'). This holds for any formula, so it must hold for the optimal formula, and
therefore log size(F') < depth(F') for any function F'.
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For the other direction, we want to show that depth(F') < O(logsize(F')). The following lemma will
be key for us:

Lemma 3.3. Let T be a rooted binary tree with s leaves. Then T has some subtree with s’ leaves
for some s’ € [s/3,2s/3].

Proof. From a tree of size s, pick a particular node; this splits the tree into subtrees of size r and
s—r. One of these is at least s/2. Pick that one and repeat this strategy of splitting it until we get a
subtree in the range [s/3,2s/3]. This has to work, because a tree of size at least 2s/3 cannot be split
into two subtrees both less than s/3. So we have a subtree of size s’ in the range [s/3,2s/3]. O

Continuation of the proof of Theorem 3.1. Now fix an optimal formula F of size s for F. Let F’ be
its subformula of size s’ € [s/3,2s/3] (which exists via the lemma above). Let the subformula Fj be
F but with F’ replaced by 0, and let the subformula F; be F but with F’ replaced by 1.

Fl

Note that size(F"),size(Fp),size(F1) € [s/3,2s/3], because F’ is a subformula of F, and F and
Fy are merely modifications of ' as it relates to F' . Now by Boolean logic, we have that F =
(F'' N F1) V (F' A Fp), and the following is a formula for F:

F Fy F Ey

In essence, we have “balanced” the formula F by replacing F’ with 0 in one part and 1 in the other,
and gained 2 more in depth by this process, since we can readily check that

depth(F) < 2 + max{depth(F"), depth(Fp), depth(Fy)}.

Recursively apply the same balancing procedure to each of F’, F, and F, and define D(s) to be
the maximum possible depth obtainable from this procedure over all size < s formulas. Then we
have that D(s) < 2+ D(2s/3), and so

D(s) < O(log s) = O(logsize(F)),

which is what we set out to prove. O
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§3.3 Full-basis formulas and circuits

Until now, our discussion has been focused on Boolean formulas in the de Morgan basis with A, V, and
— operations. However, full-basis formulas allow any two-variable binary gate g : {0,1}? — {0,1}.
It is easy to show that full-basis formulas are the same in power as gates that use only binary XOR
(®) and AND (A) gates:

Claim 3.4. Given a full-basis formula with £ variable leaves, there always exists an equivalent
formula with ¢ variable leaves using only binary XOR (®) and AND (\) gates.

Proof. Note that we can obtain all the binary functions with two variable leaves:
1. Negating variables, i.e. —x; = x; ® 1.

2. Gates where two (out of four) of the input combinations map to 1’s are either a single variable
or the binary XOR function (or their negations).

3. Gates where (one or three, by way of negation) of the input combinations map to 1 can be
constructed in the following way:

Ty ||TANY | ZTANYy | 2Ny | Ny
00 1 0 0 0
01 0 1 0 0
110 0 0 1 0
1]1 0 0 0 1

So we can replace any full-basis formula with an equivalent formula using only binary XOR (&) and
AND (A) gates. O

What else happens in this model? Do we need to reprove everything? Fortunately, no:

e Shannon’s 2(2"/logn) bound still holds, as it was obtained via a counting argument on
Boolean formulas;

e The Q(n'?) lower bound for PARITY,, breaks down—we have full-basis formula size n for
PARITY,, since we can construct the tree of parities we saw in a previous lecture and compute
PARITY, on all the i variables at each level.

In fact, Neciporuk [Nec66] showed that a full basis formula for an explicit function over n variables
has size Q(n?/logn). We will prove a looser version of this result via Andre’ev-like method (but
without using random restrictions).

Let b =logn and let m = n/b = n/logn. Define a 2n-variable function

A(l’,y) :A(l‘la‘/L‘Qa"’7xmayl)y27"')yn)
= fy(@1 Ao AT, Tt A A T, )

b blocks, m variables per block
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Claim 3.5. Any full-basis formula for A(z,y) must have size

n2
>Q(—F .
<lognloglogn>

Proof. Let F be a minimum size formula for A with size(F) = s. Pick logn blocks of n/logn
variables each thus: for m = n/logn, define

By =122 - - Ty,

By = Tpi1Tm42 - - Tom,

Biogn = L(n—1)ym+1L(n—1)m+2 """ Tmlogn-

Now select the least frequently occurring variable in each block (without loss of generality, say x,
in By, z2,, in Bs, and so on), and let restriction p be that which fixes all other variables equal to 1.
This causes each block B; to collapse to i, and so A[, is equivalent to fy(@m, Tom, ... Tom)-
Nowe we can pick y € {0,1}" so that f, is any (logn)-variable function. By Shannon’s counting
argument, we have that most f, will require size Q(2'°¢"/loglogn) = Q(n/loglogn). Then F will
have > Q(n/loglogn) occurrences of the variables z,, Zom, - .., Tpm, and so the total number of
occurrences of x1,...,x, in F must be

n2
>m-Q(n/logl =Q( —FFF ],
m - Q(n/loglogn) <lognloglogn>

as desired. O

Question: Given an arbitrary (potentially non-binary) complete basis, does the same thing hold?
> No; there indeed exist complete bases that do not trivially convert to something like what we
have seen, or are not equivalent to a de Morgan-type basis.

Some other known lower bounds for full-basis formulas include the following:

e The best lower bound for MAJ,, is Q(nlogn) full-basis formula size (proved via an argument
based on Ramsey theory);

e An argument via multi-party communication complexity gives Q2(n log? n) for any explicit
function.

These are both non-Andre’ev/non-Nec¢iporuk methods, and a bit involved.

§3.4 Constant-depth circuits

Constant-depth circuits (which we will call ACY or AC& ; for a (depth, size) pair (d, s)) are a natural
computation model in which the standard gates have unbounded fanin (i.e. can take any number
of inputs). A Boolean function f : {0,1}™ — {0,1} is in AC? if there exists a polynomial p(n), a
constant d, and a circuit family {C,}3°; for the function f over A,V, - gates of unbounded fanin
such that C,, is of size at most p(n) and depth at most d (considered to be small in some sense;
either constant or a slow-growing function of n).?

3Note that DNFs and CNFs are the d = 2 cases of ACP.
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Motivation. We can think of AC?L s as a very general parallel computation model. Each level of the
circuit can be thought of as a timestep, and thus a depth-d constant-depth circuit is like d-timesteps
on processors that can only perform A, V, = operations. Sufficiently strong lower bounds for constant-
depth circuits would also imply nontrivial lower bounds for more general circuit models—a classic
example is due to Valiant:

Theorem 3.2 (Valiant, [Val77]). If a Boolean function f :{0,1}" — {0, 1} requires any depth-3
circuit to have size 2°\Elogn , then f cannot be computed by a circuit that has both O(n) size and
O(logn) depth.

Strong enough lower bounds for depth-3 will hopefully tell us something nontrivial about richer
models with logarithmic depth and linear size—although we don’t have any of those results yet.

Let’s now make two simplifying observations that help us clarify our thinking about AC:

e Since d is small in some sense, we can view our size-s depth-d circuit as a size-s% depth-d
formula (via the claim we already saw) without suffering too much blowup. So we can consider
only formulas instead, which are somewhat simpler because they don’t reuse subcomputations.

e Given a formula, we can assume all negations are at the leaves, and that gates alternate
between A and V. This is because it never makes sense to have a formula like

since it is equivalent to

no matter what the leaf variables are.

§3.4.1 Intuition for the lower bound of constant-depth circuits

We will now give a high-level intuition for the lower bound of constant-depth circuits. We start
by presenting function f :{0,1}"™ — {0, 1} that is plausibly “hard” for constant-depth circuits of
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depth d = 2. With some thought, we find that the parity function PARITY,, is the ultimate hard
function for DNFs.

Claim 3.6. Any (optimal) DNF D for PARITY,, must have 2"~1 AND gates, and in fact, we must
have one AND gate for each of the 2! satisfying assignments of the input variables.

Proof. Suppose the existence of some AND gate A in the DNF D that is unaffected by input i. As
D is optimal, A is not identically 0, and thus there must exist some z € {0,1}" such that A(x) =1,
and A(y) = 1 for all y that differ from = only in the i-th bit. But then D(z) = D(y) = 1 for all
y € {0,1}", and so A doesn’t actually compute the parity function.

Now we show that D has at least 2"~! AND gates. As every AND gate contains all the n variables,
each gate ust be satisfied by no more than 1 input string. To compute the parity function, we need
at least one AND gate to be satisfied for each of the 2"~! strings in PARITY,,*(1). Thus, D must
have at least 2"~ AND gates. O

For example, if n = 5 and the DNF D has x1ZT2x3T4 as a term; it accepts 10100 and 10101, but
PARITY,, is 1 on the former and 0 on the latter. The idea is then that each term in any DNF
(especially an optimal one) must have length at most n and will accept exactly one satisfying
assignment, and so we need 2”1 terms. By the same argument, we can show that any (optimal)
CNF for PARITY,, must have 2"~ OR clauses, and more generally, we have DNFs and CNF's for
PARITY,, of size 2! and depth 2.

What about depth-3 circuits? As it turns out, we can compute PARITY,, with a depth-3 circuit of
size &~ 2V™ and we will show that this is true via a divide-and-conquer type approach.

CNF for PAR 5

DNF for DNF for DNF for
PAR\/E PAR\/H PAR\/E
1 N ZL’\/E x\/ﬁ+1 e $2\/ﬁ l’n_\/ﬁ+1 . In
Bl BQ B\/ﬁ

Divide n into y/n-many /n-sized blocks, and:
e Use a DNF of size ~ 2V" to compute the parity PARITY m on each block to obtain outputs
Yi,--- 7y\/ﬁv
e Use a CNF* to compute PARITY (yy, . .. ,y\/ﬁ), and by so doing, effectively collapse the two

layers of adjacent OR gates into a single layer, and so we have a circuit of size (y/n + 1) - oV
and depth 3.

*If we use a DNF for PARITY (y1, ...,y /), we would get the total circuit size as about (y/n + 1) - 2V™ and circuit
depth 4. This has an extra level of depth, so it’s not the smartest choice for us.
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Indeed it is not hard to generalise this idea:

Claim 3.7. There exists a circuit of size = 20(n ) 1nd constant-depth d for PARITY,,, and in
fact, this is the best possible upper bound obtainable for PARITY,.

Proof. Left as a homework exercise. O

§3.4.2 Key to Hastad’s lower bound: Hastad’s switching lemma

Now the proof of the upper bound is not hard; that of the lower bound proved in the 1980s, however,
is one of the crowning jewels of complexity theory and is much less obvious. The main theorem due
to Hastad is the following:

Theorem 3.3 (Hastad, [Has86]). Ford g 1;;%’ any AC&S circuit for PARITY,, must have size
92(1/(n"71)),

From the 1980s, there was a lot of work focused on finding bounds on small depth circuits for
functions such as PARITY. Some of the major results progressed as follows:

e Ajtai [Ajt83], Furst, Saxe, and Sipser [FSS84] proved that PARITY ¢ ACC.

e Yao [Yao85] proved the first exponential lower bounds on parity via combinatorial methods,
but Hastad introduced an entirely new technique, his switching lemma, to prove even stronger
lower bounds. Hastad’s method relies on purely combinatorial and probabilistic techniques.

e In the same decade, Razborov and Smolensky were introducing algebraic techniques to prove

new results for polynomials over finite fields. Smolensky in particular showed [Smo87] that
depth-d circuits with gates AND, OR, and MOD,, where p is a prime, require at least g1/
gates to calculate MOD,. for any r # p"*. Yao’s parity result is essentially a special case of this

result.

Before we present the switching lemma, why could Theorem 3.3 be true? We understand the
situation clearly for d = 2: CNFs and DNFs need large circuits to compute parity. If we could make
a depth d circuit into a CNF/DNF without too much size blowup, then we’d ‘beat” Theorem 3.3. If
the bottom two layers of the circuit look like a DNF (i.e. we have V then A gates), and we could
efficiently switch it to a CNF (i.e. A then V gates), then we’d be in business, because the circuit
would then collapse one level (via our assumption that the levels alternate between A and V). If we
can do this without paying too much in size, we can essentially repeat the process ~ d times and
get a small DNF/CNF for parity (and thus beat Theorem 3.3).

So in some sense our question is the following:

Can we convert the constant-depth circuit C for PARITY into a DNF/CNF for PARITY,

without increasing its size too much?

If so, then we are done, by our very strong DNF/CNF lower bounds. The problem though is that a
CNF with n terms can blow up to a DNF with 2"/2 terms. For example, consider the CNF

(acl V JIQ) A (xg V x4) VANREIWAN (.%'2]4,1 \Y xgk).
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By de Morgan’s laws, the DNF form of this CNF would take at least 2¥ terms, and hence there is
exponential blowup. Our goal is then to retain the same general ideas of the above approach, but to
do so in a way that avoids this blowup. For this, we go back to random restrictions. If we randomly
restrict some of the variables to take on fixed values, say 0 or 1 only, then we might imagine that a
lot of the terms will become much simpler and smaller in size, and therefore might possibly lead to
a DNF conversion that doesn’t incur an exponential blowup. So we have hope: a random restriction
“kills off” longer terms, so using random restrictions can help us convert small CNF's to small DNFs.

For 0 < p < 1 the survival probability of a Boolean variable, let R, be a distribution over restrictions
p:[n] = {0,1,x} such that

* with probability p,
p(z;) =<0 with probability 1%1”,
1 with probability 152.

Why are these random restrictions useful? Note that if we hit a k-variable and with a random
restriction p ~ R, then the expected number of surviving variables is p - k (where the survival
probability p is thought of as being closer to 0 than it is to 1). But in fact something much stronger
happens; with high probability,

1—p k 1+p k
Pr[doesn’t become the constant 0] = (p + 2) = <2> ,

which is exponentially small in k!

Now let’s take a brief detour to discuss the relationship between DNF's, CNFs, and decision trees.

Claim 3.8. Suppose that F is computed by a depth-d decision tree T. Then F' is computed by a
width-d CNF and also computed by a width-d DNF.

Proof. We construct the DNFs and CNF's from the decision tree by constructing the terms and
clauses out of the paths in the decision tree which reach the 0s and 1s of the functions, respectively.
We will show how to construct width-d DNFs; the construction for CNFs is similar. Each term in
the width-d DNF will correspond to a 1-path in the decision tree, and so the width-d DNF will
be true if and only if a 1-path can be followed in the decision tree. Let T be a depth-d decision
tree computing F', and let P be any path from the root of T" to a leaf corresponding to a 1 of F.
Let z1,...,z; be the literals appearing on the path P, where the literal z; is negated if we move
left at the vertex and positive otherwise. For each such path P, we add a term x1 Aza A ... Az
to the DNF'. If an input x is accepted by the decision tree, then the term corresponding to the
accepting path in the tree will also be accepted by the DNF, and the converse direction holds as
well. Obviously, for each path P in the decision tree, 7 < d, and so the resulting DNF has at most
d literals per term.

The construction for the CNF is entirely analogous, except that we instead consider the paths to
the Os of the decision tree, and add a clause with the negations of the literals followed on the paths.
Intuitively, this width-d CNF is true if and only if none of the 0 paths are followed in the decision
tree. 0

We now state Hastad’s switching lemma:
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Lemma 3.9 (Hastad’s Switching Lemma, [Has86]). Let f(z1,...,2,) be computed by a width-w
DNF (or CNF). Let the decision tree depth of F' be denoted by DT-depth(f). Then for any t > 1,
and for 0 <p <1,

Pr [DT-depth(f1,) > ¢] < (7-p- w)’

Let’s give a few immediate remarks:

e There is no dependence on the number of variables n or the size of f in the bound, and so the
lemma is a very strong statement.

e The lemma also holds for CNFs, and the proof is essentially the same.

e Note that if p > 1/7w, then the statement essentially says nothing; all probabilities are
bounded above by 1. If p < 1/7w, then the probability of a bad restriction, one that does
not signficantly reduce the decision tree depth, is small. For example with p = 1/14w, the
probability of a bad restriction is at most 1/2¢.

Next time, we will
e Use Hastad’s switching lemma to get the above 22(n V) Jower bound for PARITY,,.
e Give a proof of a baby switching lemma.

e Give a proof of the actual switching lemma.

84 Lecture 04—O06th February, 2024

Last time. In the previous class, we

e Said a little more about formulas; in particular we gave the KRW conjecture and showed that
the depth of a boolean formula goes like depth(f) = O(logsize(f)) for any Boolean formula f.

e Talked a bit about full-basis Boolean formulas, and gave a state-of-the-art (n?) lower bound
for full-basis formulas via the addressing function.

e Started the unit on constant depth circuits by giving a 20 Y)_gize upper bound for

depth-d circuits for the PARITY, function (to be proved in the homework), and developing
some intuition for the proof of the switching lemma (by Hastad) which we stated.

Today. We will:

e Use Hastad’s switching lemma to prove a 22" Y) ower bound for depth-d circuits for
PARITY,,.

e Proof of the baby switching lemma.
e Proof of the strong form of Hastad’s switching lemma.

e Provide average-case lower-bounds for AC? circuits for PARITY,,.

The readings for today are Sections 6.1, 12.1, and 12.2 of [J*12] and Sections 3.3 and 3.4 of [BS90].
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§4.1 Worst-case lower bound for PARITY,, in ACY via Hastad’s switching lemma

Recall the statement of Hastad’s switching lemma:

Lemma 4.1 (Hastad’s Switching Lemma, [Has86]). Let f(z1,...,zy,) be computed by a width-w
DNF (or CNF). Let the decision tree depth of F' be denoted by DT-depth(f). Then for anyt > 1,
and for 0 <p <1,

Pr [DT-depth(f],) >t] < (7 p-w)"

p~Rp

Essentially it tells us that if we impose a suitable random restriction (where each variable survives
with probability p < 1/14w) on a width-w DNF (or CNF) f, then the DNF (or CNF) f becomes a
function of a few variables, and simplifies into a decision tree with high probability. Also remember
that given a decision tree, we can view it as being a CNF. So this is a “switching lemma” in the
sense that it switches between DNF (or CNF) and decision tree representations of a function.

This flexibility is what makes the switching lemma so powerful. We will use it to prove a lower
bound for PARITY,, in ACY.

Theorem 4.1. For any d > 2, any depth-d circuit for PARITY,, has size at least 2!/ 1)

Proof. We will use the Hastad switching lemma to perform depth reduction on the circuit. Let C
be a depth-d circuit of size M for PARITY,,. We’'ll argue that M > 202(n!/ (=),

Let C be a circuit like AND—OR—...—AND—OR with n inputs.

Stage 0 of the argument proceeds as follows. We will first use a initial restriction to “trim” the
circuit with the purpose of reducing the bottom fan-in. Take p = 1/100, and hit C' with a restriction
P ~ Ri/100, so that with probability 1 /100, the input variable is set to * with probability 1/100 and
to 0 or 1 with probability 99/200 each. Now if some bottom level gate (an OR) has fanin > 10log M,
the probability that that gate is fixed to 1 and vanishes is

101 10log M
>1- () >1-

200 M5’
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and by a union bound over all < M bottom-level gates, we get that with probability > 1/2, this p
kills all the gates of fanin > 10log M. Also, with probability > 1/2, at least n/200 variables survive
the restriction p. Therefore, there is some restriction p so that both these events happen with high
probability—fix that p. Call Cy the circuit CT,. Then:

e () computes PARITY, or its negation on > n/200 variables,
e (Cp has bottom fanin < 10log M and depth d.

Stage 1 applies the switching lemma to each of the depth-2 subcircuits of the bottom section of the
circuit. Hit Cp with a restriction p ~ Ry /(10010g a)- Each depth-2 subcircuit at the bottom of Cy is
a (10log M)-width CNF, and we can apply the switching lemma to each of these subcircuits. Take
t = 10log M, and by the Hastad switching lemma the depth-2 circuit collapses to an < 10log M-
width decision tree except with failure probability

7 10log M 1
7 10logM _ [ _© < .
By a union bound over all < M depth-2 subcircuits, we get that with probability > 1/2, all
of them collapse to a depth-(10log M) decision tree, which can be viewed as a DNF of width
10log M. (Effectively, we have reduced the depth of the circuit by 1 via this stronger restriction.)
Furthermore, with probability > 1/2, the number of surviving variables under this restriction is
> (n/200) - (1/(2001log M)). Therefore, there is some restriction p so that both these events happen

with high probability—fix that p. Call C} the circuit Co[,. Then:
e () computes PARITY,, or its negation on > (n/200) - (1/(200log M)) variables,
e (1 is a depth-(d — 1) circuit with < M gates at distance 2 from the bottom.

We repeat this procedure to get the following series of reductions: Observe now that Cy_o is a depth-2

Current circuit | Depth | Bottom fanin | Number of variables in play
C d n n
Co d 10log M n/200
Ch d—1 10log M n/ (200 - (2001log M))
Co d—2 10log M n/ (200 - (200log M)?)
Cy o 2 10logM | n/ (200 - (2001og M)?—2)

circuit with < M gates, computes PARITY,, or its negation on > (n/200) - (1/(200log M)?~2)
variables, and is a 10log M-width CNF. So we must have size M satisfying

n
200 - (200 log M )2

<10log M = M > 2%(n/7Y)

for the circuit C. O

§4.2 A baby switching lemma

Before we give our proof, we first state and prove a baby switching lemma; this will be useful for
understanding the proof of Hastad’s switching lemma. Here’s its statement:
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Lemma 4.2 (Baby switching lemma). Let f(x1,...,zy) be computed by a width-w DNF (or CNF).
Let the decision tree depth of F' be denoted by DT-depth(f). Then for anyt > 1, and for 0 < p <1,

Pr [DT-depth(fl,) >t] < (40 -p-w-2")"
P~ IXp

We will spend this section of the class proving this lemma. Before we delve into the prove, it’s nice
to note the following distinction between the proof of the baby switching lemma and the switching
lemma due to Hastad:

1. When we prove Hastad’s switching lemma, we first restrict f by p, and then we analyse the
decision tree for f,, perhaps by using the fact that the decision tree depth of f is small to
argue that the decision tree depth of f[, is small.

2. When we prove the baby switching lemma, we first construct the decision tree T" for p, and
then take advantage of its nice structure to analyse the decision tree T'[, under the restriction

p.

Now let’s understand what it means for a decsion tree to be hit by a random restriction p ~ R,.
Consider a decision tree like

Z;
T:
7b/// \\\7H’

where Ty and T are the left and right subtrees of the root of 7. When we hit T" with a random
restriction p ~ Ry, there are three possibilities: (1) To[, if z; < 0, (2) 11, if 2; <= 1, and (3) the
tree

T

T= N

Tol, Tilp,

if x; + *. This observation motivates the following key definition:

Definition 4.3 (w-clipped decision tree). A decision tree T is w-clipped if every node in T has at
least one leaf of distance at most w below it.

This definition is relevant because of the following lemma;:

Lemma 4.4. Any width-w DNF (or CNF) F is equivalent to (i.e. is computed by) a w-clipped
decision tree.

Proof. Construct a decision tree T by going through F' term by term. Read variables in the current
term one by one, and move on to the next term when the current term is falsified. Put a 1-leaf
where the current term is satisfied, and a 0-leaf if it went through all the terms and none of them
were satisfied. By construction, at any node in the tree, there is a 1-leaf of distance at most w from
it if and only if the corresponding term is satisfied. Therefore, T" is a w-clipped decision tree. [
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Given all of the above, to prove Lemma 4.2, we only need prove a switching lemma for w-clipped
decision trees:

Lemma 4.5 (Switching Lemma for w-clipped decision trees). Let T' be a w-clipped decision tree of
depth d. Then for anyt > 1, and for 0 <p <1,

Pr [DT-depth(T'[,) >t] < (40-p-w-2")"
P~ I<p

Now define Branches(T") as the set of all root-to-leaf paths/branches in 7. It is entirely natural
to consider a random walk down the decision tree obtained by tossing coins to obtain a natural
distribution over the branches of the tree.

Definition 4.6. Given a decision tree T, let W(T') be a probability distribution over Branches(T")
given by random walks on T; each branch m € Branches(T) is chosen with probability 2-I7l where
|| is the length of the branch w. This is equivalent to the uniform distribution on Branches(T).

Lemma 4.7. Let T be a proper decision tree over variables x1,...,%, (so no variable occurs twice
on any root-to-leaf path). Then the following two distributions Dy, Dy over branches are equivalent
(recall that a branch is a sequence (my,...,m,) where each m; is a pair of the form (x;,b;), and

b; € {0, 1})

e Di(T): Draw p ~ R, and consider T'l,, the subtree of T' that is obtained by outputting a
branch o ~ W(T [p), i.e. o 1s a branch obtained by doing a random walk down from the root
of T1,. Output .

e Dy(T): Draw w = (m1,...,7pn) ~ W(T). Output the sub-list of 7 obtained by going through
and independently including each element m; with probability p. This is exactly the distribution
Binomial(|x|, p).

Proof. Exercise. O
The following two lemmas will be useful for us as we attempt to prove Lemma 4.5:

Lemma 4.8. Let X € {w,w+1,...} be a random variable corresponding to the first time that w
consecutive heads come up in a sequence of i.i.d. fair coin flips. Prove that E [Xt] < (7wt2w)t.

Proof. Exercise. O

Lemma 4.9. For a w-clipped decision tree T,
()] < .

Proof. Let X be the random variable X € {w,w + 1,...} corresponding to the first time that w
consecutive heads come up in a sequence of i.i.d. fair coin flips, aligning with taking the correct
or incorrect sequence of branches. For any w-clipped decision tree T, X stochastically dominates
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w ~ W(T); that is, for all & € R, Pr[X > a] > Pr[|w| > «]. Therefore for any monotone
(nondecreasing) function g: N — R, E[g(X)] > E[g(|=]|)]. Therefore it suffices to show that

E Kfﬂ < (20w2v)".

It is given as a homework exercise to show that [ [X t] < (Twt2®)'. Given this fact, we have that

£ [(1)] <= () T ) e < ) ramey < .

where the last inequality follows from the fact that 7e < 20. O

The intuition for the above lemma is as follows. Since the decision tree is w-clipped, at each node
there is a leaf node below it at distance < s. If we interpret the randomly sampled path 7 as a
sequence of length-w blocks, then for our path to be multiple blocks long, it must have (at least)
made it through each block independently.

Now we are ready to prove the baby switching lemma for w-clipped decision trees.

Proof of Lemma 4.5. Notice that for any restriction p,

depth (T',) >t =  Pr  [lo|>t]>27",
o~ W(T1,)

by the definition of the distribution W. Therefore, we have that

p~P7rap [depth (T [p) > t] < p§7rzp

Pr [lo|>t]>27".
o (1)

Recall now that Markov’s inequality states that for any nonnegative random variable X and any
a >0, Pr[X > 27¢% < E[X] - 2% Therefore, we have that

p§7r€p [depth (T [p) > t] < p~P7rzp

Pr  [lo|>t]>27" <2' Epugr, Pr  [lo|>1
o~ W(T1,) T~ W(T1,)

By Lemma 4.7, we have that the distribution D1 (7'[,) is equivalent to the distribution D2(T',),
and so

Pr [depth (T],) >t] <2'-E,wr Pr o>t by Markov,
Bx, [enth (T1g) > 0] <2 Epor, || Pr (o] >4
=2 Epn P Y >t]| byL 4.7,
) [Y~Binofw(|w|,p>[ ]] v
iy
5 ()
= (2p)t “Erow(r) [(T‘)] by linearity of expectation,
< (2p)' - (20w2v)! by Lemma 4.9,
= (40pw2®)".
This completes the proof. O
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We have now proved the baby switching lemma for w-clipped decision trees. Since any width-w
DNF (or CNF) is equivalent to a w-clipped decision tree, we get a proof of the baby switching
lemma for width-w DNFs and CNF's for free.

We will now use ideas from this lemma to prove Hastad’s switching lemma.

§4.3 Proof of Hastad’s switching lemma

We will prove the following version of the switching lemma due to Hastad:

Lemma 4.10. Let f(x1,...,zy) be computed by a width-w DNF (or CNF). Let the decision tree
depth of F be denoted by DT-depth(f). Then for any t > 1, and for 0 <p < 1,

Pr [DT-depth(f],) >t < (10-p - w)’
p~Rp

Here we’re thinking of p as a small number, really < 1/10w, so that we do not get trapped in
trivialities. Furthermore, we consider the assignation x; <— * by the restriction p as being unlikely,
because each individual variable probably gets fixed to 0 or 1.

Now consider the width-w DNF F =T1 V15V ..., where the terms T; are arranged in a fixed order.
What happens to one term, say T; = x1 A T3 A x4 under a restriction p ~ R,?

1. Most likely, some literal could get set to 0, and then 7;[, =0, i.e. the term 7; vanishes from
F,. If this happens to every T;, then F'[, = 0.

2. Also, we could have that T;[, =1, i.e. the term T} survives the restriction p. If this happens
to at least one T, then F[, = 1.

3. Otherwise, perhaps some literals in T; gets fixed to *, and some other literals gets fixed to 1.
Thus T; potentially “shrinks”, but survives.

So overall there are three possibilities for the fate of F' when hit with the random restriction p ~ R,,.
It either gets fixed to 0, fixed to 1, or some T; vanish to 0 while others shrink.

Example 4.11. Consider the following example. Apply the restriction
P T1 %, Toa 1, w3k wyéi—1, x5 % x5+ 0, x7 *
to the width-3 DNF
F=(@x ANT3ANxq4)V (22 A5 ANTg) V (3 ANTs A x7) .

Then
T T5 T3

AN

= (.%'1 /\ZCQ/\:L'4> V <$2 N x5 /\.%'6> \Y <ZL‘3 /\$5/\$7> .
* 1 1 1 * 0 * * *
Now Til, =0, Tx[, = z5, and T3], = x3 AZT5 A z7. Therefore, F[, = x5V (¥3 A T5 A 7).
Qualitatively speaking, the restriction p has “shrunk” the DNF F' to a smaller DNF F[ .
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Our goal is then to show that with high probability over a random restriction p ~ R, some decision
tree computing the restricted function F'[, has small depth (i.e. is shallow). We will do this by
arguing that with high probability over p ~ R, there is a particular way of writing a decision tree
for F'[, such that it is shallow.

Definition 4.12 (Canonical decision tree for F after p). Let F =Ty VT3V ... be a width-w DNF
(or CNF), and let p be a restriction. The canonical decision tree CDT(F, p) for F' after p is the
decision tree obtained by the following recursive process:

e If F[, is killed to the constant O or the constant 1, then CDT(F, p) is the decision tree of
depth O that outputs the constant 0 or the constant 1.

e Otherwise, F'|, wasn’t killed by the restriction, and some term T; survives the restriction.
Find the first such term. Then CDT(F, p) obliviously/exhaustively queries the block of all the
surviving variables in that term T;.

e Recurse at each leaf: for each leaf, do the above two steps under the augumented restriction
corresponding to the leaf.

Note that crucially, when the canonical decision tree CDT(F, p) queries a block of variables, there is
a unique assignment/path that satisfies all the literals in that restricted term corresponding to the
block, and we get a 1-leaf in the canonical decision tree there.

Example 4.13. Recall the example above, where we applied the restriction
pP: X1 %, To 1, 3%, wyé—1, x5 x x50, x7 %
to the width-3 DNF
F=(x1 ANT3Nzq)V (x2 N5 N Tg) V (23 AT A x7)

to get the restricted DNF
Fl, =5V (z3 AT5 A7) -

The canonical decision tree CDT(F, p) for F' after p is then

5
PN
CDT(F, p) = .
7 X7
/N /\
0 0

The first block above is root x5 (as it is the first surviving term), and the second block above
is the left subtree.

Now define bad to be the set of restrictions p such that CDT(F, p) has depth > ¢. We will show that
Pryor,[p € bad] < (10-p- w)’. If we can accomplish this, then we will have proved Lemma 4.10.

To prove this, we start by fixing a restriction p € bad, so that CDT(F, p) has depth > ¢. Let P be
the leftmost path of depth > ¢ in CDT(F, p). We assume the depth of P is exactly ¢ (if it is greater
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than ¢, then we can just truncate it to depth t). Therefore, the combined object p U P is fixes ¢
more variables than p does. Call this restriction Devil(p). Note that because of the structure of
the canonical decision tree, Devil(p) has “segments” based on the blocks of CDT(F, p) that were
queried along P. Call the ith such block V;, and let §; be the restriction fixing V; as in Devil(p).
Then Devil(p) is the combined restriction p U d; Uda U ... U d, where k < ¢.

We now introduce the hero of this play. Consider another restriction Angel(p), which, like Devil(p),
fixes ¢ more additional variables beyond p, and in particular, fixes the same ones V;, but in such
a way so as to reach the 1-leaf of the block V;. As a consequence, it is not a path in the tree—it
is disconnected. Furthermore, Angel(p) and Devil(p) are disjoint, and so Angel(p) disagrees with
Devil(p) in each block.

The following example should clarify both Devil(p) T
and Angel(p). Consider the diagram to the right.
(Note that in the diagram the red lines are the
actions of the Devil, and the green lines are the
actions of the Angel.) Take the restriction

V1 queried

p: x1 1, woé—x 2340, x4 < x, T5 ¢ *. Va queried

Then:

V1 = first block = {z2},

. . depth t
and the unkilled term of F'[, is zs.

V3 queried

Similarly,

Vo = second block = {zy4, 25},
and the unkilled term of F'[,, is T4 A x5,

and

V3 = third block = {z7,x9},
and the unkilled term of F[p is x7 A Tyg.

Then after the entire melee,

T xT9 r3 T4 T
P 1 * 0 * *
Devillp) | 1 0 0 0 O
Angellp)| 1 1 0 0 1

Now consider the following question. Given a restriction p € bad, is Angel(p) or p more likely to
be drawn under the distribution R,? In fact, Angel(p) is much more likely to be drawn. This is
because Angel(p) is a restriction that has more fixed bits, and these fixed bits are much more likely
than x to be drawn under the distribution R,. We will show this more precisely now. Fix any
particular p € {0,1,%}™ with & many xs. Then it follows that the probability of drawing p under
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the distribution R, is

Pr (o] = <1‘p)k

P~Ryp
So for any p € bad with £ many xs, we have that

n—k
k. (l=p
Porl 7 ()
Prpr, [Angel(p)] it ( %)n*(kft)
2p ! t
== <
<1_p> < (25p)",

since p is small and Angel(p) has k — ¢t many xs. Therefore, Angel(p) is much more likely to be
drawn than p under the distribution R,; in particular,

Pr [p] < (2.5p)" - Pr [Angel(p)]-
p~Rp p~R

The proof of Hastad’s switching lemma is all but done; we only need to show this one key fact:

Lemma 4.14. Any restriction o is Angel(p) for < (4w)" many bad restrictions p.

Now, although we do not prove this today, the proof of the lemma follows right away if we assume
it to be true. This is because we can simply sum over all the bad restrictions p € bad to get

Pr [p € bad] = Pr |
P~Ryp p Z P~Rp p

pEbad

< ) (25p)- Pr Angel(p)
pebad PR ~

< Y. (w)'- Pr o]
pebad p~Te
< (4w)' - (2.5p)" - < 8 pffgp[ao
< (4w) - (2.5p)"
<(10-p- w)

since ), Prpur,[o] =1 (i.e. it is a sum over all the elements of the domain of o).
This completes the proof of Hastad’s switching lemma—a beautiful result.
Next time, we will:

e Prove Lemma 4.14 via a nice sufficient-encoding argument.

e Give average case ACY lower bounds.

Give (quantitatively strong) average case lower bounds for DNFs and CNFs via random
projections.

Introduce [Fs-polynomials.
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85 Lecture 05—13th February, 2024

Last time. In the previous class, we

e Used Hastad’s switching lemma to prove a 22 D) Jgwer bound for depth-d circuits for
PARITY,,.

e Proved a weak form of Hastad’s switching lemma.
e Started the proof of the strong form of Hastad’s switching lemma.
Today. We will:

e Finish the proof of the strong form of Hastad’s switching lemma by proving the following fact:
any restriction o is Angel(p) for < (4w)" many bad restrictions p.

e Introduce average-case lower bounds for AC circuits for PARITY ,, which will be a small
extension of the worst-case lower bounds we already derived.

e Introduce average-case lower bounds for depth-2 circuits via the argument by O’Donnell and
Wimmer: any CNF that agrees with some explicit function f on 90% of the inputs must have

29($> clauses.

e Start Fo-polynomials and start an average-case lower bound for them.

§5.1 Finishing the proof of Hastad’s switching lemma

Recall that we were trying to prove the following fact to complete the proof of the strong form of
Hastad’s switching lemma by showing that any restriction o cannot be Angel(p) for too many bad
restrictions p.

Lemma 5.1. Any restriction o is Angel(p) for < (4w)" many bad restrictions p.

Proof. Fix a restriction o = Angel(p) for some bad restriction p. We will demonstrate how to
recover (via a decoding procedure) p from o given just a little bit of auxiliary information. (Note
that in the entire argument F' is known and always has been; there is no secracy about F'.) The key
idea here is that if we bound the number of possibilities for this auxiliary bit of information, then
we have a bound on the number of possible bad restrictions p that o can be Angel for.

The auxiliary information here will be the row consisting of 2 rows of ¢ numbers plus a little extra
information. In particular, the first row will consist of elements of {1,...,w}! (with w' many
possibilities), the second row will consist of elements of {0,1}! (with 2° many possibilities), and
extra information will be the following: for each of the ¢ — 1 positions between 2 elements of the
first row, put ; or put nothing. This gives us 2¢~! possibilities for the second row. So there are
wh -2 - 2071 < (4w)" many possibilities here.

Example 5.2. Here’s an example of the auxiliary information might look like:

2 3 ;5 _ 4 _ 5 -+ _ 3
0o 0 1 0 1 1
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Now, if there is some deterministic fixed unambiguous way to recover p from o and the auxiliary
information, then we are done, as there are at most (4w)t many possibilities for p that o can be
Angel for. So we need to describe how to decode p from o and the auxiliary information. The
difficulty here is that we don’t know which ¢ fixed bits of o are from Angel(p) and which are already
fixed in p. If we know, we could just recover p by looking at the bits of o and replacing the fixed
bits of o with *’s.

We’ll proceed by identifying the variables block by block by first finding Vi, then V5, and so on.
Here’s how we will do this. Recall that the canonical decision tree CDT(F') has V; surviving variables
in the first level of F' that is not killed to 0 by p. Imagine restricting F' by o. Now o is an extension
of p, and so any term that is killed to 0 by o is also killed to 0 by p. But the first term in F' that is
not killed to 0 by p is satisfied by o = Angel(p), and therefore the first term in F' that is not killed
to 0 by p is where V; came from.

Example 5.3. Applying the restriction

r X1 T2 I3 T4 I5 Tg X7 X8
c 0 0 1 1 1 0 1 1

to the Boolean function

F = (.%'1/\%72) \/(.21371/\.%'72/\%'8) \/(@/\l’4/\$5)\/"',

N—— ———
killed by o, so not satisfied by o, so
where Vi came from Vj came from here!

we can narrow things down. The first term in F' that is not killed to 0 by p is where V; came
from. In this case, V7 = {z1}. The idea here is very similar to the same idea as before where
we used the unkilled terms from the definition of the Angel and the Devil to find the branching
paths in the canonical decision tree that eventually lead to the variables in the block.

V1 = first block = {1},

and the unkilled term of F'[, is 1.

Recall our analysis from last time for the rest of the argument.

Now here’s a new question: which of the variables in the term we just found are the V; variables?
We can’t just look at the bits of o and replace the fixed bits of & with *’s, because we don’t
know which bits of o are fixed by p and which are fixed by o itself. But we can use the auxiliary
information to figure this out. The auxiliary information tells us which bits of o are fixed by p
and which are fixed by o itself. So we can use the auxiliary information by reading the width-w
term—the elements of the first row in particular—to get information about which of the w variables
in the term are *’s in p, and the breakpoint (;) indicates when we’re done for a particular term.

So now we have found V7. We now move on to V5. We use the second row to learn how to traverse
the V7 block of the canonical decision tree to follow the Devil(p) path—that is, the second row tells
us how Devil(p) would have fixed the variables in the V; block.

Now morph o ~ o’ by replacing V; variables with those bits, and then continue. The first term in
F satisfied by o’ is where V5 came from.
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Given the canonical decision tree to the left (the
V1 queried first ‘triangle’ corresponds to Vi, etc), we can con-
tinue the process in exactly this way to find Vs,
V3, and so on. The auxiliary information tells us
) how to traverse the canonical decision tree to find
V2 queried the next block of variables. The first term in F
satisfied by o is where V5 came from.

In the end, we can recover p from o and the aux-
iliary information by the decoding process herein
> depth ¢ described, replacing all the Vi, Vs, etc variables
in o with *’s. The auxiliary information tells us
which bits of o are fixed by p and which are fixed
by o itself. So we can use the auxiliary informa-
tion to decode p from o.

V3 queried

This completes the proof of the lemma, since we
already know that there are at most (4w)’ many
possibilities for the auxiliary information by the
combinatorial argument we gave earlier in the
proof.

1

Therefore, we have shown that any restriction o is Angel(p) for < (4w)" many bad restrictions
p- O

§5.2 Average-case lower bounds for AC" circuits

We have already seen that by Hastad’s switching lemma, PARITY,, requires depth-d circuits of
size 29(”1/@71)), and this is a worst-case lower bound for PARITY,,. We will now use similar
techniques—basically reusing earlier work—to show average-case lower bounds for PARITY,, for
AC? circuits. In essence, we can go over the previous arguments, and note that all our “with
probability > 1/2” statements are actually very strong.

Fix a parameter M = QCnl/d, where ¢ = ¢4 = 1/100¢ is a small constant that depends on d. We can
verify that for M = ZC”I/d, we have that each failure probability < 1/M?°. Now, in the argument in
Section 4.1, we were worried about 2d — 2 = O(d) many failure events for the switching probability,
and therefore, we have an overall probability > 1 — O(d)/M?, the circuit Cy_5 is a depth-2 circuit

~1
with bottom fanin < 10log M, over ng_o > n - (200 (200 log M)d72> many variables.

Now do one more random restriction, with p = (100 log M )_1 and t = 10log M. Then it naturally

follows that
10log M
-10log M)

Pr[C4_2 doesn’t collapse to a depth-(10log M) decision tree| < <7- 100Tog M

1
M>’
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and so by the Chernoff bound,

_ 1
Pr [fewer than %(ﬁiﬁ many variables survive] < exp <_2(X)113)g;]\4 . 2)
. 1
=M

from our choice for M.

So overall, with probability > 1 — O(d)/M?®, we have that Cy_5 collapses to a depth-(10log M)

—1
decision tree with > n - (c - (log M )d_1> many variables. We now use the following fact:

Fact 5.4. Any decision tree of depth d has correlation O under the uniform distribution U with any
PARITY function on > d variables.

Proof. Every path in the decision tree is a conjunction of literals which are right half the time and
wrong half the time, and so the decision tree has correlation 0 with any PARITY function on > d
variables. n

Now we want to think of the random restriction as first picking the fixed variables and deciding
how to fix them; one of these choices will be such that there is zero advantage in this situation. So
the decision tree only gets it right with probability O(d)/M?® = . Reinterpreting this, we obtain
the following average-case lower bound.

Theorem 5.1 (Average-case lower bound for AC? circuits for PARITY ). Let C be a circuit of
size M = 27" and depth d, with ¢ an absolute constant. Then PARITY,, is e-hard for C' under
the uniform distribution U, where ¢ = O(d)/M® < g-en'/?,

It would be awesome to show that for some explicit function f (not necessarily PARITY,,), we
can make the size bound (of the circuits that we get a correlation bound against) bigger, and the
correlation bound smaller. But we don’t know how to do this. However, Ryan O’Donnell and Karl
Wimmer have presented trade-off type results like this for d = 2 circuits.

§5.3 O’Donnell-Wimmer average-case lower bound for depth-2 circuits

O’Donnell and Wimmer gave a beautifully simple argument for making the size bound bigger and
the correlation bound also bigger in a favourable way, although not for PARITY,, but only depth-2
circuits. Indeed, if d = 2 above, we would get a size bound of € < ont/? — 2V and correlation
bound of ¢ < 27V™. We will make the correlation bound go all the way to a constant, and the size
go to almost 2", which is quite impressive.

Consider the following function DNFTRIBES,, : {0, 1}*2" — {0, 1}, which is defined as follows:
DNFTRIBES (21, ..., 2n) = (X1 Ao AZy) V (Tpg1 Ao o AZ2) VooV (Tp—ptr1 A e o AT

where n = w2" and every variable occurs in exactly one term. There are n/logn = 2% many terms,
with w variables in each term, and w = logn — loglogn. The following theorem which we will prove
says the following: the function DNFTRIBES,, is hard to approximate by a CNF unless the CNF is
enormous—there is some incompatibility between DNF and CNF representations of functions.
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Theorem 5.2 (O’Donnell and Wimmer, [OWO07]). Any CNF g that agrees with DNFTRIBES,, on

90% of all 2™ inputs must have ZQ(ﬁ many clauses.

We can see that the correlation bound is constant, and the size bound is almost exponential in n.
We'll see that by extending this we can get an average-case lower bound for all depth-2 circuits in
the homework. For now we focus on proving this theorem.

The first step of the argument is to convert it into saying something about CNFs of bounded width.

Fact 5.5. If g is an s-clause CNF, then there is a CNF ¢’ which is e-close to g, i.e.

Pr [g(u) = ¢'(u)] > 1 —¢,

u~Usg
such that ¢’ has width of every clause < log(s/e).
Proof. Any clause of length ¢ is falsified with probability 1/2!. So removing a clause of width

> log(s/e) changes the function on < 1/2'°8(5/¢) = ¢ /s fraction of inputs. Since g only has s clauses
overall, so the total effect from removing all these clauses is < s-¢/s = €. By a union bound over
all < s such clauses removed, we get

Pr [g(u) # ¢'(u)] <,

u~Us

and so ¢’ is e-close to g. O

Given this fact, we know that if we want to prove that any CNF that agrees with DNFTRIBES,,
on 90% of the inputs must have a lot of clauses, it is enough to prove that any CNF that agrees on,
say 80% of the inputs, has to be very wide. Let’s confirm formally that this is enough. Suppose ¢ is
a 0.1-approximator of DNFTRIBES,, and has s clauses. Then by Fact 5.5, there is a width-log(10s)
CNF ¢’ which is 0.1-close to g. So ¢’ is a 0.2-approximator of DNFTRIBES,,, and so by our reduced
statement (which we are showing implies 5.2), we have that

n
10s) = ;
log(10s) > Q (logn>

and so the implication is indeed correct.

We now want to prove the following lemma, which would imply Theorem 5.2.

Lemma 5.6. Any CNF g that agrees with DNFTRIBES,, on 80% of all 2™ inputs must have width

1 n
> -2 =Q .
4 <10gn>

Notice that we have no hope that random restrictions or the switching lemma will help us here,
because the function DNFTRIBES,, is a narrow DNF; every term is width-w, and we’re trying to
argue that much wider CNF's can’t do well on it. So if we hit ¢’ with a random restriction and
simplify it, we will entirely destroy DNFTRIBES,,, which is not ideal for us, as in some sense the
hard function DNFTRIBES,, is much easier than its computer, ¢’. So we need a way to “keep
DNFTRIBES,, complex” while “making ¢’ simple,” and we will do that by an extension of random
restrictions called random projections.
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§5.3.1 Random projections
A random projection is essentially a “smarter” version of a random restriction:

Definition 5.7. A projection p is a mapping
{fL’l,l’Q, .. 'axn} — {07 17y17y25 “e 7yt}

that sends the variables x; to either 0, 1, or one of a collection of variables y;.

In a sense we may think of the projection as a mapping that fixes variables and identifies groups of
variables.

Example 5.8. Here’s an example of a projection:

1 T2 T3 T4 Ty g
I 0 yv1 w1 Y2 ¥

Clearly z is fixed to 1, zo is fixed to 0, and z3 and x4 are identified with each other, and so
are x5 and xg.

Just like before, we write f[, to denote the function f after applying the projection p to it. The
advantage of the projection is that it lets us “carefully preserve structure” in the target function,
which in our argument will be the read-once DNF DNFTRIBES,, so that it “survives.”

The key to the argument is the O’Donnell-Wimmer trick, which is a clever unorthodox way of
generating a uniform random n-bit string, using random projections. The following lemma captures
this trick:

Lemma 5.9. First perform the projection step, where a p ~ {y1/2, 112} \ {1} is sampled (i.e.
we pick each y; with probability 1/2 and 1 with probability 1/2, but never pick all 1’s). Now perform
a variable sampling step for the random variable y ~ {01_1/211/, 1y/ow}. Then doing the projection
step and then the sampling step gives a uniform random n-bit string.

Proof. The only way we could get the all 1’s string is if we picked all 1’s in the sampling step, and
this happens with probability 1/2". So the probability of not getting the all 1’s string is 1 — 1/2%,
and the only way of getting some other string (which is not the all 1’s string) is if we have a version
of the string that already has gone through y and then through p, which happens with probability

1 1 1 2v -1 1
. 1—7 = . = —. D
2w — 1 ( 2w> w_1 ~ow 2w

§5.3.2 Proof of the O’Donnell-Wimmer average-case lower bound

With all the setup in place, we can now prove the lemma that implies the result by O’Donnell and
Wimmer:

Lemma 5.10. Any CNF g that 0.2-approzimates DNFTRIBES,, must have width
sl ).
4 logn
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Proof. Consider a global version of the random sampling trick in Lemma 5.9 on an independent
copy of p for each of the 2% terms of DNFTRIBES,,. Recall that DNFTRIBES,, is the function

DNFTRIBES(x1,...,2n) = (®1 A ... AZyw) V (Zpg1 Ao o AZoy) VooV (i1 Ao Ay)

where n = w2" and every variable occurs in exactly one term. In the draw of p;, py, ..., Pyuw, for
each ¢ € [2"], all the surviving variables under p, become y;. We now argue two things:

1. The function DNFTRIBES,, “stays complez,” that is, is balanced, under the random projection
p; for each i € [2V].

Observe that with probability 1 over the random p = (py,..., pow), the target function
DNFTRIBES,, is balanced, because the restriction on the target function is then

DNFTRIBES, [, = (¥1 A+ - AYw) V Yuwi1 Ao AY2w) VooV (Ynewt1 Ao AYn),
which really just simplifies to
DNFTRIBES,[, =y1Vy2 V-V yow,

by virtue of how the projection was set up. Now y; ~ {0;_1 /9w, 119w}, and so

1\ 1
[DNFTRIBES, | ,,(y)] = 1 — (1 _ Qw) >1— -~ 063

2. Any non-massively-wide CNF is very biased (either towards 0 or towards 1) after the application
of the random projection p.

Fix any CNF ¢ of width < % -2 and consider any fixed outcome p of the random projection.
Consider ¢'| p» Which is a CNF over the variables yi, ..., yow. There are two possibilities here:

a) Every clause of ¢'| p has > 1 negated variable:

Ilo=G V. )N VEV )AL A VTV ).

Then ¢'[, (OQw) = 1 for the likely (with high probability 1 — 1/2%) input 02”. But this
isn’t ideal, because the target function DNFTRIBES, has DNFTRIBES, [p(Ozw) = 0.

Therefore

1

2w 2
Pr[y:() }:<1—2w) z;%().?y?,

and so in this case ¢'| p and DNFTRIBES,, [, disagree on 37% > 20% of the y-outcomes.

b) Not every clause of ¢’ [p has > 1 negated variable:
Ilo=W Vo)A VTV L)AL AL VY VL),

that is, there exists some clause C =y Vyo V... Vyg in ¢'| p With £ < i - 2W variables.
But again we are in trouble, because

Prlg'lo(y) = 1] <Pr[C(y) = 1]

w11

2w

union bound

2“7
< D> Pr lyi =1] <
=1

NG
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But

1\% 1
Pr [DNFTRIBES,[,(y) = 1] =Pr[y V... Vyow = 1] = 1— <1 — > >1-- ~0.63,
Y y 2w e

and so in this case ¢'[, and DNFTRIBES,[, disagree on 63% — 25% > 20% of the
y-outcomes.

So overall, we have that the overall probability that they agree on a uniformly random « is, by the
O’Donnell-Wimmer trick,

o El; __[g() # DNFTRIBES, ()] = Eindep. copies of [f;r [¢'T,(y) # DNFTRIBES, rp(y)]]

> 0.2,

for every p, so g must have width > % 2V =Q (%), and we have proved Theorem 5.2 as a direct

implication from this lemma. O

A small note: to defeat all depth-2 circuits, switch 0/1 and AND/OR in the above argument, and
then we can use the same exact argument to get the following corollary:

Corollary 5.11. Any DNF ¢’ that 0.1-approzimates the n-variable CNFTRIBES,, function, defined
analogously as

CNFTRIBES,, (21, ...,2) = (1 V... VX)) A (Zi1 V... Vo) Ao ATl V... V),
()
must have at least 2" \'°6"/ many terms.

So we know that CNFTRIBES,, is hard to approximate by a DNF, and DNFTRIBES,, is hard to
approximate by a CNF. Can we cruelly cook up a hard function for both that requires computing
DNFTRIBES,, and CNFTRIBES,, to compute it everywhere?

Claim 5.12. Consider the function T: {0,1}?"?" — {0,1} defined as
T(a,b) = DNFTRIBES,(a) V CNFTRIBES,, (b).

Then T is hard to approrimate by both DNFs and CNFs. In particular, any depth-2 circuit that 0.01

approzimates T (a,b) must have size 29(m>

§5.4 Basics of [,-polynomials

We will now move on to a different kind of lower bound, which is for the class of F2-polynomials. We
will first define what [o-polynomials are, and then we will see how to prove lower bounds for them.

Definition 5.13. An Fy-polynomial is a function f: {0,1}" — {0,1} that can be written as

flay,. .. zpn) = EB a5‘®$i7

SC[n] i€s

where ag € {0,1}, and @ and @ denote the Fa-sum and Fo-product, respectively.
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A monomial over F5 is an expression of the form ®i€ g x; where the i are distinct, and this is the
same as the AND over the variables x; for i € S. The Fo-sum is the XOR over the monomials. We
will never need to consider powers of these monomials, because z]* = z; for all z; € {0,1} and all
n € N. So all monomials for us will be multilinear, with degree < 1 in each variable and total
degree-k for the polynomial.

Notice that there are 2" multilinear monomials, and therefore 22" multilinear Fy-polynomials; and
remember that there are 22" functions from {0, 1} — {0, 1}, so every function from {0,1}" — {0, 1}
can be written as an [a-polynomial.

Fact 5.14. Every function f: {0,1}" — {0,1} has a unique expression as an [Fo-polynomial.

Proof. Easy exercise—too easy for homework. Just prove by induction. O

Our goal will be to prove degree lower bounds—that functions have to have high degree—which will
be useful as we continue to discuss PRGs. Indeed,

AND(z1,...,xp) = X1 -T2 - ... Ty,

and so worst-case degree lower bounds are trivial, and we can’t compute the AND function on a
degree-(n — 1) Fo-polynomial or lower. The hard problem is proving strong average-case (correlation)
lower bounds for [Fs-polynomials.

Let
DEG = {all functions f : {0,1}" — {0, 1} that have degree-d Fa-polynomials}.

We know that AND ¢ DEG,,_1, and like we just mentioned, average-case lower bounds are hard to
prove. In fact, here’s something nobody knows how to do:

Open Problem 1. Prove that some explicit function f: {0,1}" — {0,1} corresponding to some
language in NP is 1/n-hard for log n-degree polynomial threshold functions for some distribution D
over {0,1}".

Suppose this can’t be done. Then for every distribution D, there is a low-degree [o-polynomial that
has this advantage and can serve as a weak learner for which we can run a boosting algorithm; this
would imply that there is a poly-sized circuit with a very simple structure—MAJ: {0,1}" — {0, 1}
of degree log n—that would compute any function in NP, which would then imply that NP C P /poly,
and consequently P = NP. So if we believe that NP doesn’t have (quasi-)poly-sized circuits, then we
should believe that this open problem is doable.

Although they are hard in general, next time we will do two correlation bounds:
1. High degree (in fact, degree ©(y/n)), and constant correlation ©(1);

2. Low degree (in fact, < logn), but tiny correlation.
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86 Lecture 06—20th February, 2024

Last time. In the previous class, we finished the unit on constant-depth circuits and started a new
unit on Fo-polynomials. In particular, we:

e Finished the proof of the Hastad switching lemma by proving a key fact about the Angel of a
restriction o.

e Gave average-case lower bounds for ACP circuits for PARITY ,,, showing that depth-d size-2¢n'/*
circuits for PARITY,, cannot achieve accuracy > 1/2+1/ gent/?,

e Gave O’Donnell-Wimmer depth-2 average case lower bounds, showing that depth-2 size-2¢n/ logn
circuits cannot achieve accuracy > 90% for the function DNFTRIBES(a) A CNFTRIBES(b)
using random projections.

e Started a unit on Fe-polynomials, introducing the notion of Fs-polynomials and the Fo-degree
of a function; also saw the following unsolved challenge:

Prove that some explicit function f: {0,1}" — {0,1} corresponding to some lan-
guage in NP is 1/n-hard for logn-degree polynomial threshold functions for some
distribution D over {0, 1}".

Today. We will see two results towards the above challenge:

e Any degree-(3y/n) Fo-polynomial p has

wPllz"/{ [MOD3(x) = p(x)] <

O IENI

e Any degree-d Fo-polynomial p has

Pr [GIPg () = ple)] < 5 +2 2G50,

where GIP: {0,1}" — {0,1} is the generalised inner product.

e Start basic tools for derandomisation and PRGs.

§6.1 Smolensky’s weak correlation bound for fairly-high-degree [;-polynomials

For our first foray into correlation bounds for Fo-polynomials, we will see one for which there is
high degree but a weak bound on correlation. First we define the following function

Definition 6.1. The function MOD3: {0,1}" — {0, 1} is defined as

MODs (2) 1 z14+22+...+2,=1 (mod 3),
€Tr) =
5 0 otherwise.

This is a natural Boolean function, with applications in error detection and correction.
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Example 6.2. We have that MOD3(1000) = 1 and MOD3(1111) = 1, while MOD3(1100) =0
and MOD3(1110) = 0.

We will prove the following version of the result by Smolensky:

Theorem 6.1 (Smolensky, [Smo87]). Any degree-(e\/n) Fa-polynomial p has, with e = 1/4,

7
P o) = < -,
Pr [MoDy(2) = p(a)] < ¢
that is, Cor [MOD?,,DEGE\/E < %.

The high-level idea of the proof is as follows. Fix any candidate Fa-polynomial p of degree d = e/n.
Define X to be the set of all bit vectors where p is correct:

X ={x €{0,1}" : p(xr) = MOD3(x)}.

Our goal in this proof is to argue that | X| is not too big; in particular, that |X| < % AL

Intuition Intuitively, it seems fairly plausible that MOD3 should have high-degree as an [Fa-
polynomial. This should mean that perhaps MODs can be used to simulate a high-degree monomial
and consequently all high-degree Fo-polynomials over {0,1}". So if p agrees with MOD3 on a large
fraction of inputs, then given p, we may use it to simulate high-degree [Fs-polynomials over X.
But since p has low degree, it shouldn’t be possible to use a low-degree polynomial to simulate a
high-degree polynomial over all of X; so if p can simulate a high-degree function everywhere on X
and | X| is really large, then p must have high degree, which shouldn’t be possible. So |X| shouldn’t
be too big.

The proof will use an extension field F of Fo, with |F| = 4. We will use the degree-d polynomial p to
express any function from X to F, using an F-polynomial of degree d + n/2. Then we’re essentially
done, because this means that the number of functions mapping X to F must be at most the number
of F-polynomials of degree d + n/2, that is, 41X1 is at most the number of F-polynomials of degree
d+n/2.

Setup Assume, without loss of generality, that n is divisible by 3; if it isn’t, ignore the last variable
and replace n by n — 1. Then

MOD3(1+$1,1—|—.%’2,...,1—|—.%’7L):1,

if and only if 3k + 1 for some k € N of the 1+ z;’s are 1, which happens if and only if 3k + 1 of the
z;’s are 0, and if n is divisible by 3, then 3k + 1 of the z;’s are 0 if and only if 3¢ + 2 for some £ € N
of the x;’s are 1. So we can write

in =2 (mod 3).
i=1

Let [ be the 4-element field obtained as Fa[t]/(t? + t + 1), the ring of polynomials Fa[t] over Fo
in the variable ¢ taken modulo the ideal (t?> + ¢ + 1), generated by the irreducible polynomial
t2 4+t + 1. Thus F is the four element field {0, 1,¢,1 4 ¢}, with addition and multiplication defined
as in Fa[t] and reducing modulo t? + ¢ + 1. So we are working modulo 2 and t? + ¢ + 1, with
P+t+1=0 = t*=t+1.
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Example 6.3. We have that t3 =¢- (t?) =t - (t+1)=t>+t=1.

Now define h: {1,t} — Fq as the change-of-domain (affine) map (i.e a degree-1 polynomial) given
by

a+1
h p— p—
(@) =33

Then h(1) = 0 and h(t) = 1. We can now prove our first claim that lives up to the intuition we
presented earlier:

t-(a+1)=ta+t

Claim 6.4. For any y € {1,t}", we have

Y1y2 - yn =1+ (t + 1) - MODg3 (h(yl)v h(y2)7 ) h(yn))
—

polynomial in ¢ 0 ?); 1

+ (2 4+ 1) - MoDs (14 h(yr), 1+ h(ya), ... 1+ h(y,)).

0orl

Proof. Recall the definition of the function MOD3:

1 if > h(yi) =1 (mod 3),

MoD3(h(y1), h(y2), - -, h(yn)) = {0 otherwise.

By the first paragraph of our setup,

MOD3(1 + h(y1), 1+ h(y2), ..., 1+ h(yn)) =

1 if the number of #’s in y is =2 (mod 3),
0 otherwise.

Working casewise, we have that

1. When the number of #’s in y is = 0 (mod 3), the left hand side is t3* = 1 since ¢3 = 1, and
the right hand side is 1+ (¢t +1) -0+ (#*+1) -0 = 1.

2. When the number of ¢’s in 3 is = 1 (mod 3), the left hand side is 3**! = ¢ since > = 1, and
the right hand side is 1+ (t +1) -1+ (2 +1)-0 =¢.

3. When the number of ¢’s in y is = 2 (mod 3), the left hand side is #3**2 = ¢2 since ¢3 = 1, and
the right hand side is 1+ (t +1)-0+ (t2 +1) - 1 = ¢2. O

So we have figured out that we can express any high-degree monomial in terms of the MOD3 function
using the change-of-domain map h, and before that, we argued that the MOD3 function should have
high degree. So we can now start talking directly about p itself, and prove the main result here.

Proof of Theorem 6.1. Fix p to be any Fa-polynomial from {0,1}"™ to {0, 1} of degree d = ey/n. Let

0= Pr [p(u)# MoD3(u)].

u~Fy

The goal of our proof will be to show that § > £, so that Pry~y [p(u) = MOD3(u)] <

0ol~J
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Let p' : {1,t} — F be the polynomial defined by

Py)=1+@+1)-ph(y), h(y2), - h(yn)) + E +1) - p(L+h(y1), 1+ h(y2), ..., 1+ h(yn)).

Observe that if p were the exact same as MOD3, then p’ would be exactly y1ys2 - -y, in F via Claim
6.4. But presumably it’s not; they disagree on some inputs, so if we focus on how often they disagree
we may be able to say something about 4.

Via Claim 6.4, we have that

Pr [p'(y1,92, - Un) # 1y2- - yn] =1 — 25,
y~{Le}m

because both h(y1,vy2,...,yn) and (1 + h(y1),1 + A(y2),...,1 + h(y,)) are uniformly distributed
over {0,1}" when y is uniformly distributed over {1,¢}".

Now p, by assumption, is a degree-d polynomial and h is a degree-1 polynomial, so p’ is also a

degree-d polynomial. In particular, since deg(h) = 1 and deg(p) = d, we have that deg(p’) < d.
Define S C {1,¢}" to be

S={ye{lL,t}" vy Yn =0 (Y1.¥2,- - Un) } -

We just saw that |S| > 2™ (1 — 26), from the fact that p’ and yyy2 - - -y, disagree on at most 20
fraction of inputs.

Consider any function f: S — F. We can write any such f as a multilinear polynomial:

n

fly) = Y. flanan) - [T+ R(y) + hla)).

(a1, E{L 4} i=1

The key claim for us is that any multilinear monomial M over y,...,y, of degree > n/2 can be
reexpressed as a polynomial of degree < d 4+ n/2, without affecting the value on any string in S.
Our monomial with degree > n/2 is then

H Yi=Y1° " Yn- H(yit+yi+t)
ieM igM
=9 (y1,Y2, -, Yn) - H (yit + yi + 1) since we are considering y € S.

We now show that this particular representation holds. Note that if i € M, then it’s on both sides
of the equality, and if i« ¢ M, then there is no y; on the left hand side (i.e y; = 1), and on the
right hand side, we have y; - (yit + y; + t). There are then two cases; if y; = 1, then the term is
1-(1+t+t) =1, and if y; = ¢, then the term is t - (2 +t+t) =t-(1+t) =t>+t=1. So
the representation holds, and hence we can write any multilinear monomial of degree > n/2 as a
polynomial of degree < d + n/2.

Do this for every monomial in the polynomial representation for f and write f: S — F as a
polynomial over F of degree < d 4+ n/2. Now we know that there are 4151 functions from S to [,
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n/2+d (n n/2+d (n
and there are |F|Zi=O+ (1) = 42257 (3) such polynomials over | of degree < d +n/2. So

n/24+d

2"(1-20) <[8] < > (:L) <2 +d <n72>

=0
1 d
<-4+ =
<2Wﬁ>

So1—20 < %—i— g, and hence § > i — 5, so that with ¢ = 1/4, we have § > %, and hence
Pry~y [p(u) = MOD3(u)] < §. O

§6.2 BNS'’s strong correlation bound for fairly-low-degree [>-polynomials

Now we focus on showing the second result:
Theorem 6.2 (Babai, Nisan, Szegedy, [BNS91]). Any degree-d Fo-polynomial p has
1 oY
Pr [GIPgi1(x) = p(x)] < = +2 Q<d<2d>,
x~U 2
where GIP: {0,1}" — {0,1} is the generalised inner product.
Intuition We can show, and in fact this is an official homework problem, that the inner product

function IP: {0,1}" — {0, 1} defined as

n—1

IP(z) = Zl’i$i+1 (mod 2)

=1

has very low correlation with any degree-1 Fo-polynomial, i.e. the PARITY, function on any number
of variables. Indeed, we can show that if deg(p) = 1, then

1 1
Pr [IP(z) =p(a)] = 5 + onjz’

This is a very strong lower bound against degree-1 Fo-polynomials; we’d like to do something more
interesting, so what’s hard for degree-2? Since the hardness comes from the quadraticity of the terms
T1T9, T9L3, ..., Tn_1Tn, We can guess that maybe the hard function for degree-2 Fo-polynomials is
something like x1xox3 + T4x526 + + - - + Tp_2Tn_1T,. This motivates the definition of the generalised
inner product function:

Definition 6.5. The generalised inner product function GIP: {0,1}"™ — {0, 1} is defined as

n—d
GIPg441(z) = Z TiTit1 - Tivqg (mod 2).
i=1

This will be our hard function.
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Setup Given a function f: F} — {0, 1}, write e(f) :== (—=1)7, so that e(0) = 1 and e(1) = —1. Let
F(z) =e(f(z)) for any f: Fy — {0,1}, so that F': F§ — {—1,1}. Recall that if F,G : F§ — {—1,1},
then

Cor [F,G]=| E [F(x)G(x)]|.

x~U
Our goal will be to analyse Cor[F, DEG,] for any d and F': F§ — {—1,1}. The helpful fact here is
that the square of the correlation is expressible as the sum of functions related to F', and degree-(d—1)
Fo-polynomials, effectively accomplishing some degree reduction (up to the additive function). Let
us explore this: fix any F': F§ — {—1,1}, where F' = e(f) for some f: F§ — {0,1}. Also, fix any
degree-d polynomial p: F5 — {0,1}, where P = e(p). Then the correlation between F' and P is

Cot|F,P] = | E [F(z)P(z)]|.

x~U

Squaring this correlation yields:

Cot[F,P]*> = E [F(z)P(x)?

x~U
= B [F@P@)]- E [Fly)Py)
= E, F(z)P(x)F(y)P(y)],

by the independence of x and y. Now since @ is a uniform random variable and y is an independent
uniform random variable, we can write y = @ + h for some independent h ~ U/, and hence

Cor|F, P)* = E |F@)P@)F(z+h)P(z + h)].

)

Note now that by the definition of P,

P(z)P(x +h) = e(p(z)) - e(p(x + h))
= e(p(x) +p(x + h))

Our key observation here is that for any fixed h, for p a degree-d polynomial, the function
p(x) + p(z + h) is a degree-(d — 1) polynomial.

Example 6.6. If p =z --- x4, then
p)+plz+h)=x1-xqg+ (@1 +h1) - (xg+hg) =x1- - xg+T1- 29+,

where [ constitutes a series of lower degree polynomial terms.

Thus the squared correlation Cor[F, P]? is equal to the average of the correlations of F(z)F(x + h)
with a degree-(d — 1) polynomial, and we have made progress!

Now write F'¥(z) for F(x + y). The following definition from additive combinatorics will be very
friendly towards us:

Definition 6.7 (Gowers uniformity). Let F': F§ — [—1,1], and pick an integer k > 0. Then the
k-uniformity of f is

F)= E FtXjesh
Ur(F) o Slcl] ies ()
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The interpretation of this is as follows. Any fixed hq,..., h; defines a k-dimensional hypercube in
[, and the value of F' +2jesh (x) is the value of F' on the k-dimensional hypercube translated by
> jeshj- The k-uniformity of F is then the average of the product of the values of F' on all such
Boolean hypercubes, over all possible choices of h1,...,h; and z.

Example 6.8. If £ = 0, then there are no h;’s, and the O-uniformity is Uo(F') = [EM[F(CL')]
€T~
If K = 1, then there is one h1, and the 1-uniformity is

Ul(F) = [Ehlwu |:U0(F . F+h1):|
= E [F Fth }
hy,x~U (w) (w)
= E [F(x)F(y)] = Ez~u[F(x)]* > 0.
x,y~U
If k = 2, then there are two h;’s, and the 2-uniformity is
UQ(F) = [EhQNZ// |:U1(F . F+h2)i|
= Ehy ho~tt [Uo(F . ptha | pthe .F+h1+h2)}

- F [F(:;;)FMI(x)F+h2(m)F+h1+h2(x)];0.
hy,ho,z~U

In general,
Uk+1(F) — [EthNZ,{ [Uk(F . F+hk+1)] )

Lemma 6.9 ((d + 1)-uniformity of AND). Let F' = e(f), let the AND function be f: F3™ — {0,1}
defined as f = x1x9 - Tqy1, S0 that F outputs —1 on the input 191 and 1 on all other inputs.
Then the (d + 1)-uniformity of F is Ugyi1(F) = 0.6.

Proof. We claim that Ugy1(F) =1 — 2p, where
= P Ft2jeshi(p) = —1
p m,hl,...}ﬂthL{ H ’ (w)
5C[d+1]
Now if we have

h1:€1:(1,0,0,...,0),
h2:€2:(07170a"'70)7

hd+1 = €d+1 = (070707 SRR 1)a

for the standard basis vectors e;, then we have that regardless of the specific values of x;, the sum
>_jes hi varies over all possible vectors in [Fg“, and hence the product [[gc(yi1 FtXjeshi (x) is
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the product of F(z) as some 2z varies over all of F§™! (in fact, this is true for any basis hy, ..., hai1).
The function F' is —1 once, so
I[[ Fe=-1

all z € F§!

On the other hand, if Ay, ..., hgt1 is not a basis, then for any z, the arguments to F' 2jesh (x)
each occur an even number of times, and HSQ[d+1] Ft2jeshi (x) = 1. Consequently,

p=_Pr [hl, .., hgqq basis of FQ‘HI]

hi,...hgy1
1 2 2d

(=) () (-5

2d+1 2d+1 2d+1
13 24t — 1
=5 G T
~ 0.2.

So Ugs1(F) =1—2p~0.6. O

Now here’s a lemma:

Lemma 6.10. Let F': F§ — {—1,1} be any function, and let p: F5 — {0,1} be a degree-d polynomial,
and let P = e(p). Then
1
Cor[F, P] < Ugyq(F)29T.

A fact that is immediate from the definition of Gowers uniformity is as follows:

Fact 6.11. Let Iy, Fy : F5 — {—1,1}. Define G(z,y) = Fi(x)Fa(y) to be their product over disjoint
sets of inputs. Then Ug(G) = Ug(F1)Ug(Fy).

Proof. We have that

Ue(G) = Eny,hpageu | [ G295 (2, y)

| SCIK]
+2jesh +3 .o h
=bn,,.. .z y~t H F jes 7($)F2 jes J(y)
| SCIk]

+2jeshi +Y s hy
= [Eh1,-..,hk,ac~u H Fl jes ](ac) '[Eh1,-..,hk,y~z,{ H F2 JjeS J(y)
SC[K] SCI]

= Ur(F1)Up(F2). O
Combining all of these results, we now have the main theorem by Babai, Nisan, and Szegedy:

Theorem 6.3. Let GIP,, 441 be the degree-(d + 1) polynomial over F3, where n =m(d+ 1):

GIPm,d-H(l‘) =1 Ti41 + ...+ Tn—d " Tp -
n mo%mials
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Then,

Cor [e (GIP.q11) , e (DEGq)] < exp (—Q (ﬁ)) .

Proof. The correlation is upper bounded by

1

Cor [e (GIP, 4+1) ;e (DEGg)] < Ugyi(e (GIP, g41)) 25T by Lemma 6.10
= Ugs1 (€ (ANDgyp)) 28T by Fact 6.11
< (0.6)284T
by Lemma 6.9. This is the desired result. O

Next time we will discuss tools for PRGs.

§7 Lecture 07—27th February, 2024

Last time. In the previous class, we saw two incomparable correlation bounds for Fo-polynomials:

e Any degree—(%\/ﬁ) [Fo-polynomial p has
Pr [MoDs(x) = p(a)] < -
r = < -
x~U 3 p 8

e Any degree-d Fa-polynomial p has
1 _
Pr [GIP 44 (x) = pla)] < 5 +2 257,
z~U 2

where GIP: {0,1}" — {0,1} is the generalised inner product.
Today. We will:
e Finish the proof of the missing piece from the second correlation bound:
Let F': Fy — {—1,1} be any function, and let p: F5 — {0,1} be a degree-d
polynomial, and let P = e(p). Then

Cor[F, P| < Ugy1 (F) 7T .
e Start the basic tools for PRGs:

— k-wise independence of random variables and why they exist.

e-biased random variables.

— k-wise independent e-biased random variables.

some Fourier analysis over the Boolean hypercube, and some applications.

58



§7.1 Finishing the proof of Babai-Nisan-Szegedy’s strong correlation bound

Towards a proof of Lemma 6.10, we present the following facts:

Fact 7.1. For all functions F: Fy — {—1,1}, we have \/U1(F) = |E[F]|.
Proof. See Example 6.8. O]

Fact 7.2. For any function F: F§ — {—1,1}, we have Ug(F) < /Ug+1(F).
Proof. We will prove this in the case k = 1; the others follow by induction. We have
Us(F) = Epis [[Ex,thu [F(a:)F+h1(m)Fh2 () FrHhathe (m)”
= Enytt |Eanat |F(2) ™ (@) - Eyed |[Fy) P ()]
h 2
= Epy~us |:[E:v~?/{ [F(C'?)F+ 1(5'3)} }
n 2
> ([Ehl,awu [F(:L')F+ 1(:13)]) by Cauchy-Schwarz
= Uy (F)%

The general case follows by induction. O

Fact 7.3. For any function F: Fy — {—1,1} and for any P = e(p), where p € DEG,, we have
Ugs1(F - P) = Ugq1(F).

Proof. Recall that
Ud+1(F . P) — [EhNZ,{ [Em,hl,...,hd+1~u [F(x)F-l-hl (:L') .. F+hd+1 (QB)P(CC)P+h1 (:L‘) .. .P+hd+1 (m)H ,
that is,

Usr1(F - P) = Enpyhgsint | || FF2ies™(@) PH2ies ()
SCld+1]
Now p is a degree-d polynomial, and we saw last time that its “first discrete-derivative,” p(z)+p(z+h)
has degree 1 less than deg(p). S0 > gcig41) Pt 2Zieshi(gx) is the (d+ 1)-st derivative, which equals 0
since deg(d) < p. Therefore P+ Xieshi(z) = PO(x) =1 for all S C [d + 1]. Therefore

F . P = [E F+ Zz S hz 1
Ud+1( ) h,hq,..., hd+1 chi-l} € (.’.U)
[Ew,h1,...,hd+1~u [F(QZ)F—H” (m) F+hd+1 (m)
= Ugt1(F). =

We can now state and finish off our incomplete work from last time:
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Lemma 7.4. Let F': 'y — {—1,1} be any function, and let p: F5 — {0,1} be a degree-d polynomial,
and let P = e(p). Then

Cor[F, P] < UdH(F)#.
Proof. Write G(z) = F(x) - P(x). Then we have that

=+ Ui (G by Fact 7.1

< Us(G)YV4 < UG8 < ... < Ugr (G2 by Fact 7.2

= Ugr (F- P12

= Ugyr (F)/2 by Fact 7.3. O

§7.2 Basic tools for PRGs

We will now move into the second half of the course and start developing some of the notions that
we will often return to as we think about derandomisation and pseudorandomness:

1. k-wise independent (or k-wise uniform) random variables (think of these as distributions over
{0,13™).
2. e-biased random variables.

3. k-wise independent e-biased random variables.

4. Applications.
§7.2.1 k-wise independent random variables

Let us start by recalling the basic definition of true indepenence:

Definition 7.5 (Total independence). Let X1,..., X, be random variables, each supported on a
finite set A. We say that the tuple (X1,...,X,,) is independent if for all ay,...,a, € A, we have

n
Pri X1 =a1 A ... AN X, = ay] :HPr[Xi = a;].
i=1

The notion of k-wise independence is motivated by the following question: can we get away with
a weaker notion of independence that is easier to achieve compared to total independence? The
answer is yes:

Definition 7.6 (k-wise independence). Let X1,..., X, be random variables, each supported on
a finite set A. We say that the tuple (X1,...,X,) is k-wise independent if for all 1 < i} < iy <
o <idp <nand for all ai,...,ar € A, we have

k
PI“[Xl‘l = a1 /\---/\Xik = a,k] = 1_[1:)1'[)(2J = aj].
j=1
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The most common version of k-wise independent random variables is when k = 2, in which case we
call them pairwise independent random variables. A terminological annoyance here is that the term
“k-wise uniform” is also used to refer to k-wise independent random variables, but this is just the
special case where each z; is uniform over the set A = {0,1}.

Example 7.7. Suppose X1 = ... = X,, are all independent random variables, each uniform
over {0,1}. Then (X,...,X,) is 1-wise independent and 1-wise uniform.
Now let X7 = U1 and X9 = Us, where Uy, Us are independent uniform random variables over
{0,1}. Now let X3 = X1 & X9, where & denotes addition modulo 2. Then (X, X9, X3) is
2-wise independent—for any a and b, we have that

1

Pr[Xl-l =a ‘Xvi2 = b] = Z = Prl:X'il = a] PI'I:XiQ = b]

Note that we only need to toss two coins to generate X1, Xo, X3.

So we might believe that if all we care about is k-wise independence, then we can achieve it with a
small number of random bits, certainly smaller than n random bits. This is indeed the case:

Claim 7.8. We can generate n pairwise uniform bits using seed length [logs(n + 1)] = k, and this
s optimal.

Proof. Let by,..., by be independent uniform bits over {0, 1}. For each nonempty S C [k], let

ng@bi.

€S
Then (Xg) sc[k] 1s a collection of 2F — 1 pairwise independent bits, because we are excluding the
empty set and counting the number of bits in §. We want to show that these are pairwise uniform;

that is, for every way of choosing one subset and a distinct subset, the probability that the first
subset equals bit v and the second subset equals bit [ is %.

Fix any two nonempty S1 # Sy C [k]. Consider any (o, 3) € {0,1}2. Without loss of generality,
take S1 \ Sz # (). Then we have that

bPrb [XSIZQAXSQZﬁ]:bPI"b EBbi:oz/\@bizﬁ
150k 15---,0k i€Sy i€y

=Pr[Xg =al|Xs, =p5]-Pr[Xgs, =4].

Now we claim that Pr[Xg, = ] = 1/2. Why? We're asking for what fraction of the time what
fraction of the time some nonempty parity gives us the value 8 after plugging in independent uniform
bits. This is clearly 1/2—fix outcomes for each b; except for the last element j of Sy, and then
one b; outcome either causes X g, to be 0 and the other causes it to be 1. We can apply the same
argument to Pr[Xg = a | Xg, = f]. Let j/ be an element of Sy \ Se. For i € Sy, fix all b; such
that X g, = 8, and fix all the b; other than ¢ = j'. One setting of j’ gives X g, = a, and the other
setting gives X g, # a. Therefore Pr[Xg, = a | Xg, = 8] = 1/2. Therefore
1

P Xg = Xg =0 =-.
bl,...ljbk[ s =anXs, =/ 4 =
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Application: Derandomising a simple randomised approximation algorithm for MAX-CuT.
Let G = (V,E) be a graph, and let w: E — R be a weight function. The MaAx-CuT
problem is to find a partition of V' into two sets S,V \ S such that the total weight of edges
crossing the partition is maximised (we will consider only unweighted nonsimple graphs, so we
consider only the number of edges crossing the partition). This problem is famously NP-hard,
even under the unique games conjecture. The following simple randomised algorithm gives a
1/2-approximation to MAX-CuUT:

1. For each vertex v € V, assign it to S with probability 1/2 by tossing coins.
2. Output the cut (S,V '\ S).
Let the expected number of edges crossing from S to V'\ S be E[|6(S)]]. Then

E[|6(S)[] = % > PriueSAveV\S] =Bl < %OPT,

(u,v)EE

where OPT is the maximum number of edges that can be cut. Therefore the algorithm is a
1/2-approximation algorithm. We can derandomise this algorithm using pairwise independent
random variables. This algorithm tossed n = |V/| coins, and since, in the analysis of the
algorithm we didn’t need independent uniform n-bit strings but only cared about pairwise
events (i.e. for each pair of vertices, whether each lies on either end of the cut) we can
replace these with pairwise independent random bits and the analysis still works. So we
could enumerate over all 2/10g:(n+11 — O(n) possible strings in the support of the pairwise
uniform distribution, and use the one that maximises the number of edges cut. This gives us
a poly-time deterministic 1/2-approximation algorithm for MAX-CuUT.

Let us now stop obsessing about pairwise uniform random variables and focus more broadly on
k-wise uniform random variables, where k£ > 2. Let |F| be a finite field of size n, where n is a prime
power (say 2¢ for some ¢). We give the following construction for an n-tuple of k-wise uniform
random variables over F. Let ¢y, ..., cp_1 be independent uniform random variables sampled from [
with k -logn bits of true randomness (i.e. the seed length). View these as coefficients of a univariate
polynomial over [F; that is, for each element a € [, let

where p. is a degree-(k — 1) polynomial over F. We have just defined an n-tuple of elements over
the field [, and it remains to argue that this field is k-wise uniform, that is, the probability for any
k-tuple outcome is the product of the probabilities of the individual outcomes. First we focus on
a particular individual outcome: for any fixed o € I, the random variable X, is uniform over [,
because a fixed ¢y makes it so regardless of «, cy,...,cp_1. With this fact, we can argue for k-tuples
of randomness, and we will indeed get k-wise independence by Lagrange interpolation, which says
that for any desired vector of outcomes (a1, ...,ax) € F¥, and for any distinct az,...,a; € F, there
is a unique ¢ = (co, . . ., ck—1) giving a unique degree-(k — 1) polynomial p such that X, = p(;) = a;
for all i in [k], defined as
- 12l — )
X, — — AL b AL
a p(Oé) ; a; HJ;A/L(O% — Olj)
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This is because the Lagrange basis polynomials are linearly independent, and so the polynomial p
is unique. Returning back to randomness, we have that a uniform distribution over (cg, ..., cg_1)
induces a uniform distribution over (ayq,...,ax), and so

k
1
Pr[Xalzal/\ /\Xak—ak ? 1:[ az—az

Therefore we have a k-wise uniform distribution over [, the field of size n.

Application: Derandomising a simple randomised approximation algorithm for MAx-3-SAT.
Let ¢ = C1 A ... A Cy, be a 3-CNF formula with m clauses C; = ¢;, V 4;, V {;,, where each Kij
is a literal. The MAX-3-SAT problem is to find an assignment to the variables that satisfies
the maximum number of clauses. This is also an NP-hard problem, and there is a a simple
7/8-approximation to MAX-3-SAT:

1. Pick a uniformly random assignment to the variables.

2. Output the assignment.

Why is this a 7/8-approximation? Let OPT be the maximum number of clauses that can be
satisfied. Then the expected number of clauses satisfied by the random assignment is

E[SAT] = ZPr[CZ' is satisfied] = gm > gOPT.

=1

Parsimonous to our previous application, we don’t need a truly random assignment for the
three variables, but only to have drawn a 3-tuple of k-wise uniform random variables over [F.
We can then enumerate over all strings a in the support of our favourite 3-wise independent
distribution over {0,1}", and the best outcome maximises the number of clauses satisfied,
and satisfies at least 7/8 of the clauses. This gives us a poly-time (since for £k = 3 we get
runtime 231°6™ = poly(n)) deterministic 7/8-approximation algorithm for MAX-3-SAT.

§7.2.2 A PRG-type application: juntas and bounded-depth decision trees

A k-junta is an n-variable function that really just depends on k of its input variables.

Definition 7.9 (Juntas). A function f:{0,1}" — {0,1} is a k-junta if there exists a set S C [n]
with | S| < k such that for all x,y € {0,1}", we have

f(x) = f(y) if and only if x|s = yls,

where x|g denotes the restriction of x to the coordinates in S.

We will write J; to denote the class of all k-juntas, and J = UZ:O Ji to denote the set of all juntas.
It is immediate from the definition of k-wise uniformity that if f is a k-junta, then f is perfectly
fooled (0-fooled) by k-wise independent random variables with seed length & - log n.

A notion that is slightly less immediate but barely any less immediate is that of decision trees:
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Definition 7.10 (Decision trees). Define DT}, to be the set of all functions f: {0,1}" — {0,1} that
can be computed by a decision tree of depth at most k.

Notice that this is a richer class than Jj; in particular, we can show that J C DTy (as we can
construct, eg. a decision tree of depth 3 that depends on more than three variables). Any decision
tree is a ~ k - 2¥-junta, but doesn’t have to depend on only k variables. We can show that if we
perfectly fool k-juntas, then we also perfectly fool decision trees of depth k.

Claim 7.11. If X 0-fools Ji, then X 0-fools DT}.

Proof. Let f € DTy. Then f =}, ; fr, where L is the set of 1-leaves of the decision tree, and
each f; is a k-junta (in fact it is a size-k conjunction of literals). Therefore

E[f(X)] =E [Z fz(X)] = > E[fo(X)]

leL leL

= Z E[fo(U)] since X 0-fools J
el

=L [Z fet)

lel

= E[f@U)],

which is what we wanted, since the difference between E[f(X)] and E[f(U)] is O (here U is the
uniform distribution over {0,1}"). O

We can generalise this slightly to get a triangle inequality:

Lemma 7.12 (Triangle inequality for PRG errors). Let fi,..., fi: {0,1}" — R. Let Ao,..., At € R,
and consider the linear combination

F@)=Xo+ > Nifi(x).
=1

If X e;-fools each f; for alli € [t], then X e-fools f, where e = S i_, | \i| - &5
Proof. We have that

t

ELF(X)] = ELF @] = D N (ELfi(X)] = ELf:@)))

=1
<IN ELAON = D Il - [ELL @]
=1 i=1
t
< Z|)\z| - ;. O
=1
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§7.2.3 c-biased distributions over {0,1}"

The elevator pitch that an e-biased distribution over {0, 1}" will give us is that it is a distribution
that fools parity functions.

Definition 7.13 (Parity functions). The class of all parity functions over {0,1}", written PARITY,,
is the set of all functions ps: {0,1}" — {0,1}, where S C [n], and

ps(z) = le (mod 2) = @%

€S i€S

Sometimes it will be more convenient to think in terms of the character function, which is the
function yg: {0,1}" — {—1,1}, where

xs(x) = (~1)7") = e (ps(x)).

We can now define the subject of this section:

Definition 7.14. A random variable X = (X1,...,X,) over {0,1}" is e-biased if it (¢/2)-fools
the class PARITY,,. That is, it e-fools the class of all character functions xs:

[Ebes (X))~ EDs@)]] < 3.

where E[xs(U)] =0 when S # 0 and E[xs(U)] =1 when S = 0. In particular, for S # 0, we have
that

< Prps(X)] < 5 +

N —
N ™
N | =
N ™

Although they will not be enough by themselves, we will use e-biased distributions to fool the class
DEGy of all Fe-polynomials of degree at most d, as long as d is not too large.

Construction of c-biased random variables The following construction is due to [AGHP92]. Let
bij: Foe — (F2)* be a be a linear bijection so that for all ,j € [¢], we have that bij(x +y) =
bij(z) + bij(y). (Here Fyc is the finite field with elements as degree < ¢ — 1 polynomials over [y,
modulo some fixed irreducible polynomial of degree ¢, and ([FQ)K is the vector space of dimension £
over Fg.) Our standard construction of elements of Fye gives us such a bijection: we add polynomials
by adding their coefficients modulo 2. So we have such a bijection. Let ¢ = log (g) Then the
e-biased generator G: F3, — {0,1}" is defined as follows: G(z,y) = (ro,...,7n-1), where

ri = (bij(y), bij(")) (mod 2),

where (-,-) denotes the standard inner product®. over [%; note that both b;;(y) and b;;(z?) are
elements of (F2)¢, and further that the seed length of G is 2¢ = 2log (g) = log (’;—22), since we need

to map pairs of elements of Fyr to elements of {0,1}". We can show that G is e-biased by means of
the following lemma:

®That is, {(a1,...,ar), (b1,...,be)) = Zle aib; (mod 2).
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Lemma 7.15. This G is an e-biased generator: for uniform u ~ {0, 1}21°g(%), we have that G(u)
is an e-biased random variable.

Proof. We want to show that we can fool all parities, that is, for all nonzero a € {0, 1}" indexing
the parities, we have that

n—1
E a;ri =1 (mod 2)| —
TNG( )

By the definition of G, we get

rwG

n—1 n—1
Z a;r; =1 (mod 2)] = Pr [Z i (bij(y), bw(aﬂ» =1 (mod 2)]
0

where pq(z) = Z?;ol ;' is the Fyc-polynomial of degree-(n — 1), and the second equality above
follows from the linearity of the bijection b;;. Now define the event E as

E = {(bij(y), bij (pa(x))) =1 (mod 2)}.

Now we do casework on z; either p,(z) = 0 or po(x) # 0. If po(x) = 0, then

Pr [(bi(y):bis (pa(@))) = 1 (mod 2)] =0,
Y~toe

by linearity and since the inner product is always even. If pq(z) # 0, then
1
yf[gz [(bij(y), bij (Pa(z))) =1 (mod 2)] = —,

2

since the inner product (the parity) is uniformly distributed over Fo. Therefore

n—1

7, — ]- d 2 P E
TNG(Z/{ Z i (mo ) w7y~r[F22 [ ]
= Pr [F|pa(x) =0]Prps(x)=0]
y~F o0

+ Fr 1E | pa(@) # 0] Pr[pa(@) # 0]

N[FQZ

=0 Prfpa(@) = 0] + 5 - Prlpa(e) £ 0] <

1
2’
establishing the upper bound. For the lower bound, we recall that p.(x) is a degree-(n — 1)
polynomial over Fo¢; remember that 2¢ = n/e, also, the degree-(n — 1) polynomial p, has at most
n — 1 roots, and therefore

n—1 n—1

Pr [pa(x) #0] > 1 - —1- >1-c.

a~F 2! n/e
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So we get that

n—1

Zazrz =1 (mod 2)

l\’)\r—t
N ™

'I"NG )

and we are done. O

k-wise independent distributions over F% and e-biased distributions over {0,1}" are closely related
to linear codes over F5. (A code is a collection of vectors in a vector space that are all at least a
certain distance apart from each other, and a linear code is a code that resides in a linear subspace
of the vector space.) In particular, the k-wise-ness of k-wise independent distributions is related to
the minimum distance of the code, and the e-biasedness of e-biased distributions is related to the
balancedness of the code. There is a coding-theoretic motivation to do better for these e-biased
distributions just seen, than our 2logn/e seed length. It is conceivable that we could get explicit
(logn +2log1/e —loglog 1/¢)-seed-length e-bias might exist. The work of Amnom Ta-Shma [TS17]
gives a construction of a generator with seed length (logn + 2log(1/¢) + O(log?? (1/¢))), and might
be worth looking into for a project topic.

§7.2.4 The best of both worlds: k-wise independent c-biased random variables

Definition 7.16. A random variable X = (X1,...,X,) over {0,1}" is k-wise e-biased if it fools
all xs with |S| < k.

So of course the k-wise independent distribution 0-fools parities of size at most k, and the e-biased
distribution 0-fools all parities. Therefore, we can expect that k-wise e-biased distributions will be
cheaper to construct than either k-wise independent or e-biased distributions. Indeed this is true:

Lemma 7.17 (Naor and Naor [NN90]). There exists an explicit k-wise e-biased generator X =
(X1,...,Xn) = GU) with seed length O (log k + log% + loglogn).

Proof. Let G: {0,1}* — {0,1}"™ be a k-wise uniform generator with seed length s = O(klogn)
be a linear transformation viewed as a mapping (F2)® — (F2)”. (Our k-wise uniform genera-
tor/distribution is such.)

Let Y be an e-biased distribution over {0,1}*. Overall, X = G(Y) outputs n bits, and its seed
length is 21log(2) = O (log k + log L 1 Joglog n). We want to show that G()) e-fools parities of size
at most k. Let S C [n] with |S| < k. Pick ps(x) = > ,cq i, where x € {0,1}"; this is the parity we
intend to fool. Let M € F5*® be the matrix that represents the linear transformation G:

- M,
- My,
M = )
M,
Here each row M; € (F2)®. More explicitly,

G)=((M,Y),....,(M,,Y)) € Fy.
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For y € 5, we have that

ps (G) =D (M, V) =D " M;;¥;

€S €S j=1
S
-3 (L)
j=1 \icS

This is some PARITY over )i,...,Ys, and so we can use the e-biasedness of ) to get that
€

Elps (GO)] ~Eps (G U] < 5-

Since pg is a k-junta and G is k-wise uniform, we get that
Elps (G U))] =Eps U)],

and so

[E[ps (GO)] —Elps U)]] < 3,
that is, Y (£/2)-fools pg. Therefore G()) is k-wise e-biased. O

| ™

Next time we will see more applications of the tools we saw today (both easy ones and non-easy
ones), as well as some Fourier analysis of Boolean functions.

§8 Lecture 08—05th March, 2024

Last time. In the previous class, we finished the first half of the course and started talking more
about pseudorandom generators.

e First we finished the proof of the missing piece from the second correlation bound:

Let F: F§ — {—1,1} be any function, and let p: F§ — {0,1} be a degree-d
polynomial, and let P = e(p). Then

Cot[F, P] < Ugyy (F)52°T .

e Then we started the basic tools for PRGs:
— k-wise independence of random variables and why they exist.
— e-biased random variables.
— k-wise independent e-biased random variables.
Today. We will:

e See some basic Fourier analysis over the Boolean hypercube; some applications: fooling size-s
decision trees, and fooling k-juntas better.

e Sandwiching approximators and fooling.

e Viola’s theorem: the sum of d-many e-biased random variables fools degree-d polynomials.
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§8.1 Interlude: some basic Fourier analysis over the Boolean hypercube

Many of the results we will discuss now can be found in greater detail in the popular book by Ryan
O’Donnell [O’D14].

Now we will be concerned with functions like f: {—1,1}" — R or f: {0,1}" — R. The collection
of all such functions form a 2"-dimensional vector space assigning one dimension for each x, with
inner product

<f7 g) - [E’U/Vun [f(u)g(u)],
in particular, || f|| = /(f, f). We will also write E[f] = Ey4,[f(w)]. A natural basis for this space

we are considering consists of all 2" parity functions:

Claim 8.1. The set (Xs)scn of all 2" character functions xs: {—1,1}" — {—1,1}, defined by
xs(u) = (—1)Zi65“i, forms an orthonormal basis for the space of all functions f: {—1,1}" — R.

Proof. We need to show that (xs,x7r) =01if S # T and (xg,xs) = 1 for all S C [n]. In the general
case,

(xssXT) = Exrts, [Xs(®)xT(2)] = Bt (,1)21.65%(71)2]@%]
= [EINMn[(—l)ZiESATIi} _ [Emwun[(—l)wAT']
=E[xsar(z)].

So if S # T, then |[SAT| = n, and so (xs,xr) = 0. If S = T, then |[SAT| = 0, and so
(xs,xr) = 1. O

So any function f: {0,1}" — R has a unique representation as a linear combination of the basis
elements yg. Write f(S) to denote the coefficient of yg in this representation, i.e. the Fourier
coefficients of f. Then

F=>" F(S)xs.

SC[n]

and in particular,

(f.x8) = Eaonttn[f(®)x5(®)] = Egmre, | | Y. F(Dxr(z) | xs()

TC[n]

= > F(T) Egeas, [xr(x)x5(2)]
TC[n]

~

= f(95).
Thus f(S ) is a measure of the correlation of f and yg. In particular,

F0) = E[f(2) - xo(@)] = E[f(2))-
Now take f: {—1,1} — R. Then
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and the Fourier representation is the exact same as the representation of f as a multilinear polynomial
in the variables x1, ..., z,.

There is a useful statement about the inner product of two functions in boolean Fourier analysis:

Proposition 8.2 (Plancherel’s identity). For any two functions f,g: {0,1}" — R, we have that

~

(f:9) = 225 F(5)4(9).
Proof. Write

(f.9) = Eons, [ (®)g(2)]

f
= Eprt, [(Z A(S)Xg(:c)> ( §(T)><T(w)>]
S T

=" F(S) - G(T) - Egras, [xs (@) xT()]

ST

=" F(S) - G(T) - ds0 =D F(S)3(S),
S

S, T

since Eg~ys, [Xs(x)XxT(2)] = 37" O
The following corollary is immediate:

Corollary 8.3 (Parseval’s identity). For any function f: {0,1}" — R, we have || f||* = > ¢ F(9)2.

Proof. This follows from Plancherel’s identity by setting f = g:

112 = (. f) = Eseadlf(2)?] = D F(S)%
S

Indeed if f: {0,1}" — {—1,1}, then ||f|2 = E[f?] = 1 = X4 F(5)2. 0

Fourier representations will be useful for us as we continue. In fact, we can show that (and this is
left as an exercise) for all degree-1 Fy-polynomials p(z), we have

1 1
Pr [IP(w) = p(u)] = 5 & 5.

by writing down the Fourier representation of IP: {0,1}" — {£1} and using Parseval’s identity.

We end our interlude with the following definition:
Definition 8.4 (Fourier Li-norm). The Fourier Li-norm of a function f: {0,1}" — R is defined as

Li(f)= > [f(S)l

SCn],5#0
The following fact is immediate:

Fact 8.5. If f: {0,1}" — [—1,1], then we have that Li(f) < 2"/
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Proof. By Cauchy-Schwarz,

Li(f)= Y IfSI< [2n D F(8)2
SC[n] SC[n]

= V2" - E[f(2)?] < V27,

where the last inequality follows from the fact that f(z)? < 1 for all . O]

§8.2 Applications of the basic tools: fooling juntas and decision trees better

Recall the “triangle inequality for PRGs” from last time:

Lemma 8.6 (Triangle inequality for PRG errors). Let fi,..., fi: {0,1}" = R. Let \g,...,\t €R,
and consider the linear combination

f@) =X+ > Aifi(x).
=1

If X e;-fools each f; for alli € [t], then X e-fools f, where ¢ = Zle Al - &5

Now we are thinking of Boolean functions as linear combinations of the basis functions yg, and
we discussed the e-biased PRG which fools character functions last time, so we have a tailor-made
situation for this inequality to help us do even more. The following is a corollary of Lemma 8.6:

Corollary 8.7. If X is a 0-biased random variable over {0,1}", then X fools all functions
f:{0,1}" — R with error § - Li(f).

One application of this corollary is the following, which is also a required exercise: if f: {0,1}" —
{0,1} is a conjunction of literals over distinct variables, then L;(f) = 1. Last time, we 0-fooled
depth-d decision trees using d-wise independence with seed length O(dlogn). Now we will e-fool
the (broader) class of size-s decision trees using J-biased random variables.

Claim 8.8. If X is a d-biased random variable over {0,1}"™, then X fools any size-s decision
tree with error § - s. Consequently we get an e-PRG for decision trees of size < s with seed length
O (logs-Hogn—Hog%).

Proof. Let T be a size-s decision tree, let L be the set of its leaves that are labelled 1, and let fy be
the conjunction corresponding to a given 1-labelled leaf £ € L. Then f =}, ; f¢, and so by the
triangle inequality,

Li(f) <Y Li(fo) < L < s,

leL

so we are done, by Corollary 8.7 and the homework exercise. O

The significance of this claim is that we can now fool the richer class of decision trees of polynomial
size as opposed to those of logarithmic depth (which we saw last time), by using d-biased random
variables, up to some error—we have done better.
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A side remark is the following. Note that given a size-s decision tree T, it is easy to exactly compute
in polynomial time the probability that a uniform random input satisfies the tree; in fact, it is

Pr IT —1] = 2—depth of £

P (T =1]= Y ,
1-leaf ¢

so the PRG we constructed doesn’t necessarily need to see the tree.

Let us fool juntas better than we did last time, where we used k-wise e-biased random variables to
fool k-juntas with seed length O(klogn).

Claim 8.9. If X is k-wise e-biased random variable’ over {0,1}", then X fools {—1,1}-valued
k-juntas with error § - 25/2 = ¢ with seed length O (k + log% + log log n)

Proof. The function f is a k-junta, so f(z) = g(zi,,...,z;,) for some i1,...,i; € [n] and some
g:{0,1}* — {—1,1}. Then since L;(g) < 2¥/2, the random variable X ¢ -2*/2-fools g, and therefore
I O

§8.3 Sandwiching and approximation

Suppose we want to fool a Boolean function f: {0,1}" — {0,1} to error €, and we have a function
g: {0,1}" — {0,1} that approximates f well under the uniform distribution in the sense that
f(z) # g(z) for at most € - 2" inputs z. Suppose also that X is a random variable that e-fools g.
Do we have that X e-fools f?7 The answer is no, unfortunately—we cannot conclude that X fools
f, even mildly.

{0, 13"

Here the shaded region represents the set of inputs on which f and g disagree, all < ¢ - 2" of
them. Now X is supported on 2%¢¢d length points. We are usually interested in cases where the
seed length is small, but now suppose it’s large; suppose it is supported on n/10 points. Then
X is supported on 2"/10 points, and it is possible that all of these points lie in the shaded error
region—in particular this happens if 2%/10 < ¢.2". In this case, X does not e-fool f, and so fooling
an ordinary approximator doesn’t necessarily fool f.

This news is somewhat sad, but fortunately there is good news: if f is approximable in a stronger

(sandwiching) sense, then fooling the sandwiching approximator does fool f.

Definition 8.10 (é-sandwich). Let f, f, fu: {0,1}" — R. Then f is d-sandwiched by (f, fu) if:
1. for all x € {0,1}", fi(x) < f(z) < fu(z), and

5That is, for every parity of size at most k, it fools it to within .
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2. the expectation Egox[fu(x) — fo(x)] < 6.

The first condition is the sandwiching condition, and the second condition is the error condition.
With this notion of approximation, then fooling f, and f, does fool f.
Lemma 8.11 (Sandwiching lemma). Suppose that f: {0,1}" — R is §-sandwiched by (fo, fu), and

suppose that a random variable X over {0,1}" both e-fools fy and e-fools f,. Then X (e + §)-fools
f.

Proof. We have

The proof for the lower bound is similar, as we can readily show that

Eaex[f(@)] > - > Euoulf(uw)] — — 6. O

Let us now think about this in the context of k-wise independent distributions: sandwiching
polynomials are useful for pseudorandomness.

Corollary 8.12 (Sandwiching polynomials give PRGs). A function f: {0,1}" — R is e-fooled by
any k-wise independent distribution X if there exist e-sandwiching real polynomials qu, g, of degree
k such that ¢ < f < qu and Exox[qu(z) — qo(x)] < e.

Proof. Exercise. O

§8.4 Fooling degree-d [F,-polynomials via c-biased generators: Viola's theorem

Recall the class we introduced in the very first lecture:

DEGy = DEGy,)
={all f:{0,1}" — {0,1} computable by a degree-d F,-polynomial}.
Also recall that we have already discussed how we might fool degree-d real polynomials using d-wise

independence with seed length O(dlogn) to perfect accuracy (i.e. € = 0). Howeverm ooling DEGy
is an entirely different matter! Let’s highlight this via a simple example.

Example 8.13. Let the random variable X = (X7,..., X,,), where X is generated by tossing
n — 1 fair coins and letting the last coin be the parity of the first n — 1 coins:

X1 =U

Xo=U
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Xn1=Up
Xy=U1OUs D - DUp_1.

Then the seed length of X is n — 1, and X is (n — 1)-wise independent. This is very large,
but this random variable completely fails to fool even PARITY,) € DEG1, because for every
outcome of X, the parity of the n bits of X is always 0. So X does not e-fool PARITY,, for
any €.

Therefore (n — 1)-wise independence completely fails to fool even degree-1 polynomials.

Some motivation Why should we even try to fool degree-d polynomials even if we only care about
Boolean circuits? One motivation is that we provably need to fool degree-d polynomials in order to
improve the state of the art for our current PRGs for Boolean circuits, as the following theorem
shows.

Claim 8.14. An ¢-PRG against DEG, for d = (log n)“(l) immediately gives us a 3e-PRG against
ACY(®) circuits” of depth d.

We will prove this claim, with the help of the following fact: for any circuit of the kind we’re
interested in, there is a distribution over polynomials of low degree such that for any fixed input, a
random polynomial from this distribution agrees with the circuit on that input with sufficiently
high probability.

Fact 8.15. For any O(1)-depth, poly(n)-size circuit C, there exists a distribution P over degree-
(polylog(n)) Fa-polynomials such that for all z € FY,

Frip(z) =C@)]>1-¢

where & = 27920

Proof. Unrequired exercise. O

Proof of Claim 8.14. Let G: {0,1}* — {0,1}" be an e-PRG against DEGy, so that by the fact
above,
Pr [C(G(u)) = 1]~ Pr [p(G(u)) =1].

u~Ug u~Us
p~P

Now since G is an e-PRG for DEG, and d is greater than the degree of the polynomials in P, we
have that
Pr [p(G(u)) =1] = Pr [p(u)=1].

u~Ug wu~Unp,
p~P p~P

Since P fools C' input-by-input, we have
Pr [p(u)=1]~. Pr [C(u)=1].

u~Uy, u~Un
p~P

TAC®(®) is the class of all poly(n)-size, O(1)-depth circuits with AND, OR, —, and @ gates.
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Combining these three facts, we have that

Pr [C(G(u)) =1] =3 Pr [C(u)=1],

u~Ug u~Uy,

which is the same as saying that G is a 3e-PRG for AC%(®) circuits of depth d. O]

So we actually have a grounded reason—beyond sheer love and longing, of course—to obtain PRGs
for DEG for nice d.

We have already seen that there is a bit of a stumbling block because we don’t know how to get
good-enough correlation bounds for Fa-polynomials particularly for d > logn. But we did have
some correlation bounds for degree up to logn, and it turns out that the ideas in those correlation
bounds can help us prove good PRGs for degree up to logn. There is a line of work for this kind of
thing that culminated in the work of Emanuele Viola, who proved that the sum of d-independent
d-biased random variables fools degree-d Fa-polynomials:

Theorem 8.1 (Viola’s theorem, [Vio09]). Let Y1,...,Y 4 be independent §-biased random variables
over {0,1}™ for small § < % DefineY =Y 1+...+Yy. Then'Y indeed 4(%)1/2d71—f00l5 DEGy.

In particular, with ¢ = 4(%)1/2d_1, we get a PRG with seed length

O(d~log(%)> :O<d-logn+d-2d-logi>.

Immediately we see that this seed length breaks down to the trivial case when d = logn, which
tracks with our discussion above.

Our next question might be, why is summing independent d-biased random variables a good idea?
The answer is in the following fact.

Fact 8.16. Let Y1,...,Y 4 be independent 0-biased random variables over Fy. Then for any d,
Y=Y +...+Y, is 6%biased.

Proof. Suppose S C [n] with S # (). Then

(5]

E [(—1)2jes POy Yi,j]
= |E |:(—1)Z;’izlzjesyi,]']
d

by the definition of xg

= H Ey [xs(Y)] by independence

i=1
<ol

)

where the last inequality follows from the fact that each Y; is d-biased. O

So the sum of the Y; improves the bias, and so there is hope that that this sum may be be useful
for even more things, in particular, helping us to fool degree-d polynomials towards the result of
Viola’s.
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We will now prove Viola’s theorem. The high-level strategy is to apply a sensible inductive hypothesis:
we will show that if we can fool DEG,_; somehow, then we can add one more §-biased random
variable to fool DEG, (with somewhat worse parameters). The key lemma which instantiates this
strategy is as follows.

Lemma 8.17 (Key lemma for Theorem 8.1). Suppose that W fools DEGy_1 with error v, and
suppose that Y is a d-biased random variable over {0,1}" that is independent of W. Then W +Y
fools DEGy with error /2y + %.

Assuming this lemma holds, we can prove Viola’s theorem as follows.

Proof of Theorem §8.1. By the definition of d-biased random variables, Y; %—fools DEG;. Let g1 = %.

Furthermore, let €11 = /2¢; + % for 4 > 1. Then by Lemma 8.17, Y1 + Y o eo-fools DEG», and by
induction, Y eg4-fools DEG,. Now § < %, SO

1 /o 1
5i+1<\/275i+2\/7 < (\/§+2>\/5<2\/€7~

~
2 5/2<e;

Therefore,

1/2d—1
1,1 1 )
ey < 2\ TEt It <> 7

and since Zdil L—9_ Qd%l, we have that

i=0 2¢
5 1/2d—1
€d < 4 <2> )

as desired. ]

So we only need to prove Lemma 8.17. The proof of this lemma involves a case analysis depending
on the “imbalance” of the degree-i function f € DEG; that is being fooled.

Definition 8.18 (Imbalance of a Boolean function). For a function f:{0,1}" — {0,1}, the
imbalance of f is

mbal() = [Euvas, [(-1)7]| = 2[EL7] - 5

5| € [0, 1].
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Intuitively, we can see that:
e If f has large imbal(f), then W already fools f well, and so adding Y doesn’t change much.

e If f has small imbal(f), then we will do an analysis that is similar to the one we did for the
correlation bounds for Fo-polynomials of degree up to logn; we’ll do squaring of the correlation,
take derivatives, use Cauchy-Schwarz, and so on.

The following two lemmas handle both the (almost) balanced and imbalanced cases.

Lemma 8.19 (Imbalanced case). Suppose a random variable W ~-fools DEG;_1. Then W also
fools any f € DEG; with error ~/imbal(f).

Lemma 8.20 (Balanced case). Suppose a random variable W ~y-fools DEG;_1, and let the d-biased
random variable Y be independent of W. Then W +Y fools any f € DEG; with error

imbal(f) + \/Z—I— g

These two lemmas essentially say that if we’re trying to fool a pretty imbalanced arbitrary function,
then we can do so using only W; if we're trying to fool an almost balanced function, then we can
do so by adding Y to W with some loss tradeoff. These two lemmas are the key to proving Lemma
8.17, as we now see.

Write f™¥(x) to mean f(z + y).
Proof of Lemma 8.17. Fix any f € DEG;. Fix any outcome of Y. Then the function f*Y(z) :=

f(x +Y) is a degree-i Fa-polynomial in 21, ..., x,, and imbal(f*Y) = imbal(f), since this function
is merely a translation of f.

Therefore, by Lemma 8.19, W +Y fools f with error v/imbal(f). And by Lemma 8.20, W +Y
fools f with error imbal(f) + \/g + g. So it must be that W +Y fools f with error

. ¥ . ) )
————, imbal —+ - < /2 —,
mln{imbal(f)’lma(f)+\/;+2} T
as desired. ]
So, stepping back, we only need to show Lemmas 8.19 and 8.20, and both of their proofs will involve
taking derivatives.

Recall that for y € F5 and for f: Fy — Fo, we define the directional derivative of f at y, 0, f: F5 —
|]-_27 by

0yf(x) = fT(2) + f(x)
= f(z+y) + f(2).

We have already seen that if f is of degree 4, then for all y € [, 9, f is of degree at most ¢ — 1. So
now we can prove Lemma 8.19.
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Proof of Lemma 8.19. We want to show that, for uniform U/,
imbal(f) - ‘[EU,NW [(—1)1”(“’)} — Eyeae [(_1)f<"’)} ‘ < 2.

Let U be independent (of every other source of randomness) and uniform. Then since, by definition,
imbal(f) = E[(—=1)/™)], we have that

imbal(f) ‘[E [(_1)f(w)] _E [(_1)f("w’)” — ‘[E [(_1)f(w)+f(u)] —E [(_1)f(U’)+f(U)} ‘
_ ‘[E [(_1)f(W)+f(W+U)} F [(_1)f(u’)+f(u’+u)} ‘

g [(_1)%f(w)} _E [(_1)&/f(u’)”
< 27,

since for any fixing of U, Oy f is a degree-(i — 1) function, and hence is y-foolable by W. O

Next time, we will see the proof of Lemma 8.20, and move on to more. Enjoy Spring Break!

89 Lecture 09—19th March, 2024

Last time. In the previous class, we:

e Saw some basic Fourier analysis over the Boolean hypercube, as well as some applications in
fooling size-s decision trees, and fooling k-juntas better.

e Discussed why it is smart to fool sandwiching approximators.

e Introduced Viola’s theorem: the sum of d-many e-biased random variables fools degree-d
polynomials.

Today. We will:
e Finish the proof of Viola’s theorem.

e Introduce Braverman’s theorem [Bra08]: (logn)?M-wise independence fools AC? circuits.
Some tools towards this:

— Beigel-Reingold-Spielman’s theorem [BRS91]: AC? circuits can be approximated by
low-degree polynomials.

— Linial-Mansour-Nisan’s theorem [LMN93]: AC? circuits can be approximated by low-
degree polynomials with small Fourier mass.

— Hopefully start the proof of Braverman’s theorem.

Reminders: the second problem set is due tomorrow, and the project progress report is due Thursday
April 4th.
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§9.1 Finishing the proof of Viola’s theorem

Recall our statement of Viola’s theorem from before spring break:

Theorem 9.1 (Viola’s theorem, [Vio09]). Let Y1,...,Y 4 be independent §-biased random variables
over {0,1}" for small § < 1. Define Y :==Y1+...+Yy. ThenY indeed 4(%)1/2d—1_f00l8 DEG,.

In particular, with € = 4(%)1/2d_1, we get a PRG with seed length
n d 1
O(d‘log(g>>:0 d-logn+d-2 -logg .

We were left needing to prove the following lemma:

Lemma 9.1 (Balanced case). Suppose a random variable W ~-fools DEG;_1, and let the §-biased
random variable Y be independent of W. Then W +Y fools any f € DEG; with error

imbal(f) + \/Z+ g

Towards a proof of this lemma, we present the following claim which is useful in the context of the
proof of Lemma 9.1. It says that for a function g, multiplying two copies of g on separate random
variables allows us to relax the amount of randomness necessary on half of the inputs.

Claim 9.2. Fiz an evenn € N. Let g: [F;l/2 — {£1} and f(z,y) = g(x)-g(y) € {£1} forz,y € [F;/Q,

where - denotes XOR. Then for w ~ Uy, /o with Y any e-biased random variable over [F;l/Q, we have
that the distribution (u,uw +Y") fools f with error ¢, i.e.

[Eu,u’wl/{n/z [f(u, u/)] - [Eu,u/rvl/{n/g [f(u’ u’ + Y)] S

Proof. Consider the function F': [F;/ 2 [—1, 1] defined as

F(2) = Eunat, lg(w) - 9t + 2)] = Funi, ,[F(u,u + 2)].

To prove the claim, it suffices to show that Y e-fools F'. We will show that the Fourier Li-norm of
Fis Li(F) = 1; then as we saw from Lemma 8.6, an e-biased random variable Y fools F' with error
e-Li(F) =e.

Towards this, fix any S C [n/2]. Recalling that ﬁ(S) = BEu~tr, o [F'(w) - xs(u)], we have
[Eu,u’wlxln/g [f(uv u + U) : XS(U’)] = [Eu,u’~1/{n/2 [g<u) ’ g(u/ + U) : XS(U’/)]
= Bwunts, 5 l9(0) - g(w) - xs(u + )]
= Bwuni, o[9(w) - g(w) - xs(u) - xs(w)]
= (Bt alo(u) - xs(u)])” = G(S)%

Therefore

LiF)= Y [FS)|= Y 168 = Eun, ,lg(w)] =1,

SCn/2] SCn/2]
since g(u) € {£1}. O
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Now we can prove Lemma 9.1.

Proof of Lemma 9.1. We're interested in how W +Y fools f € DEG;, and so we start with

ELFW +¥)] ~ EL@)]| = 5 |E [(-1)/V )] —E [(-1)/ @]
imbal(f)
< % E [(—1)f<W+Y>] ( + % -imbal(f),

where the inequality follows from the triangle inequality. We will now bound the first term in the
sum above, by squaring and using the Cauchy-Schwarz inequality:

(£[-0/ ")) < Bwow [Eyey [(-1)7 )]

(—1)f(wty) . (_1)f(w+y')]

2

= Eww yy~y [

= FunW yy/ny [(_ 1)f(w+y)+f(ery’)}

since ¥y’ is independent but identically distributed as y. We can now apply the claim to the function
f(w + ). Now, for any fixed Y outcome, f*Y¥ (z) = f(z +Y) is a degree-i polynomial in x, and
for any fixed outcome of Y + Y’, by our arguments in previous lectures, f(x +Y) + f(z +Y") is
the directional derivative 9y, yfT¥ (x) of f in the direction Y + Y’. Therefore, we must have
deg (f(x+Y)+ f(x+Y')) <i—1. Since W ~-fools DEG;_1, we have

EwnW gy~ (_1)f(w+y)+f(w+y’) < Eumtty, yy/ny [(_1)f(u+y)+f(u+y/) + 27.

Now note that the distribution of (u + y,u + ') is the same as the distribution of (u,u +y + y’),
since u is uniform and the second is the shift of the first coordinate by y + v, which is §%-biased.
Therefore, by Claim 9.2,
, 2
Eutly gy [(_1)f(u+y)+f(u+y )} < Eus, [(_1)f(u)} + 6% = imbal(f)? + 62.

Putting the pieces together, we have

ELFOW + V)]~ ELFQO]| < 5 [E[(~1)/ W] |+ 2 - imbal (1

< %\/imbal(f)z +0%+ 27+ % -imbal(f)

< % : (imbal(f) +6+ \/ﬂ) + % -imbal(f)

= imbal(f) + g + \/Z,

where the last inequality is because va + b+ ¢ < /a + N Ve for a,b,¢ > 0. This completes the
proof of the lemma. 0
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§9.2 Fooling AC? circuits with k-wise independent RVs: Braverman’s theorem

We now move on to discussing Braverman’s theorem [Bra08], which states that about (logn)?M-wise
independence fools AC? circuits. Although we will not go through the entire proof today, we will
discuss some setup and build up towards it.

First, some motivation. We love ACY circuits because they are the simplest non-trivial circuits, and
they are computationally powerful, and so we are interested in understanding how to fool them, get
lower bounds on them, etc. We already got worst-case and average-case lower bounds against ACY,
and so we are ready to take the relationship to the next level: we want to understand how to fool
ACO circuits, construct PRGs against AC?, etc. There are many ways to fool ACY circuits. We will
see one of them that is not the simplest, isn’t the best, and doesn’t give the best parameters, but
uses the most generic machinery: k-wise independence.

There’s some interesting history that motivates why someone might want to do this. In 1990, Linial
and Nisan made the following conjecture:

Conjecture 9.3 (Linial-Nisan). Ewvery poly(n)-size, O(1)-depth circuit is fooled by any k-wise
independent distribution for k = polylog(n).

No one made any progress on this until 2007, when Louis Bazzi proved the case where d = 2. The
proof was quite complicated, but only one year later, Alexander Razborov dramatically simplified
Bazzi’s result, and just around the same time, Mark Braverman [Bra08] proved the case for general
d.

We will prove the following version of Braverman’s theorem. It is not quite the best possible; the
best possible is achieved via the multi-switching lemma rather than the switching lemma due to
Hastad.

Theorem 9.2 (Braverman’s theorem, [Bra08]). Let k = (log 2)0(d2)7 and let X ~ D, where D is a
k-wise independent distribution over {0,1}". Then for any ACY circuit C of size s and depth d, X
fools C" with error ¢.

Again, this is not the state of the art; the state of the art has k = (log s)o(d) -log é

Before we prove this, why might we believe that Conjecture 9.3 is true, that this k-wise independence
is enough to fool ACY circuits? We saw that:

e k-wise independence fools k-juntas, depth-d decision trees, etc...
e k-wise independence does also fool real polynomials of degree k, almost by definition.

It was known since the 1980s that ACY circuits are well-approximated by low-degree real polynomials
in two different senses, but each of the two notions of approximation for AC? circuits by low-degree
polynomials is not quite enough to give us PRGs, and Braverman exhibited a clever combination
of them to get sandwiching polynomial approximators which we already saw are good enough for
fooling.

For the rest of today, we will discuss the two notions of approximation of AC? circuits by low-degree
polynomials, and maybe then we can start the proof of Braverman’s theorem.
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§9.2.1 Polynomially-approximating AC": Beigel-Reingold-Spielman’s theorem

The first notion of approximation of ACY circuits by low-degree polynomials, a “pointwise” notion
of approximation, is due to the ideas of Beigel, Reingold, and Spielman [BRS91].

Lemma 9.4 (BRS theorem, [BRS91]). Let f € Ang. Let D be any distribution over {0,1}"™. Then
there exists a real polynomial p such that

Prpe) = f@)] 21—,

where
(i) deg(p) < (log )Y, and

(ii) for every input x € {0,1}", |p(x)| < exp ((log 2)0(@).

Before we prove this, observe that this alone is not good enough for us; this p may be bad on
average, since we only have 0 error a 1 — ¢ fraction of the time, but the remaining fraction of the
time the average error of p on f could be large.

Proof of Lemma 9.4. We will prove this lemma in two steps. First, we will prove it for the case
where d = 1, i.e. for depth-1 circuits:

t
f:x1Vx2\/...\/:ct:\/xt.
=1

Consider such an f as above. We will describe a distribution over polynomials such that for every
fixed input, a random draw from that distribution has a high probability of being equal to f on
that input.

Let Vo = {x1,...,x¢} be the set of variables, and define some initial polynomial po(x) = z1 +. ..+ ;.
Then for i =1,...,logyt + 1, let:

e V; be constructed from V;_; by discarding each variable with probability %

SO Po; P1, - - - Plog, t+1 are all polynomials of degree 1 taking values in [0,¢] on any input in {0, 1}.
Now fix any input assignment z € {0, 1}! such that some 2; = 1, that is, z # 0", s0 21 V... V2, = 1.

Claim 9.5. Let E be the event that at least one of po,p1,- .-, Plog,t+1 evaluates to 1 on input 2.
Then Pr[E] > §.

Proof. There are three mutually-exclusive cases to consider; one of these must hold:

(1) For alli = 0,1,...,logyt + 1, we have p;(z) > 1. In this case, each z; survives all stages
with probability < %, and so the probability that any z; survives all stages is < (%) = %
Therefore, the probability that two or more z;’s survive all stages is < % This is the same

event as po(z) > 1 foralli =0,1,...,log, t + 1.
(2) Foralli=0,1,...,logyt+ 1, we have p;(z) = 1. This is the event pg(z) = 1.
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(3) There exists some i such that pi(z) > 1 but pi+1(z) < 1. In this case, given a value of p;(2),
we have that

1
Pr[pj-i-l(z) =0] = IOK
1
Prlpjt1(2) = 1] = p;(2) - op()°

So if i is such that p;(z) > 1 but p;41(2) < 1, then Pr[piy1(2) = 1] > 2, since p;(z) > 2.

So since the probability of (1) is < 3, and so the probability of one of (2) or (3) is > 2, the
probability of the event E is > % . % = % O

We have argued above that for any fixed input, one of the polynomials po, p1,. .., Plog, t+1 gets z
right with probability > % We need to improve that success probability from % to1l—¢, and get a
single polynomial. Towards this, define

log(t)+1

r@)= T[] (1-pix).

=0

Then r(z) is a random polynomial of degree < log(¢) + 1 taking values in [—to(logt), tOUog t)]. Now
if z = 0%, then r(z) = 1 because each p;(z) = 0 for all i. For any other x, some p;(x) = 1 with
probability > % and so for such z, r(x) = 0 with probability > % since 1 — p;(z) = 0 for that i.

Now we focus on improving the success probability via reducing the failure probability. Let 7/(z) be
the product of O (log %) many independent copies of r(x). Then r/(z) is a polynomial of degree

<O (1Og % log t), and takes values in [—to(bg %)'logt’tO(logé)-logt}‘ Now for any x # 0, r'(z) # 0
1
with probability < (1 — %)O(logg) <e

Let a(z) =1 —r(z), so that for all x (whether x = 0° or not),

Prla(z)=z1V...Va| 21—¢, (%)
a —_——
0/1-valued
and so input by input, we have a random polynomial which is likely to give the right answer on x;

this immediately implies that for any fixed distribution D over {0, 1}!, there exists an outcome of a
(i.e., a polynomial) such that

P%[a(w):xl\/...\/xt]>l—s. (%x)

We can think of this result as follows: construct the table below, and place v* in the cell corresponding
to the input z and the polynomial a that gets x right.

‘ r=0 x=...
al v

a-outcomes a2

V
\ 2t outcomes
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The guarantee (%) says that for every column, at least a 1 — ¢ fraction of the rows have a v'. So for
any distribution D over the columns, the density of v'’s in the table (under the weighting of D) is
at least 1 — £. So surely there must be some row such that the density of v'’s in that row is at least
1 — e. That row is exactly the row corresponding to the polynomial a that we want in (%x).

So we have successfully completed the proof for the case d = 1 where f =z V...V z;. Clearly
it is also true for AND, —, etc, and so we just need to put these together. For each gate g in
fe ACg’d with at most s inputs, consider the distribution D’ of the inputs to that gate when

x ~ D. By the d = 1 case we just showed above, there is a degree-O (logg -log s) polynomial which
computes the value of g correctly with probability > 1 — £ on the inputs to g distributed according
to D'. Now we just replace each gate by its corresponding polynomial; the resulting composition
of polynomials is a polynomial p(x) of degree O (logg -log s)d which computes f correctly with
probability > 1 — £ .5 =1 —¢, by the union bound over all gates, which proves (i). For (ii), note
that the degree of the polynomial is O (logg -log s)d, and so the maximum value of the polynomial
is exp (O (logf - log s)d> since the polynomial is a sum of O (log§ - log s)d many terms, each of

which is at most s. Thus ends the proof. O

§9.2.2 Polynomially-approximating AC" better: Linial-Mansour-Nisan’s theorem

This second polynomial-approximator can be thought of as an Le-approximator, and it is due to
Linial, Mansour, and Nisan [LMNO93]. (By L2, we mean the expected squared error under the
uniform distribution.) The theorem statement is as follows:

Theorem 9.3 (LMN theorem, [LMN93]). There exists a real polynomial py of degree O ((log g)d>

such that
Exnts, [(f(2) — p2(2))?] <e.

Here too, note that po may not serve as a good sandwiching polynomial, since the error is only
guaranteed to be small on average and may (rarely) be very large on some inputs.

Notation 9.6. Denote the Fourier weight functionals #*(f) and #=*(f) by
R =30 RSP R = Y RS

SCln) SCln]
[S|=k [S|=k

Recall that if f: {0,1}" — {£1} is a function, then

P2F) =D F(9)? = Eats[f(2)?] = 1,

SC[n]

and

In the proof of Theorem 9.3, we will argue that for certain values of k, the Fourier tail W2¥(f) is
very small, and so we can discard high-degree parities to get a low-degree polynomial which is an
Lo-good-approximator for f.
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To start with, note that the LMN theorem follows directly from the following Fourier concentration
bound:

Theorem 9.4. If f € ACS}d, then for any r € R, we have

W>r(f) < 2s- 2—7“1/‘1/20'

Proof of Theorem 9.3 given Theorem 9.4. Given Theorem 9.4 as fact (we will prove it soon), take
r = (20log 2)". Then

2s

W>T(f) < 2s- 2_7»1/«1/20 — 92g. 9—20log =/20 _ ,
and so the polynomial ps is merely the truncated Fourier expansion of f at level 7:
pa(z) = Y J(9) - xs(a),
SCln]
IS|<r
where xs(x) = [[;,cg 2 for 2; € {£1}. Then by Parseval’s identity, we have
Exnts, [(f(2) — p2(e))?] = Z f=p2(9)?

SC[n]

= () -m(5)”
SC[n]
|S|>r

<Y (7))’
ST

<SH7(f) <e,

by our choice of r. I

So we have shown that most of the Fourier weight of an AC? function is concentrated in low-degree
Fourier coefficients, below (20 log 2E—S)d. The following cartoon illustrates this idea.

]

almost no Fourier

weight here for ACY
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Our goal is now to prove Theorem 9.4. We will do this by means of the following two main steps:

e Use the switching lemma to show that the Fourier weight of a function is concentrated on
low-degree Fourier coefficients.

e Present a useful combination of random restrictions and Fourier analysis to show that the
Fourier weight of an AC? function is concentrated on sufficiently-low-degree Fourier coefficients.

We have already seen the first step:

Lemma 9.7. Let f € Ang. Fiz t, and let p ~ R, where x-probability is p < (10d : td_l)_l. Then

Pr [DT-depth (f,) >t] <s-27%

p~Ryp

Proof. This is the exact same proof as that of Lemma 3.9, modulo some factors and changes in
notation. [

The second is a generic statement about how the Fourier spectrum behaves when functions are hit
with a random restriction.

Lemma 9.8. For any f: {£1}" — {£1} and any p < {5, we have

hSEC

W70 (f) <2-Egayer, (77 (f1.2)]-

For this lemma we’re merely presenting a more explicit way of talking about the restriction. In
particular, we can view “(J,z) ~R,” as the exact same as “p ~ R,”, where the J C [n] is the set

of %-variables and z € {+1}17] is the assignment to the non-#-variables.

In our typical backtracking style, we first give a proof of Theorem 9.4 assuming Lemmas 9.7 and
9.8, and then we will prove Lemma 9.8 next time.

Proof of Theorem 9./ given Lemmas 9.7 and 9.8. Take

1 ri/d
P=1g @nma — PPT o
Let t = %pr = %rl/d, so that
1 2071 2701
= =201 p>p

104 41~ Jga. 5~ 10r(@-D/d
So we can use Lemma 9.7 with ¢ and p, and get that

Pr [DT-depth (f[,) >t] <s-27".
p~Rp

This means that
Egzr, (77" (fr2)] <s-27F,
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since a decision tree of depth ¢t — 1 has no Fourier weight above ¢, and so we can bound the expected
Fourier weight after the random restriction above level ¢ as being at most the failure probability
s+27t Then by Lemma 9.8 with t = 2%7’1/‘1 and L = 55
P
W22(f) <2 -Egayer, (77 (f1.2)]
S1/d
<2s-27"=25-2720

and since we have the extra slack from 5 to r, the claim of Theorem 9.4 follows. O

Next time, we will prove Lemma 9.8, and then we will be able to complete the proof of Theorem
9.3.

§10 Lecture 10—26th March, 2024

Last time. In the previous class, we:
e Finished the proof of Viola’s theorem.

e Introduced Braverman’s theorem [Bra08]: (logn)°(M-wise independence fools ACY circuits.
Some tools towards this:

— Beigel-Reingold-Spielman’s theorem [BRS91]: AC? circuits can be approximated by
low-degree polynomials.

— Linial-Mansour-Nisan’s theorem [LMN93]: AC? circuits can be approximated by low-
degree polynomials with small Fourier mass. Started proving this.

Today. We will:

e Finish the proof of Linial-Mansour-Nisan’s theorem (the result about Fourier weight under
restrictions).

e Proof of Braverman’s theorem combining the Beigel-Reingold-Spielman and Linial-Mansour-
Nisan results.

e Start a new unit on linear threshold functions (LTFs): basics, examples, regularity, the
Berry-Esseen theorem.

e Start a sketch of a PRG for LTFs: O (1 / 52)—Wise independence e-fools LTFs.
Reminder: the project progress report is due Thursday April 4th.

§10.1 Finishing the proof of Linial-Mansour-Nisan’s theorem

Recall from last time that we needed to prove the following lemma to complete the proof of Theorem
9.3:

Lemma 10.1. For any Boolean function f: {£1}" — {£1} and any p <

W70 (f) <2-Egayar, (77 (f1.2)]-

1
19, we have
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To prove this result, here are the steps:

Claim 10.2. For any Boolean function f: {x1}" — {£1} and any S C [n|, we have
— 0 if S ¢ J,
fJ,z(S) - -~ . SZ
Yopcg [(SUT) -xr(z) ifSCJ,

where J = [n]\ J.
Claim 10.3. For fized J, S C [n| and a uniformly random z € {:I:l}j,

ey [172(8)] = S € 7} £(S)
Eefzy7 [E(S)ﬂ =1{SCJ} > FSUT)

TCJT

Claim 10.4. For (J,z) ~ R, and any S C [n|, we have

o~

Eram, [f12(9)] =05 7(S)

L 2)~R, [JTI;(S)Z} = Z A(U)Z : f}r[Uﬂ J=29].
UC|[n]

Claim 10.5. The expectation of the Fourier tail weight of fj -, under the distribution R, and above
some level k is

Eg.2)~R, [ (f7.= } ZWT - Pr[Bin(r,p) > k.

r>k

Now we show that these claims (particularly the last) imply Lemma 10.1.

Proof of Lemma 10.1 given Claim 10.5. Observe that Claim 10.5 gives

Eg,2)~R, [ (fr.2 } ZV/T - Pr[Bin(r,p) > k]

r>k

Z " (f) - Pr[Bin(r,p) > k],

r>k/p

since k < k/p for p < 1. For each r > k/p, we have Pr[Bin(r,p) > k] > %, since the probability that
the binomial distribution exceeds its mean is at least % So

l\.')\r—t

Z " (f) - Pr[Bin(r,p) Z v (f

r=k/p r=k/p

1
3 wER(f),

which is exactly what Lemma 10.1 states with ¢ = k. This completes the proof. 0

Now we prove these claims.
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Proof of Claim 10.2. View f; . as an n-variable function that only depends on the variables in J—a
J-junta—in the sense that f;.(z) = f(z, z) for all z € {£1}", and suppose S € J, so that there
is some variable x; € S with ¢ ¢ J. S contains an irrelevant variable for f; ., so the correlation

between f;, and S is zero. This correlation is exactly the Fourier coefficient E;(S), S0 f}\z(S) =0.

For the second case, if S C J, with f;,(z) = f(zs,2), we can write

fre(@rz) =" F(R) xr(@s,2) =YD FSUT) xs(xs) xr(2)

RCIn] SCJTcy
=Y xs(zs) - D FSUT) - xr(2),
SCT TCJ

where the last equality follows from the fact that xg(z ) is orthogonal to xg/(z;) for S # S’. The
Fourier coefficient f;.(S) is the coefficient of xs(z;) in the above expression, which is exactly

~

Zng FSUT) - xr(z). [
Proof of Claim 10.3. We have

Eoerenyr [E’\z(s)} =L ey Z FSUT) - xr(2)

TCJ
FSUT) - E pyyy7 ber(2)]-
TCJ
The expectation E__, 7 [x7(2)]is 0if T'# @ and 1 if T' = (), so we get that
Eeqany |[J72(8)] = 1S € 7} J(S),

For the second part, we have

Eoeqa1y7 [@(5)2} = E,epunyr | | D FSUT) - xr(2)

Il
T
C
=3
N
m
—_~
H-
—
—
(.
=
=

The expectation [Eze{:tl}j [XT(z)Q] is0if T# 0 and 1 if T = (), so we get that

Freqry? [@(Sﬂ =1{SCJ} Zf(s uT)?. 0
TCJ

Proof of Claim 10.4. Proceeding straightforwardly, we have

Er2)~R, [sz } ZP” gl ze{ﬂ}j[f;(sﬂ

= Z p’t s C Y- F(S)
JCn]

=plol. £(9).
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For the second part, we have

E2)~R, [sz } ZP” I Eoepany7 [E(S)Z}

= Zp S C I} Y f(SuT)?

JCn] TCT
=y f(U)Q-I?Ir[UﬂJ:S]. O
UCln]
Proof of Claim 10.5. We have
Ezyer, |77 (fa2)] = S #7(f)  PrlBin(r,p) >
r>k
=" 3" F(S)* - Pr[Bin(r,p) > k] - 1{S C J}
rzk SC[n]
F(8) ZPrBlnrp k|- 1{S C J}.
SCln] r>k

The inner sum is Pr[Bin(r,p) > k] = >, (;)p*(1 — p)"~", which is the probability that a binomial
random variable exceeds k. This is at least Pr[Bin(r,p) > k| > Pr[Bin(r,p) = k| = (Z)pk(l —p) 7k,
S0

> Pr[Bin(r,p) > k| > > Pr[Bin(r,p) = k| = 1.

r>k r>k

Therefore, we have

Eupm{ bz}:§:f -}:mmwnm>M-mng}

r>k

Z - Pr[Bin(r,p) > k. O]

§10.2 Proof of Braverman’s theorem

We have now proved the LMN approximator, and we have the following arrows in our quiver:

Lemma 10.6 (BRS theorem, [BRS91]). Let f € ACg’d. Let D be any distribution over {0,1}".
Then there exists a real polynomial p such that

Prip(z) = f(z)] > 1 —¢,

x~D
where
1) de < (log 2 0 and
() g@ﬂ ( gs) ’

(i) Jor cvery imput x € 0,1", |p()] < exp ((1og 2)°).
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Theorem 10.1 (LMN theorem, [LMNO93]). There exists a real polynomial py of degree O ((log g)d>
such that
Eontt, [(f(®) — p2(2))°] < e.

Now we prove Braverman’s theorem. First, more information about the approximation in Lemma
10.6. We will augument that lemma to get that for any distribution D over {0, 1}", there exists a
low-degree polynomial that gets it right almost everywhere; such a polynomial also gets it wrong
somewhere, and it turns out via our augumentation that (modulo some technicalities) there is an
ACP circuit which recognises when an input is in the error region of the polynomial.

Lemma 10.7 (Extended BRS). Let f € Ang. Let D be any distribution over {0,1}". Then there
exists a real polynomial p such that

Prlp(@) = f(@)] > 1-,

and an “error-recognising” circuit E of size poly(s) and depth d + O(1) where
(i) deg(p) < (log )"V, and
(i1) for every input x € {0,1}", |p(x)| < exp ((log g)O(d)>.
(iii) if E(x) =0, then p(z) = f(z) (that is, p(z) # f(z) implies E(x) = 1), and E doesn’t fire too

often, i.e. Pryp[E(x) =1] <e¢.

Proof. We only need to see the proof for the claim about the error-recognising circuit E, since the
rest of the lemma follows from the proof of Lemma 9.4. The idea for the proof is as follows: F
checks whether anything went wrong in any of the intermediate stages in building the polynomial p
that approximates f, and if so, it outputs 1, and so we need to describe E and show that it is in

0
ACpoly(s) ,d+0O(1)*

Consider any fixed OR gate in the circuit for f, with inputs g1, go, ..., g¢ for some ¢t < s.

g1

gt

In the polynomial, we used
polylog(t/e)

- I (1D g

i=1 j€s;
for different sets S; C [t]. If the polynomial is wrong, then exactly these two things happen:
e at least one of ¢1,¢2,...,9s is 1, but

e cach set S; has either no 1’s or > 2 of the 1’s in g1,..., g:.
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This is checkable in constant depth; for example, the first criterion can be checked by the depth-1

circuit
t
\/ Gi,
i=1
and the second criterion can be checked by the depth-2 circuit
\/ 9a N\ Gb-
1<a<bt

Moreover, we can do this in parallel for each OR gate in the circuit for f, and then take the OR of
all these checks to get E. If any of these checks fails, then E outputs 1; otherwise, it outputs 0 (and
p(z) = f(x)). The size of E is poly(s) and the depth is d + O(1), since we are doing a constant
amount of work for each OR gate in the circuit for f with a constant-factor blowup in depth for
the parallelism. Furthermore, we know by the argument in Lemma 9.4 that the probability that E
outputs 1 is at most €. This completes the proof. O

Now that we have gotten more information about the BRS approximator, we will present a refined
goal for sandwiching. Recall the statement of Corollary 8.12:

Corollary 10.8 (Sandwiching polynomials give PRGs). A function f: {0,1}" — R is e-fooled by
any k-wise independent distribution X if there exist e-sandwiching real polynomials qu, g, of degree
k such that qu(z) < f(2) < qu(z) and Ezx[qu(®) — qi(x)] <e.

Observe that since ACY is closed under negation, to give ¢, and g, enough power to sandwich AC?,
it is enough to just give gy such that g/(z) < f(z) and Ezox[f(x) — ge(x)] < €/2, in which case
qu = 1 — q¢ will sandwich f from above.

A bigger observation is that it is enough to give a lower sandwiching polynomial g, which has the
following two properties:

(i) ge(x) can depend on the particular k-wise independent distribution, say D, and

(i) q¢ lower-sandwiches f’; where f’ is close to f both under D and under the uniform distribution
Up.

We will now prove a lemma that says that given a good-enough approximator for f’ under D and
U,, and we have a lower-sandwicher gy for f’, then f and f’ are close under D.

Lemma 10.9. Suppose that for every k-wise independent distribution D, we have a Boolean function
f1:{0,1}™ — {0,1} and a degree-k polynomial gy such that

(i) Pre~plf(x) # /()] < § and Pray, [f(®) # f(®)] < 5, and
(ii) q¢ is a lower-sandwicher for f', that is qp < f' and Egyy, [f'(x) — qo(x)] < §.

Then for every k-wise independent distribution D, we have

Eunis, [f(w)] = Bz [f(2)] < e

Note that combining this with the ¢, version of the statement of Lemma 10.9 gives that f is e-fooled
by the k-wise independent distribution D.
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Proof of Lemma 10.9. The expectation of f on D is

Eop [f(2)] > Eanp [f/(@)] - § by (i)
> Eonp [0i()) - since g <
= Egprs, [qe()] — % by k-wise indep. with deg(qs) < k
> Eatt [f/(@)] ~ = by (i)
2 Epeu, [f(@)] — €,
which is what we wanted to show. O

This lemma shows that all we need to do to fool AC? circuits is to show that the original AC°
circuit has some f’ that is close to it under both D and U,,, and that we have a lower-sandwicher gy
of low degree for f’ under D and U,,. So it suffices to show the following:

Lemma 10.10. Let f € Ang, let k = (O (log g))o(dQ), and let D be any k-wise independent
distribution. Then there exists a Boolean function f' and a degree-k polynomial g = p such that (i)
and (i) of Lemma 10.9 both hold.

To prove this result, we will start off by applying the BRS approximation to f using a clever
distribution that is a mixture of the uniform distribution ,, and the k-wise independent distribution
D——call this distribution D’ = (U, + D)—and use error parameter ¢/8, and by so doing we will
then get a polynomial py such that

Pr [po(z) # f(z)] <

x~D’

Pr [po(z) # f(z)] <

x~Unp

9

)

RGN RO

as well as a circuit E with poly(s) size and depth d + O(1) that recognises when pg is wrong with
probability at most §. Next, we apply the LMN approximation on E in the following sense: let pg o

be the polynomial of degree O <(log f)o(d)) such that

Euntt |(E(u) = pra(u))’] <3,
where we will choose ¢ appropriately later. We then set f' = fV E, ¢ = po (1 — pg2), and the final
p=q=1-(1-q7
But before that, why might Lemma 10.10 be true? Well:
e f’is close to f under both D and U,, because E is almost 0 everywhere under both D and U,,.

e pp may make wild errors on f’ when E(z) = 1; multiplying by 1 — pg2 “tames” these
errors, damping them to something we can handle. But ¢ = po (1 — pg2) may not be a
lower-sandwicher when f’ = 1.

e Taking p =1 — (1 — ¢)? gives us a lower-sandwicher for f’, as it is always < 1.

The following picture may clarify the situation better (the non-straight lines represent the error
regions—proportional to their non-straightness—of the functions, polynomials, and circuits):
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f
0
| 1
Po
0
1
E
5 0
0 :
1
f'=fVE i
0
1 —pE2 :
: 1
: 0

q=7po(l —pE2)
0

p=q=1-(1-¢

0

Let us now see the proof details.

Proof of Lemma 10.10. We need to verify (i) and (ii) in Lemma 10.9. The first part, (i) is easy,
because f’ # f only if E = 1 and under D or U,, we have that Pr[E = 1] < §, and so we’re done.
For the second part, we need to show that p = ¢p = 1 — (1 — ¢?) is a lower-sandwicher for f’; we do
this by means of two claims.

Claim 10.11. If f'(z) =0, then q(z) = po(z)(1 — pg2) = 0.

Proof. If f' =0, then E = 0—since f’ = fV E—and we are not in the error region. Thus pg agrees
with f, so that po(z) = f(z) = 0, and so ¢(x) = 0. O

Now recall the metric || - ||2 on functions a,b: {£1}" = R: [ja — bll2 = \/Eu~us, [(a(w) — b(u))?].
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Claim 10.12. The error

If' —qll2 < \/i—i-exp <log (z)>o(d) Vo< %

by taking 6 = € - exp (_ log (g))O(d)'
Proof. The triangle inequality gives us

If" = allz < IIf" = po(1 = E)ll2 + llpo(1 — E) — qll2-

I = polt = E)la < P =1] < \/i

For the second, write po(1 — E) — ¢ = po(pg,2 — E). Using our pointwise bound on py, we know
that max,eco,13n [po(z)| < exp (log (g)o(d)), and so

Now observe that

5\ O(d)
(o~ BVl < exp (10 () ") - Ipea - Bl

< exp (log <S)O(d)> . \/g,

€
by our LMN-sense approximation of pg 2 by . The proof is essentially done; we can straightforwardly
set d =€ - exp (— log (g))o(d) to get the desired bound. O

Now we have the tools we need to argue part (ii) of Lemma 10.9 for Lemma 10.10. We have that
p < f' pointwise, because if f/ =0, then ¢ = 0 by Claim 10.11, and so p = 0 < 0 = f’. Otherwise,
we have that f/ = 1, in which case f'(z) — p(x) = (1 — q(x))? = (f'(z) — q(x))?. So,
2, €
Euni, [(f'(w) = p(w)] = Bunta, [ f(w) = p(w)[] < Buntn [(f' () = g(w))] < 3,
where the last inequality follows from Claim 10.12. To wrap things up we will show that the degree
is what we claimed it was. Indeed,

s\ 0@\ 2@ 5\ O)
< N = —_ o —
deg(p) <2 | deglpo) + deg(pms) (o (2)™) " = (o (2))™,
log(£)” by BRS  1og(£)?“ by LMN
as claimed. n

The proof of Braverman’s theorem (Theorem 9.2) is now complete.

§10.3 Linear threshold functions: basics

Linear threshold functions (LTFs) are a natural class of functions to consider in the context of
complexity and learning theory. They are functions that split the n-dimensional Boolean hypercube
into two regions, one of which is mapped to 1 and the other to 0. Formally, they are defined as
follows.
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Definition 10.13 (Linear threshold function). A function f: {£1}" — {£1} is a linear threshold
function if there exists a weight vector w € R™ and a threshold 8 € R such that f(x) = sign(w-x —0).

There are natural LTFs for many classes of Boolean functions. For example, for the class of OR
functions over n variables,

1
xl\/...\/xn:OR(x):sign<x1+.--+xn—2)7

where the weight vector is w = (1,1,...,1) and the threshold is § = % Similarly, for the majority
function, we have for x € {£1}",

n
MAJ(x) = sign (Z :cl> ,
i=1
where the weight vector is w = (1,1,...,1) and the threshold is 0. For the decision list function,
DL(z) = sign (2"931 " e b 2 — xn) ,

where the weight vector is w = (2", —2""1 ..., —1) and the threshold is 0. We will not discuss
lower bounds for LTFs, because they are ludicrously simple: there’s no halfspace which can properly
“classify” PARITY (x1,x2), so PARITY (z1, z2) is not computed by an LTF. PRGs for LTFs are not
quite so simple; we will focus on these and deterministic approximate counting for LTFs.

Question: Can we, in poly(n) time, given an LTF (w, 8), output the number of satisfying assign-
ments |f~1(1)] ezactly?
> No: this is #P-hard, and so we must settle for approximate counting.

For the LTF sign(w - x — 0), there are 2" values of w - x — @ as x ranges over {+1}", and this indeed
forms a (really, various) discrete distribution(s) over R. The reason is that the distribution is uniform
over the 2" values of w-x — 6 as x ranges over {£1}". We can think of this as a discrete distribution
over R with 2™ point masses. This perspective on the class of linear threshold functions is useful
because later on when we discuss PRGs for LTFs, we will be able to use ideas of randomness to
discuss things like regularity, and so on.

Example 10.14. 1. For w - x = x1, the distribution is /.
271—1 2%—1

-1 0 +1

2. For w-x = x1 + ...+ xy, the distribution is Bin(n,0) ~ AN(0,n), where BIN(n, 0) is the
binomial distribution with n trials and success probability 0.
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e 0 0 NG ’
The shaded region gives the number of satisfying assignments.

3. For w-z =" 2" z;, the distribution is Uyon.
| ]
_2n+1 + 1 6 2n+1 —1

4. While the above three may seem obvious, there are arbitrarily annoying LTFs out there,
Jog? 7
for example, w -z = Z?lelog Iz
The main idea of this unit is that the best LTF of all of these is the blue one in the second
example—it is the Gaussian distribution, and the law of large numbers tells us that if we
add a bunch of independent random variables, we get a Gaussian distribution (modulo some

scaling). We will see more about this in particular and LTFs more generally in the next
lecture.

8§11 Lecture 11—02nd April, 2024

Last time. In the previous class, we:

e Finish the proof of Linial-Mansour-Nisan’s theorem (the result about Fourier weight under
restrictions).

e Proof of Braverman’s theorem:
— Augumenting Beigel-Reingold-Spielman’s result: error function E is computable in AC®.

— Refined sandwiching goal: f’ is close to f under a distribution combining D and U; q; is
a lower-sandwicher for f’.

— Combining the two results: f is close to f’ under D.

e Start a new unit on linear threshold functions (LTFs): basics and examples.

Today. We will focus on LTFs:

e Regularity for LTFs, the Berry-Esseen theorem.
e PRGs for LTFs:

— O(1/e2)-wise independence e-fools LTFs.

— O(1/e)-wise independence fools e-regular LTFs via low-degree univariate polynomial
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approximations to sign(t).
— Beyond regular LTFs: a structure theorem based on critical index, junta approximations.

Reminder: the project progress report is due in two days!

§11.1 Regularity of linear threshold functions and the Berry-Esseen theorem

Recall the four examples we saw towards the end of the last lecture:

€T
22w
> Ti

Jog? j
PP LLERT

We saw that the distribution of w -  looks quite different for each of these, because x ~ {£1}".
But suppose & = (x1,...,®,), where each x; ~ N (0,1) independently. Then for any w € R"
such that Y w? = 1, we will always have, with g = (gy,...,9,) = (z1,...,T,) = z, that
w-g =Y wig; ~ N(0,1). This is because the g, are independent, and the sum of independent
Gaussian random variables is Gaussian:

N(0,63) + N(0,03) = N(0,0} + 03).

So if all our x; are Gaussian, then the distribution of w - & is always Gaussian. This in some sense
tells us that the “nicest” LTF for us is that which works for our “nice” distribution, the Gaussian

distribution, namely:
) 1
sign (\f (14 ... +mn)> :
n

where x; ~ {£1}" and the 1/4/n is a normalisation factor. (This is the majority function.) We will
think of this LTF as having the distribution w - &, where & ~ {£1} which looks like a Gaussian.

The discussion above motivates the following definition of regularity for LTFs:

Definition 11.1 (Regularity of LTFs). We say that an LTF f = sign(w - x — 0) is e-regular if:
o w € R" is such that Y w? =1, and

o cach |w;| < e for alli € [n].

Example 11.2. The majority function is e-regular for ¢ = 1/4/n. This is the best regularity
of any LTF we will see; it is as regular as can be.

Intuitively, the notion of regularity is nice because it means that w - & ~ N(0,1), due to the

Berry-Esseen theorem. This theorem is a quantitative version of the well-known central limit
theorem (CLT), which we remind ourselves of below.
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Theorem 11.1 (Central limit theorem). Let X1, Xo,... be i.i.d. random variables with E[X;] = p
and Var(X;) = 0? < oo. Let 8y, = X1+ ...+ X,. Then

Sn —nu

in distribution as n — 0o.
Before we state the Berry-Esseen theorem, we need to define the distance between cumulative
distribution functions (CDFs) of two random variables X and Y. Let

CDFx (0) = Pr[X < 6,
CDFy (0) = Pr]Y < 4.

Then the distance between the CDFs of X and Y over some measurable space F is defined as

CDF(X,Y) = sup |CDF x(6) — CDFy (0)] .
0cE

We now state the following simplified version of the theorem, which tells us something about the
CDF distance between the e-regular LTF and the Gaussian distribution.

Theorem 11.2 (Berry-Esseen theorem [Berdl, Ess42, Ess43]). Let S = X1+ ...+ X, where X;
are independent real random variables with E[X;] = 0 and Var[X;] = Y7 | E[X?] = 1. Suppose that
each X; has | X;| < 7 with probability 1, and let g ~ N(0,1). Then for any 6 € R,

CDF(S,g) <7 = |Pr[S<¢]— P <o)<
(5,9) <7 S <= FProlgsolsT

Consider the plots of two CDFs shown in red and blue in the figure below. The Berry-Esseen
theorem tells us that the worst error the discrete random variable makes with respect to the standard
Gaussian, as measured by the supremum of the difference in CDFs, is at most 7 = 1/y/n in this

case.

< 1/+/n due to
the \/n-regularity
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Question: How does this relate to the total variation distance between the two distributions? Why
not use the total variation distance instead of the CDF distance?

> Notice that if we were to talk about the total variation distance, then these distributions cannot
look anything like each other, since the Gaussian distribution is continuous and the probability
distribution function of the X; = w; - x; is discrete, supported on 2™ points. Thus the total variation
distance between the two distributions is always 1, regardless of the nature of the LTF. This is why
we use the CDF distance, which is a more refined measure of closeness between two distributions.

At this juncture it should be clear that e-regular LTFs are nice for our goals (e.g. fooling, deterministic
approximate counting, counting the number of satisfying assignments, etc): suppose we are given an
e-regular LTF f = sign(w - x — ), and we want to do deterministic approximate counting, we can
just output Pr[g < 6] where g ~ N (0, 1), and this will, by the Berry-Esseen theorem, be +e-close
to Pr[f(x) =1].

However it is not so easy to construct pseudorandom generators (PRGs) for linear threshold functions.
We now focus on this problem.

§11.2 Pseudorandom generators for linear threshold functions

The main result of this section is the following theorem:

Theorem 11.3 (Diakonikolas, Gopalan, Jaiswal, Servedio, and Viola [DGJT10]). Any O(1/¢2)-wise
independent distribution D over {£1}" e-fools the class of all LTF's.

There are other results we will not necessarily see: it turns out that

1. the 5(1 / £2) is optimal up to logarithmic factors (ignoring the 5), yielding a PRG with seed
length O (E% -log n)

2. if we care about the best-possible seed-length, there are hand-crafted pseudorandom generators
with seed length O (log (%) -log n)

We will not prove Theorem 11.3 above, but instead focus on the key ideas behind the proof. In

particular, we will focus on the following special case of the theorem:

Theorem 11.4. Any O(1/e2)-wise independent distribution D over {£1}" e-fools the class of
e-reqular LTFs.

Recall the main way we know to show that a k-wise independent distribution fools a class of
functions is by sandwiching polynomials:

Fact 11.3. The function f: {£1}" — {£1} is e-fooled by any k-wise independent distribution D if
there exist e-sandwiching polynomials qg, ¢, : R™ — R such that:

e deg(qr), deg(qu) < F,
e ¢(x) < f(x) < qu(x) for all x € {1},

o Epntr,[qu(x)] — Eznplqe(z)] < €.
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Thus if we could show that there are sandwiching polynomials for e-regular LTFs, we would be done.
In particular, the high-level plan is to show that for any e-regular LTF f(z) = sign(w - © — 6), there
exist polynomials gy, g, of degree O(1/e%) such that g,(z) < f(x) < qu(z) for all x € {£1}". We
will argue this by giving good 5(1 /€%)-degree approximating polynomials for univariate functions of
the form sign(t).

In more detail, fix an e-regular LTF f = sign(w -  — 0) such that > w? = 1 and |w;| < ¢ for all
i € [n]. The Berry-Esseen theorem tells us that if x ~ U, then the distribution w - « is e-close in
CDF distance to the distribution of a single univariate Gaussian random variable g ~ ./\[ (0,1). Thus,
by Fact 11.3, it is enough to give univariate polynomials gz, q,: R — R of degree < O(1/e?) such
that go(t) < sign(t) < qu(t) for all t € R, and Egpr0,1)[7u(9) — ¢e(g)] < &, and we can get the latter
by guaranteeing that for all ¢ € R,

e/2, (*)
e/2. (&)

Egn(0,1) [qu(g) — sign(t)]

<
Egn(0,1)[sign(t) — qe(g)] <

t=20

The key to getting the univariate polynomials gy, g, is the following theorem:
Theorem 11.5. Let r = 6(1/82). Then there is a univariate polynomial QQ: R — R of degree
d < O(1/?) with the following properties:

1. Q(g) > sign(g) = —Q(—yg) for all g € R.

2. Q(g) € [sign(g),sign(g) + €] for all g € [—r,—€] U [0, r].
3. Q(g) € [-1,1+¢] for all g € [—¢,0].
4. Qg) <

g) < 2-(4e9)? for all g € R such that |g| > r.

The picture below should clarify the behaviour of the polynomial Q.

sign(g) +1
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Proof sketch for why Theorem 11.5 implies (x) and (). Property 1 of Theorem 11.5 tells us that
Q(g) = sign(g) and —Q(—g) < sign(g) for all g € R. So we can take ¢, (t) = Q(t) and q,(t) = —Q(—t),
and we have q/(t) < sign(t) < ¢u(t) for all t € R. Thus we only need to verify that it is an
approximator, 7.e. that

Eg~n(0.1)[Q(g) — sign(g)] < O(e). (%)
We will argue this in three regimes: one where |g| is “moderate” (not too close to 0 or 1), one where
lg| is “tiny” (close to 0), and one where |g| is “huge” (close to 1).

Property 2 of Theorem 11.5 tells us that for these “moderate” values of g (in the majority of cases),
i.e. those with g € [—r, —¢] U [0, r] pointwise, we have |Q(g) — sign(g)| < . Thus the contribution
to the expectation in (xx) from these values is < O(g).

Property 3 of Theorem 11.5 tells us that for the “tiny” values of g, i.e. those with g € [—¢, 0], we have
pointwise error as large as O(1), but no larger. Indeed, for g ~ N(0,1), we have Pr[g € [—¢,0]] <
O(e), so the contribution to the expectation in (xx) from these values is < O(1) - O(g) = O(e).

For the “huge” values of g, i.e. those with |g| > r for which the pointwise error |Q(g) — sign(g)|
might be arbitrarily large, property 4 of Theorem 11.5 gives us assurances that it is under control,
i.e. Q(g) <2-(4eg)? for all g € R such that |g| > r, so that the contribution to the expectation in
(%) from these values is < 14 2 - (4eg)? = &. In addition, Gaussian tail bounds are very strong:

Prllg| > t] < e /2 = & forallt > 0.

So essentially we're trading off the fact that the error could be big (&1) for the fact that the values
of g for which the error is big (£2) are very rare. The structure of the Gaussian distribution is
such that the error & wins over &2, and we get that the contribution to the expectation in (xx) is
< O(g). (Here’s a sketch of why this is true: consider outcomes of g € [r,r + 1]; then the probability
Pr[g € [r,r +1]] < Pr[g > 7] < e~"/2. On the other hand, for such g, the error of Q is, by property
47

d _
S2-(4e-(r+ 1))d R <polylog <i>> ~ 90(1/e%)

Now by the suitable choice of the hidden log% factors in r, we get that e 1%/2.9001/%) g/2.
A similar argument gives us that [r+¢,7+t+1] for t € N also contributes < £/2! to the expectation
in (x%), and summing over all ¢ € N gives us that the total contribution from huge g € [r,o0) is

<Xie/28=0(e).)

The argument for (&) is similar, and we are done. O

We still haven’t proved Theorem 11.5, nor will we, but we will prove something like Property 2 in
the theorem the interesting (and majority) step using ideas from approximation theory.

Definition 11.4 (Modulus of continuity). Let f: [-1,1] — R be bounded and continuous be defined
over the compact set [—1,1]. The modulus of continuity of f is the function wy: [0,1] — R defined
by

wp(d) = sup |f(z) = f(y)l.

|[z—y|<6

The modulus of continuity is a measure of how much f can change over a small interval. For
example, if f is Lipschitz continuous with constant L, then w;(d) < L -0 for all § € [0,1].
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wy(6)

-1

+1

8
@_—

A fact from approximation theory is that the modulus of continuity of a function controls the error
of the best pointwise approximator to the function of a certain degree. In particular, we have the
following theorem, which we will not prove.

Theorem 11.6 (Jackson’s theorem [Jacl2]). Let f: [—1,1] — R be bounded and continuous, and
let £ € N be a positive integer with ¢ > 1. Then there exists a polynomial J(t) of degree at most ¢
such that

s 170~ 1] <6+ (7).

te[—1,1] l

We will use this theorem to prove the following lemma, which is a weaker version of Property 2 of
Theorem 11.5.

Lemma 11.5. Let a = O(£2), and let m = 1.300In (1) = O(1/2). Then there eists a polynomial
q(t) of degree at most m such that

t) — si t)| <e.
e |q(t) —sign(t)| < e

Think of Q(g) in Theorem 11.5 as Q(g) = q(g/r), i.e. q(t) = Q(rt), and think of r = O(¢) as a

small constant. Then the lemma tells us that we can rescale the arguments as

9(1) = Q(r),
¢(—a) = Q(-ra) = Q(-¢),

and so we get something like Property 2 of Theorem 11.5.

Proof of Lemma 11.5. Define the continuous function f: [—1,1] — [-1,1] by

fa) = {sign(z) if |z| € [a,1]

x/a if |z| € [0, a].
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Clearly the modulus of continuity of this function f is w f(%) = ﬁ, and so by Theorem 11.6 with

¢ = 22 there exists a polynomial J(t) of degree ¢ such that

1 6
— g < — <0- — | = — < -
argn‘gzlu(t) sign(t)] < ﬁg(u(t) ft)] <6-wy <£> AL

where the last inequality follows from the choice of {. But we want error ¢ instead of %. Now we
use Jackson’s theorem with an even larger degree ¢, but in that case we would need degree about
O(1/£3), which is too large. So instead, we will use a low degree (degree k) amplifying polynomial:

w3 0 (5) (5

k)2

Note that this polynomial exactly captures the probability that the binomial distribution with a
success probability of HT“ has at least k/2 successes:

1
Ag(u) = Pr [toss a coin with heads probability # k times, get at least k/2 heads| .

Observe that if u > 0, then Ag(u) =~ 1, and if v < 0, then Ag(u) ~ 0—this is the amplification
property of the polynomial. A direct application of the Chernoff bound tells us that:

o if u € [2,1], then 24y (u) — 1 € [1 —2e7%/0 1],
o if u € [~1,—%], then 24 (u) — 1 € [~1, —1 + 2¢7%/6].

Thus our final polynomial is

q(t) = 24;, <§J(t)> ~1.

(Here we are scaling J(t) by 2 to ensure that 2.J(¢) € [-1,—2] U [2,1].) So k = 12log %, we have

that 2e /6 < 5 < ¢, and everything works out. Finally we check the degree:

25 1 300logi
deg(q) < deg(J) - deg(Ay) < — - 12log = = =2 —m,
a € a
and so we're getting the right approximation of sign(t) for ¢t € [-1, —a] U [a, 1]. O

So we can claim a moral victory: we have victory wis-d-vis fooling e-regular linear threshold functions.
However, not every linear threshold function is e-regular.

Example 11.6. The linear threshold function
f(z) = sign(2"z; — 2" gy — 2" 25 — ... — 2, — 0)

is only ©(1)-regular, but yet we need to fool LTFs like this. The actual plot of w - x for this
w is uniform:

I ]
—gl g 0 ortt 1

So we shouldn’t have much hope that our strategy above should work for LTFs like this.
However, this LTF is not particularly hard; it is the following decision list:
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1 -1 1 -1

and this decision list is e-close to a log %—junta.

Now, is every non-regular LTF close to a junta? Unfortunately, the answer is no. But we can
still make some progress. Suppose our LTF is f(z) = sign(w - x — 0), where w € R™ is such that
S w?=1. and f is not e-regular. Say, without loss of generality, that |wy| > |wa| = -+ > |wp].
The fact of f’s non-regularity means that |wi| > . Now, take 21 and set it aside, so that we now

know that the sum w3 + -+ + w2 = 1 — w} goes down non-trivially to < 1 — &2, This linear form
over (wg,...,wy,) might then be regular (the non-regularity of f could be “concentrated” in wy),

which we already know how to handle. If not, we can repeat the process with ws, and so on. This
action of “chasing regularity” is the idea behind the following definition:

Definition 11.7 (Critical index of a linear threshold function). Fiz f(x) = sign(w - = — 0), where
w € R™ is such that >}, w? =1, to be a not-necessarily-e-reqular LTF, and suppose without loss
of generality that |wi| > |wa| > - -+ > |wy|. The e-critical index of f is the minimum value { such
that the linear form (we, w1, ..., wy) is e-reqular, i.e.

This definition immediately gives the following fact:

Fact 11.8. If ((¢) is the e-critical index of (w1,...,wy), where Y i, w? =1, then

Z wjz < (1 =21,
j=L(e)

This fact is nice, because it puts us in a win-win situation: for a general halfspace, we can readily
ask for what the critical index is. In particular, given any f = sign(w -z — ), we can consider three
cases based on the e-critical index ¢(¢) of f:

1. Case 1: £(e) = 1. In this case, f is e-regular, and we are done.

2. Case 2: l(e) < K/&? for some constant K. We can think of this case as one where w - = has a
“junta part” wizy + -+ W) Ty(e), and a “regular part” w1 12pe)41 + 0+ WpTn. We can
then apply a junta theorem to the junta part, and the regularity theorem to the regular part,
and we’d be done.

3. Case 3: (g) > K/e? for some constant K. By Fact 11.8, we have that

Z ,wJQ < (1 _62)2(5)71 < 67525(5) < eiK.
j=t(e)

105



Take k£ = 1001n %, so that e < £190; the tail is quite tiny. Indeed, we can show in this case
that f is very close to a (K /e?)-junta.

Along the lines of our discussion above, we can prove a “structure theorem” for linear threshold

functions:

Theorem 11.7 (Structure theorem for LTFs). Fiz any € > 0, and any linear threshold function
f(x) =sign(w -z — ). Then there is a set H C [n] of O(1/£2)-many variables of f (the ones with
the largest |w;|s) such that either:

(a) fi, is e-regular for every restriction p fizing the variables in H (like cases 1 and 2 above), or

(b) f is e'%-close to a |H|-junta.

This theorem can be used to prove Theorem 11.3 (see [DGJ'10] for more details):

(a) O(1/e%)-wise independence handles H and another O(1/¢2)-wise independent distribution
handles every e-regular restricted f;,, and

(b) O(1/e?)-independence fools any |H|-junta.

Next time we will say things about fooling polynomial threshold functions.
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8§12 Lecture 12—09th April, 2024

Last time. In the previous class, we talked about linear threshold functions:
e Regularity, the Berry-Esseen theorem.
e Pseudorandom generators for LTFs: 5(1 /e%)-wise independence e-fools LTFs.

- 6(1 /e)-wise independencefools e-regular LTFs via low-degree univariate polynomial
approximations to sign(t).

— Beyond regular LTFs: a structure theorem based on critical index, junta approximations.
Today. We will discuss a quick high-level sketch of:

e Deterministic approximate counting for LTFs (relative error) and deterministic approximate
counting for PTFs (absolute error).

e The Nisan-Widgerson PRG: a generic way to get PRGs for C from average-case lower bounds
for a related class C’.

Reminder: this is the last lecture for the semester. Project presentations will be held next week and
the week after.

§12.1 Sketch of deterministic approximate counting for LTFs and PTFs

The problem of deterministic approximate counting for LTF's is this: given inputs wy,...,w,,0
and £ > 0, we want to output an approximation N such that N < N < (1 4+ e)N where N =
o 1{w; - & > 0}. is the true number of satisfying assignments of the LTF f(z) = sign(w - = — ).
The first randomised algorithm for this problem was presented at the turn of the century [MS04]
and was fairly complicated; a few years later a simpler algorithm based on dynamic programming
was presented [Dye03]. Today we will give a sketch of a deterministic algorithm for this problem.
Let w;, 0 € Z and let W = max{|w1],...,|wx|, |0}

Theorem 12.1. There is a poly (n, log W, %)—time deterministic algorithm that outputs an approzi-
mation N such that N < N < (1+4¢)N.

The idea here is to:

e construct a suitable (read-once) branching program which serves as a high-accuracy approxi-
mation to the LTF.

e use a standard dynamic programming method to exactly count the number of satisfying
assignments of the branching program.

Definition 12.1 (Branching program). An (S,T)-branching program is a layered digraph with
0,1,...,T layers, where each layer i has at most S states (vertices). The first layer has a single
vertex v (the start state) and the last layer is labelled with either O (reject) or 1 (accept). For
0<:< T, avertex v in layer i has two outgoing edges labelled 0,1 and ending at vertices in layer
1+ 1.
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layer i layer ¢ + 1
|
|

Clearly a branching program computes a function f: {0,1}7 — {0,1} in the natural way: start at
vo and follow the edges according to the input bits. The function computed by a branching program
is the characteristic function of the set of paths from vy to an accept state.

layer O layer T

< S vertices
in each layer

What is the connection to LTFs? Without loss of generality suppose w;, 6 > 0, and let W = 3" | w;.
Then we can see that an LTF f is computed by a (W + 1, n)-branching program: each state in layer
J corresponds to a possible integer value of wiz + ...+ w;z;.

It turns out that by keeping track of the number of ways to reach each state in the branching
program, we can compute the number of satisfying assignments of the branching program efficiently:

Fact 12.2. We can ezactly compute the number of satisfying assignments of an (S, T)-branching
program in time poly(S,T) via dynamic programming.

To get this down from time poly (W) to log(WW), we then argue that given an LTF f(z) = sign(w-z—80),
we can construct a branching program with enough states. In particular, we can approximate
the (W + 1,n)-branching program for f with a (polylog W,n + 1)-branching program such that
the states of the approximating branching program correspond to subsets of states of the original
branching program.

layer i:
0 [
1 |e
I, a state in new BP
ve—1 e multiplicative gridding based on
L probability of reaching accept
2 e state in the last level of the BP
v +1 |e
I, a state in new BP
v3—1 |@
V3 :
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(This is the process of rounding the branching program.) Note that the probability of reaching
an accept state in the last layer of the branching program is exactly the fraction of satisfying
assignments of the LTF, which is what we want to compute in the first place (we need to solve
the problem we’re trying to curate a method for). The idea is to use the dynamic programming
algorithm to do n successive stages of rounding in a “back to front” manner, where at each stage
we round the branching program to a smaller branching program with fewer states.

0 n+1

S width

A |\\\<round last layer first
round 2nd last layer next
round 3rd last layer next

§12.2 A brief segue into polynomial threshold functions

Definition 12.3 (Polynomial threshold functions). A polynomial threshold function (PTF) is a

function f: R™ — {0,1} of the form f(x) = sign(p(z)) where p(x) = 3 gcpy as [lies @i is a degree-d
real polynomial.

Here are some things we know about PRGs for PTFs:
e [MZ10] gives a pseudorandom generator for PTFs with seed length (g)o(d) -logn by using
a “monotone trick” to show that PRGs for poly-width branching programs can be used to
fool linear threshold functions, and then extending this PRG for linear threshold functions to
high-degree polynomial threshold functions. With this seed length, we can do approximate
o(d)
counting for PTFs in time n(2)
e [Kanl7] gives a pseudorandom generator for PTFs with seed length O4(1) - poly(%) -logn via
a structure theorem for poorly anticoncentrated polynomials of Galllssians. With this seed
length, we can do approximate counting for PTFs in time n@d(1)Polyz,

We don’t know how to do better than this in the sense of getting a PRG for PTFs with smaller seed
length. We saw, however, that we can do better for approximate counting for LTFs than with PRGs
for LTFs. It turns out that we can also do better with approximate counting for PTFs than with
PRGs for PTFs; in particular, we can do Og.(1) - n©@_time deterministic approximate counting
for degree-d PTFs with relative error e.
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We will not go into a lot of detail for how this is done, but we will sketch some of the ingredients for
the case d = 2 as follows. A nice extension of the Berry-Esseen theorem (Theorem 11.2)—which we
can think of as saying that a regular linear form in independent random variables “behaves like” a
Gaussian—is the invariance principle due to Mossel, O’Donnell, and Oleszkiewicz [MOOO05]. This
principle is a powerful generalisation of Berry-Esseen that says that once we define a notion of
regularity for low-degree polynomials, then a regular low-degree polynomial in independent random
variables “behaves like” a polynomial in Gaussian random variables. Then we can compare the
distribution of p(x1,...,x,) where x1,...,x, are independent random variables from {—1,1} to
the distribution of p(gy,...,g,) where g,,...,g, are independent standard Gaussians. This result
then opens the door to using geometric arguments for high-dimensional Gaussians as well as other
powerful theory to analyse the distribution of polynomials with standard Gaussian inputs.

§12.3 Hardness versus randomness: the Nisan-Widgerson pseudorandom generator

The Nisan-Widgerson pseudorandom generator [NW94] is a generic PRG giving a PRG for a class
C of n-variable Boolean functions from an average-case lower bound against a “richer” class C’ of
r-variable Boolean functions.

The Nisan-Widgerson generator G(u1, ..., us) is an n-bit pseudorandom string, where the truly
random input bits uy,...,us are drawn from {0,1}*. The generator works like this. Let S be a
special sequence of n subsets such that S = (S1,...,S,) where each S; C [s] and |Si| = ... = |S,| =7.

Now let h: {0,1}" — {0,1} be an average-case hard function for the class C’. Then the generator G
is as follows:

n bits
G(ula R us) = (h(u|51)’ h(U|52), SR h(u|5n))7 (*)
——— ~— ~— —~—
=Ue{0,1}* r bits 7 bits 7 bits

where U|g, denotes the r-bit string obtained by taking the bits of ¢/ indexed by S;, and the sets
Si,...,8, C [s] are “almost-disjoint” from each other, i.e. each pair S;,S; has |S; N .S;| very small.
The high-level intuition for the construction of this function is that the hardness of the function h
should prevent an adversary from precisely predicting each bit of the output of the generator—we
will make this intuition more precise in a moment. Before that, the “richer” class C" of functions from
{0,1}" to {0,1} is defined as C’ := C o Junta, j, i.e. for f: {0,1}" — {0,1} and g;: {0,1}" — {0,1},

C'={f(g1(z),...,gn(x)) : f € C and each g; is a k-junta} .

We have the following theorem due to Nisan and Widgerson:

Theorem 12.2 (Nisan-Widgerson [NW94]). Let C be a class of functions from {0,1}" to {0, 1}.
Let h: {0,1}" — {0,1} be an e-hard function for C' = C o Junta, . Let S = (S1,...,Sn) be an
(s, k)-combinatorial design. Then the generator (x) defined above (en)-fools C and has seed length
s.

Before we prove this theorem, we need to define and prove the existence of these combinatorial
designs. But even before that, here are a few remarks about this theorem:

e We need ¢ < % for the generator to be useful. This is because the generator is only (en)-fooling
the class C. If ¢ is too large (on the order of n~!), then the generator is not very useful.
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e We also need s < n for the generator to be useful. This is because the generator has seed
length s, and we want the seed length to be much smaller than the input length; otherwise
there’s no point constructing the pseudorandom generator.

e As we will see, the definition of the combinatorial design requires that r < s.

We only need to define and prove the existence of combinatorial designs, restate the theorem above
more specifically, and then prove it.

Combinatorial designs A combinatorial design is a collection of subsets of [s] with certain properties.
We define it as follows:

Definition 12.4 (Combinatorial design). Let s,r,k € N. A collection S of subsets S1,...,Sn C [s]
is an (s,r, k)-combinatorial design if the following properties hold:

1. Each S; has size r, i.e. |S;| =1 for alli.

2. Each pair S;, Sj has intersection of size at most k, i.e. |S; N S;| <k for all i # j.

[s]

The dream is to have s < n (since s is the seed length of the generator), and k very small (otherwise
Junta, ;, is more powerful and by extension C’ is more powerful, which would then make it difficult
for h to be hard for C’). Thus in some sense we have a tension among parameters, and one sense in
which there is this tension is that a smaller k implies a larger s (since we need more bits to index
the sets S; and account for their overlaps) while we definitely need to have s > logn (if s < logn,
then no matter how big the sets S; are, we can’t have n distinct subsets).

We need to construct this design, because the PRG evaluates the hard function on all of the
different sets in this combinatorial design; otherwise we have no hope of obtaining an explicit PRG.
Fortunately we can do this and it is not particularly hard:

Lemma 12.5. Let ¢ > 1. Furthermore, let s = 100c?logn, r = ¢ - logn, and k = logn. Then there
exists a greedy algorithm to construct S, ..., S, satisfying the properties of an (s, r, k)-combinatorial
design, and this algorithm runs in < poly(n) - 2° time.

Proof. The greedy algorithm acts as follows: across all n stages, it tries all |S;| = r at stage 1,
looking for one such that |S; N .S;| < k for all j < 4. If it finds such an S, it adds it to the design;
otherwise, it fails. The algorithm runtime is as claimed, because at each stage i, there are (f) < 2°
choices for S;, and since there are n stages, the total runtime is < poly(n) - 2. Thus it remains only
to prove correctness.
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We will show that after picking the sets S1,...,5;—1 and fixing these, a random S C [s] satisfying
|S| = r has
P;r[\SﬂSj] > k for some j € [i — 1]] < 1.

If this holds, then we are done, because then there must exist some S; that satisfies the second
property of the combinatorial design. In fact, this follows from showing that for r = ¢ - logn,

1
P 1,...,cl —.
oS {1,. . clogn}] > k] < -

Towards this, note that since k = logn, we have

clogn  logn

Es[lSN{L,...,cl = clogn - = ‘

Thus by a Chernoff bound over all the negatively correlated random variables, we get that

1
Pr{|Sn{1,...,clogn}| > logn| < exp (—E . logn> = —.
S 3 n3
Summing over all n stages, we get that the probability of failure is at most n - 1% = % < 1 for
n n

¢ > 3. Thus the algorithm is good enough. O

Proof of Nisan-Wigderson pseudorandom generator theorem Given the above construction, we
now state a more precise version of the theorem above:

Theorem 12.3. Let C be a class of functions from {0,1}" to {0,1}. Let h: {0,1}" — {0,1} be an
e-hard function for C' = C o Junta, . Let S = (S1,...,Syn) be an (s, r, k)-combinatorial design with
s =100c?logn, r = c-logn, and k = logn. Then there exists a generator G with seed length s that
(en)-fools C. The generator G is defined as in (*).

Before we prove this theorem, we first present a brief discussion of how it may be applied to fool
ACY circuits.

Corollary 12.6. The Nisan- Widgerson generator () gives a 6-PRG for AC?\/{,d (for M > n) with

seed length s = (log , computable in poly(n) - 2° time.

Proof. The corollary follows by using the average-case lower bounds against AC? we proved earlier
and the paraneter settings r = ¢ - logn, k = logn, and s = 100¢? logn in the combinatorial design
for the Nisan-Widgerson generator theorem, and then noting that AC?w,d oJunta,; C AC% ne2k dpar
The runtime follows from the construction of the combinatorial design as well as some extra constant-
time and poly-time work, so the run-time for the combinatorial design dominates. The seed length
also follows from our discussion. O

Now we launch into the proof. The proof of Theorem 12.3 relies on the key notion of “next-bit
unpredictability,” which is an equally valid way of thinking of a pseudorandom distribution in the
sense that it obscures every opportunity for an omniscient adversary to predict the n-th bit with
any advantage over random choice given the first n — 1 bits.
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Definition 12.7 (Next-bit unpredictability). Let X be a random variable over {0,1}", and let
f:{0,1}" — {0,1} be a function. Also, let ¢ > 0. We say that X is e-next-bit-unpredictable for f
if for each i € [n] and for each a € {0,1}" "1 we have

1
P X1, Xi- =X;]—=|<e
.Xr [f( 1, ) 7 1,@) Z} 9 €
or equivalently, X e-fools the mapping x — f(x1,...,zi—1,a) ® z;.

The proof® of Theorem 12.3 will rely on lemmas that prove each of the following assertions:
1. The generator (x) is e-next-bit-unpredictable for each f € C.

2. If a random variable X is e-next-bit-unpredictable for all f € C, then X (en)-fools every
fec.

We prove these in order.

Lemma 12.8. Under the conditions of Theorem 12.3, the generator (%) is e-next-bit-unpredictable

for all f €C.

Proof. Fix any f: {0,1}" — {0,1}, any i € [n] and any a € {0,1}"7"*!. Let u ~ U, and let
X = G(u) be an n-bit string generated by the Nisan-Widgerson generator. We want to show that
X is e-next-bit-unpredictable for f. We have

%U@muinmﬂsz—w:E%MJHWHMM&%~WW&4%®=MUQH—1

us,

< [Eu[S]\Si |: ,,_]'LDSI; [f (h(u|51)7 . -,h(’u|si,1),a) = h(’u,‘sl)] — 1H .

Now for each fixing of uy\g,, write z = ug,. For each j < i, since we fixed ufy\ g, and |[S; N .S;| <k,
we have that there is a k-junta g; such that h(uls,) = ¢;(z). Thus we can write

Pﬂf@mm%mjmm“%@:hwmﬂ_iz

Pr U (01(2)gic1(2).0) = )] -

ug,; unif. z
<€,
where the last inequality follows from the fact that h is e-hard for C" = C o Junta, . O

Lemma 12.9. Let X be a random variable over {0,1}", and let f: {0,1}" — {0,1} be a function.
Also, let € > 0. If the random variable X is e-next-bit-unpredictable for all f € C, then X (en)-fools
every f € C.

Proof. The proof is by a hybrid argument. Let B = (By,..., B,) ~ U, be a truly random n-bit
string. We “walk” from the truly random string B to the pseudorandom string X in n steps:

#OQur parameter settings for the combinatorial design are achieved with convenience in mind; one can readily pick
other s, r, k.

113



Do = (By,...,By) = B,
Dl - (X17B27"'7Bn)7

Di_1 = (Xl,...,Xi_l,Bi,...,Bn),
D; = (Xl,... 7Xi—17Xi7Bi+17"'7Bn))
Dit1=(X1,...,Xi—1,Xi, Xiy1,Biyo,...,By),

D, =(X1,...,Xn) =X.
By the triangle inequality, we have

E[f(X)] = E[f(B)]| = |E[f(Dn)] — E[f(Do)]|
< Z E[f(D:) — f(Di-1)]l-
i—1

Fix ¢ € [n]. Since —p = (1 — p) — 1 for any p € [0, 1], we can write

\ELf(D;) — f(Di-1)]|
= ‘[E (D) | Bi = X~ SE[f(Di1) | B = Xi] + JE[f(Di1) | Bi # X

= ‘;[E[f(pi—l) | Bi = X + %[E[f<Di—1) | B; # Xi] — ;‘
= ‘[E[f(pil) ®B;® X;] - ;'

< LB |:[EX Hf(pi—l)@Bi@Xi — ;H] <e.

The last inequality is true because, for any fixing of B, if we let
g(X) = f(Xl,...,Xi_l,Bl,...,Bn) ¢ B; X,

either g or g is checking whether f successfully predicts X; given Xq,..., X;_1; so by the e-next-
bit-unpredictability of X for f, we have that Ex Hf(Dl-,l) dB;dX,; — %H <e.

Therefore .
D IEF (D) — f(Dic1)]| < e,
=1

and so X (en)-fools f. O
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