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81. Lecture 01—19th January, 2024

Logistics. This is a course on convex optimisation, taught by Prof. Cédric Josz. Prerequisites
for this course are previous courses in undergraduate linear algebra and real analysis—it is not
necessary to have taken a course in optimisation before. All the exams for this course will be held
in class and will be done closed book. The course grade will be composed from 50% of the midterm
exam and 50% of the final exam—there will be no homeworks or projects.

The textbooks for the course are [BV04], [Becl7], [N*18], and [Roc15].

§1.1. Introduction

In the most fundamental sense, convex optimisation is about finding the points z* € X such that
f(z*) < f(x) for all other x € X, where X is something called a convex set, f: X — R is a convex
function, and R = RU {£o0} is the extended real line.

Example 1.1. If X = (0,00) and f : X — R is given by f(x) = 1/z, then although X is
convex, there is no such z* that minimises f.

This example suggests that we might be looking to do something a bit more general; in full
generality, we are interested in finding the greatest lower bound of {f(x) : z € X} which we recall
is denoted inf{f(z) : z € X}. If this infimum is attained as in the first sentence above, we write
min{f(z):x € X}.

For cases like that of the example above, it will often be more convenuent to consider the function
f R — R defined as

00 otherwise.

. {1/x if z € (0,00)

This notion will be more useful when we consider more intricate operations over convex functions,
et cetera. Let’s now define some of the terms we will be frequently referring back to throughout the
course.

Definition 1.2 (Convex set). Let E be a vector space. A subset C C E is said to be convex if for
all z,y € C and for all t € [0,1], we have (1 —t)z +ty € C.

Note that this is a very general idea; we didn’t even need to define a metric or a norm or anything
of the sort on E or C' to establish this definition; we just have a vector space, we have a subset of
that vector space, and we have a linear combination of two elements of that subset. The idea of a
convex set beckons to some notion of “stability” for a set:

convex set nonconvex set convex set
nonconvex set



Fact 1.3 (Union and intersection of convex sets). The union of conver sets is not necessarily convez,
but the intersection of convex sets is conve.

Proof. For the union, one may simply consider the union of two disjoint convex sets. For the
intersection, let C,Cy C E be convex sets. Then for all z,y € C1 N Cq and for all ¢ € [0, 1], we have

(1I-thr+tyeCiNCy < (1—tz+tyeCrand (1 —t)z+ty e Cy
<— rzeCiorzeCyandy € CyoryeCy
— (1-tz+tyeCrand (1 —t)z+ty € Cy
— (I1-t)z+tye CiNCy. O

Question: Can we replace the criterion t € [0, 1] with ¢t € 1/2 in the definition of a convex set? The
answer is no, and we can see this by considering the set of rationals Q.

Having defined a convex set, we may now talk in greater detail about what a convex function is. We
will first define a few terms that will be useful in the definition of a convex function and throughout
the course.
Definition 1.4 (Domain, epigraph, strict epigraph). Given f : E — R, the domain of f is the set
dom f={zx ek: f(z) < oo},
and the epigraph of f is the set
epi f ={(z,a) e ExR: f(x) < a}.
The strict epigraph of f is the epigraph without the equality constraint:
epiy f ={(z,a) e EXR: f(z) < a}.
Given the above notation, we may now properly define a convex function:

Definition 1.5 (Convex function). A function f: E — R is said to be convex if its epigraph epi f
18 a convex set.

Example 1.6. 1. The infimum of two convex functions is not convex. To see this, choose
two functions z +— z and x — —x over R. Then the mapping = +— inf{x, —z} which is
the same as the mapping x — —|z| is not convex.

J(@) = —|a|




Clearly the epigraph of x — —|z| (as shaded) is not convex, so & — —|z| is not convex.

2. On the other hand, the supremum of convex functions is itself convex, that is, given a
family of functions { f;}icr, the mapping x — sup;c; fi(x) is convex. To see this, note
that

epif ={(z,a) e EXR: f(z) < a} ={(z,a) eEszslelllafi(x) < a}

={(z,0) e ExR: Vi€, fi(z) < o} = ){(z,0) € ExR: fi(z) < a}
el
= () epi fi,
el

and since the intersection of convex sets is convex, we have that epi f is convex, so f is
convex.

One example we will see for how the epigraph is a great perspective to take on a convex function
comes in form of the marginal function—which we will see more about—of a convex function,
defined in the following way for vector spaces F and F:

0:ExF >R
f(z) = infyer o(z,y),

for all x € E and for f : E — R. This function shows up in an abundance of situations, especially in
the areas of constrained optimisation and first-order methods, and the epigraph will be very useful
for thinking about the function.

Definition 1.7 (Proper convex function). A convex function f : E — R is said to be proper if
dom f # 0 (i.e. Jx € E such that f(x) < oo and f(x) > —oo for all z € E). The set of proper
convex functions is denoted conv(E).

Let us equip the vector space E with a suitable topology, the usual norm topology || - ||z on R™ for
example. Then we may define the following:

Definition 1.8 (Closed function). A function f : E — R is said to be closed if its epigraph epi f is
a closed set. The set of closed proper convex functions is denoted conv(E).

Let us now see our first result:

Proposition 1.9 (Characterisation of convex functions). The domain of a convex function is
convex. Furthermore, a function f : E — R is convez if and only if for all z,y € dom f and for all
t €(0,1), we have

S =tz +ty) <@ —1t)f(x) +tf(y). (1)

Proof. Assume that f : E — R is convex. Then for all z,y € dom f and for all ¢ € (0,1), and real
numbers «, f € R such that f(z) < o and f(y) < . Note that these a, 8 exist since x,y € dom f.
Then we have that (x,«) and (y, 3) belong to epi f, which is convex by assumption (since f is



convex), so we have that (1 —t)(x,a) +t(y,8) = ((1 — t)z + ty, (1 — t)a + t5), which belongs to
epi f since epi f is convex. Thus we have that

S =tz +1ty) < (1 —16)f(z) +1f(y) < oo.
In other words, (1 — ¢)z + ty € dom f, so dom f is convex.

For the second statement, since o and 3 are arbitrary, it follows that with a = f(x) and 5 = f(y),
we have that

F((A=tx+ty) <(1—t)f(x) +tf(y),

for all x,y € dom f and for all ¢t € (0,1), so f is convex. Conversely, assume that (1) holds; we
will show that f is convex by showing that its epigraph is convex. Let (x, @), (y,3) € epi f and let
t € (0,1). Then we have that z,y € dom f, so t € (0,1) and

fFA=t)z+ty) <A —t)f(x) +tf(y)
< (1 -t)a+1p,

so (1 —t)x +ty € epi f, and thus epi f is convex, so f is convex by definition. O

Remark 1.10. A similar construction from set to function is used for nonconvex functions. For
example, we say that a set S C R™ is semialgebraic if

S = U {r eR” :pjl(x) = :pji(x) = O7Qk1(x)""’qh(x) > 0},
i=1

for polynomials pj,,...,Dj;,qky»--->qk, € R[X]. Then a function f : R™ — R is semialgebraic if
its epigraph epi f is a semialgebraic subset of R*T1. Indeed semialgebraic functions share parallel
properties with convex functions—for example, the domain of a semialgebraic function is itself
semialgebraic.

Example 1.11. 1. Consider the parabola f defined as = + 22 for z € R. This function is
convex and semialgebraic. Its epigraph is
epif = {(z,a) ERxR:2%? < a}
={(z,0) eR?*:a—2?> >0} U{(z,0) € R?:a —z® = 0},

Therefore the epigraph is a finite union of a strict system of polynomials, and thus is
semialgebraic. Consequently, = — 22 is semialgebraic.

2. Consider the distorted parabola g defined by = + /|z|. This function is not convex,
but it is semialgebraic. Its epigraph is

epig ={(z,a) e RxR:+/|z| < a}
={(z,0) eR?:z < a? x> —a? a >0},
which is semialgebraic.

Semialgebraic functions, unlike convex functions, can have a “kink” in their graph, as we see
in the example of g. This is because the epigraph of a semialgebraic function is not necessarily




convex. As we will show, however, all convex functions are locally Lipschitz continuous, and
thus have no kinks.

§1.2. Why study convex optimisation?

The study of convex optimisation involves a lot of the beautiful theory of optimisation, but beyond
this, there are so many applications of convex optimisation that it is hard to list them all. Here are
a few:

1. Linear regression. In this area we are interested in the problem of finding a line that best fits
a set of data points. This is a problem that is very common in statistics and machine learning.
The problem can be formulated as follows: given a set of data points {(z;,v:)}"; C R?
we want to find the line y = az + b that minimises the sum of the squared errors written
as > 1, (y; — aw; — b)%. This problem can be formulated as an unconstrained optimisation
problem:

inf{HA:): —b2ize IR”} .

This is a very popular convex problem, and we fully understand its solutions as prescribed by
the Moore-Penrose pseudoinverse. We will see this problem again in the course.

2. Ridge regression. This is a variant of linear regression that is used to prevent overfitting. The
problem is formulated as follows: given a set of data points {(z;,v;)}"; C R?, we want to find
the line y = ax +b that minimises the sum of the squared errors written as > -, (y; — ax; —b)?
plus a regularisation term A(a? + b?), where A > 0 is a parameter that controls the amount of
regularisation. This problem can be formulated as an unconstrained optimisation problem:

inf {||Ax b2 Afz]2 i w e uan} :

This is also a very popular convex problem, and we fully understand its solutions as prescribed
by the Moore-Penrose pseudoinverse.

3. Support vector machines. This is a very popular machine learning algorithm that is used
for classification. The problem is formulated as follows: given a set of labelled data points
{(xi,yi)}_y CRP x {—1,+1}, we want to find the line y = azx + b that minimises the margin
between the line and the data points. This problem can be formulated as a constrained

optimisation problem:
I
inf {n DG+l (€w) € X} :
i=1

where X = {({,w) ER* x RP 1y (w'w; —b) > 1—¢ and Vi € [n],& > 0}.

4. Control theory. This is a very popular area of mathematics that is used in engineering and
economics. The problem is formulated as follows: given a system of differential equations
& = f(z,u), where x € R™ is the state of the system and u € R™ is the control, we want to find
the control u that minimises the cost function fOT 0(x(t),u(t)) dt, where £ : R" x R™ — R is
the running cost and 7" > 0 is the time horizon. For us we will typically be interested in conic
optimisation problems, for example, finding a stabilising controller leads us to the following
problem:

inf {(C,X): X € ANS}},



where A= {X € §": (4;, X) + (X, A;) <0,Vi € [m]} is an affine subspace of S™ and S7 is
the cone of positive semidefinite matrices.

. Portfolio optimisation. This is a very popular area of mathematics that is used in finance.
The problem is formulated as follows: given a set of assets {z;}"_; C R", we want to find the
portfolio x € R™ that maximises the expected return E[z " z;] subject to the constraint that
the portfolio has a certain risk, which is measured by the variance Var[z"z;]. This problem
can be formulated as a constrained optimisation problem:

n n n
sup {Z Wi Z T; = 1,2 a?mi <ol ze IR"} ,
=1 i=1 i=1

where p; is the expected return of asset ¢ and 012 is the variance of asset 1.

. Neural networks. Another popular example for optimisation where convexity may not be
present in the objective but convex optimisation shows up in the analysis are problems of the
form

inf {f (W1,...,Wg,by,...,bg) : W; € R"*™ b € R},
where W is a matrix of weights, b is a vector containing the bias terms, and f takes the form

n

1
f(Wla-‘-aWE’bla---abZ):EZ(WKU(WZ—IU('"U(W1$i+b1)"')+b€—1)+b€_yi)a

=1

with training data {(z;,y;)}7~; € R? x R? and o is a nonlinear activation function. This
function f, while nonconvex, is still locally Lipschitz as a composition of all of these applications
of the activation ¢ to the affine forms. Thus Va € R", there are r, L > 0 such that for all
x,y € B(a,r), we have that |f(z) — f(y)| < L||x — y||2, and so we can define a subderivative
Of(x) = R™ as the set-valued map that goes from R™ to the set of nonempty closed subsets
of R™. We have that 0f is convex for all z € R™ and that df(x) C df(y) + L||x — y||2 for all
x,y € R™. This is a very important result that we will frequently use for the analyses.

. Convergence rates for semialgebraic optimisation. Let z* € R™ be a limit point of a sequence
{z£}2, CR™ and let f: R™ — R be a semialgebraic function such that df = 0 at z*. Then
we know that there exists a convex function ¢ : [0,00) — R and r > 0 such that although
V|| = 0asx — a* for f € C!, we can postcompose f with 9 so as to bound it away from 0:

V(o f)(z)] >1 forall xe€ B(z*,r) suchthat f(x)= f(z").

A useful application of the above arises when we try to establish linear convergence rates for
the analyses of many convex optimisation algorithms.

. Compressed sensing. This is a very popular area of mathematics that is used in signal
processing. The problem is formulated as follows: given a set of measurements y € R™ and
a sensing matrix A € R™*", we want to find the signal 2 € R™ that minimises the ¢;-norm
||z||1 subject to the constraint that Az = y. This problem can be formulated as a constrained
optimisation problem:

inf {||z|; : Az =y,z € R"}.

This has a very close relationship to the restricted isometry property [CT05], which has
made its way into low-rank matrix recovery, matrix completion, and many other areas of
mathematics.



9. Principal component analysis (PCA). This is yet another area where convex optimisation
shines, particularly in the area of robust PCA where we are interested in taking some data
matrix M € R™*™ and decomposing it as M = Lg + Sy where Lg is a low-rank matrix and Sy
is a sparse matrix. This problem can be formulated as a constrained optimisation problem:

inf {||L||« + A[S]l1: L+ S =M,L € R™*", S e R™*"},

where || - ||« is the nuclear norm and || - ||; is the entry-wise £;-norm. This problem is very
popular in the area of machine learning.

10. Polynomial optimisation. In this area we are interested in the problem of finding the global
minimum of a polynomial f : R”™ — R over a semialgebraic set X C R™. This problem can be
formulated as a constrained optimisation problem:

inf {f(z) : 2z € X},

where X = {z € R" : pi(z) = --- = 0and pgr1(x),...,pm(x) > 0} is a closed basic
semialgebraic set, where py, ..., pm € R[X] are polynomials in n variables. Although we can’t
take unions freely for this kind of semialgebraic set, we still have a degree of generality which
captures as special cases problems in linear optimisation, quadratic programming, integer
optimisation (since the constraint x; € {0,1} is the same as 27 — x; = 0 over R), and many
other areas of mathematics.

One can solve polynomial optimisation problems to global optimality using a sequence of
convex optimisation problems—this is a remarkable fact! Consider the minimiser of a function

inf f = inf dp =0, [ du=1"%.
- g, (oo o)

supp(X)#0)

The point of view we will be taking here is that we can take this problem which is in finite
dimension (over R™), “lift” it to an infinite-dimensional problem (over M (X)), and discretise
the formulation of the problem to get finer and finer approximations. Then for all z € X,

inf [ fdb. = f(w) < f(o).

This is a very powerful result that we will see in the course.

11. Optimality conditions for nonconvex and convex problems. These problems often crucially
rely on convex cones, as we will see in the course. An example is the following optimisation
problem

2?2 +12 <1

inf{zy — 22} subject to
{zy — 27} ] {33@ o1

§1.3. Examples of convex sets

Let F, E1, Es, and F' denote Euclidean spaces, that is, finite-dimensional real-valued vector spaces
equipped with an inner product (-,-) and the induced norm | - ||. Here is a nonexhaustive list of
convex sets we will come back to from time to time:



. Hyperplane. A hyperplane of (E, (-,-)) is a set of the form
H(§ a)={z € E: () =a},

where £ € E'\ {0} and a € R. This is a convex subset of E as one can readily verify via the
definition of convexity.

. Halfspace. A closed halfspace of E is a set of one of the following forms:
HY (¢ a)={r € E:(§ ) > a},
H™(§a)={z e E:({) <a},

where £ € F'\ {0} and a € R. We say that the halfspaces are open if we replace the inequalities
with strict inequalities. These are all convex subsets of E as one can readily verify via the
definition of convexity.

. Orthant. The nonnegative orthant is the set of points with nonnegative components, i.e.,
RYy ={z eR"|z; >0,i=1,...,n} ={x € R" |z = 0}.

For example, the cone of positive semidefinite matrices is a nonnegative orthant. The orthant
is a convex subset of E.

. Minkowski sum of convex sets. Given two convex sets C1,Cy C E, we define the Minkowski
sum of C'; and (5 as
C1+Cy = {:L‘l +x0:11 € Ch,20 € 02}

This is a convex subset of E. Likewise, the product aC' of a convex set C' C F and a positive
scalar a > 0 is a convex subset of F.

. Affine subspace. An affine subspace of F is a set of the form
A(zo,8) ={x € E:ax=1x9+¢},
where zg € F and £ € E'\ {0}. This is a convex subset of E.

. Intersection of convex sets. Given a family of convex sets {C;};cr, we define the intersection
of the family as

mCi ={rx e E:Vielxe(}.

el
This is a convex subset of E. Like we showed, the union of a family of convex sets is not
necessarily convex.

. Image of linear map. Let A: E — F be a linear map. Then the image A(C) (resp. the
preimage A~1(C)) of A for a convex set C C E (resp. C C F) is convex.

. Cross product of convex sets. Given two convex sets C7 C EFq and Cy C Es, we define the
cross product of Cy and C5 as

C1 x Cy = {(xl,xQ) € F1 xEy:x1 € 01,1‘2 S CQ}
This is a convex subset of E; X E5 as one can readily verify via the definition of convexity.

. Convex polyhedron. A convex polyhedron of F is a set of the form {z € E : Az < b}, where
A:E — R™is a linear map, b € R™, and Az < b means (Azx); < b; for all i € [m]. This is an
intersection of a finite number of closed halfspaces and thus is convex.

10



§2.

Lecture 02—26th January, 2024

Last time we introduced some early notions in convex optimisation. Today we will explore even
more, starting with more examples of convex sets.

§2.1. Further examples of convex sets

10.

11.

12.

Simplex. The simplex A, = {# € R" : x = 0,172z = 1} is a convex subset of R", as it is an
intersection of an affine subspace and a positive orthant. The n-dimensional simplex is the
convex hull of the standard basis vectors in R” (we will see what the convex hull is later on).

e 0.0.1)

Set of positive (semi)definite matrices. Let S™ be the vector space of symmetric matrices of
size n x n, with dimension (g) Then the sets

S"={AeS8": A0}
St ={AeS": A~ 0},

that is, the sets S and S, of positive semidefinite and positive definite matrices respectively,
are convex. Indeed, if A, B € S%, then for all ¢ € [0,1] and for all v € R”, we have that

v (1—t)A+tB)v=(1—t)v' Av+tv Bv >0,

so (1 —t)A+tB € ST. The same argument applies for ST _ .

Intersection of affine space and PSD matrix. If A is an affine subspace of S, then ST N A
is convex, as an intersection of convex sets. As an example, consider the set

A={X €8 : L(X)=b},

where L : S™ — R™ is a linear map and b € R™. Then S N A is convex if X = 0 implies that
L(X) = b. As anptother example, consider the set

A:{Ao—FZaiAiZOZG[Rm},

=1

where Ao, ..., Ay € 8™ Then STNA> X = A+ /%, a;A; = 0 is convex. These are called
linear matrix inequalities (LMIs) and are very important in control theory.

11



§2.2. Geometric aspects of convex sets

Let E be an Euclidean space. We will now explore some geometric aspects of convex sets.

§2.2.1. Affine hull

An affine set can be understood as a set that is “flat” in the sense that it contains all of its line
segments, a translation of a linear subspace. An affine set is something like {x} + L, where x € F
and L is a linear subspace of E. The affine hull of a set is the smallest affine set that contains the
set. Before we define the affine hull more formally, we present the following proposition:

Proposition 2.1. Let A C A and A # @. Then the following are equivalent:
(i) A is an affine subspace.

(ii) For all x,y € A and for all t € R, we have that (1 — t)x + ty € A.
(i1i) The Minkowski difference A — A is a linear subspace of E, and A+ (A — A) = A.

Proof. We will show that (i) = (ii) = (iii) = (i).

e (i) = (ii). Let A be an affine subspace. Then there exists a linear subspace L and a vector x
such that A =x¢9+ L. Let z,y € A and let t € R. Then x = 29 + u and y = g + v for some
u,v € L, so

(I—tr+ty=1—t)(xo+u)+t(xog+v) =20+ (1 —t)u+tv € A,
so (i7) holds.

e (it) = (iit). Let A be a set such that for all z,y € A and for all ¢ € R, we have that
(1 —t)x +ty € A. Then for all x,y € A and for all t € R, we have that

r—y=010-t)zr+ty—x €A,

so A— A C A. Similarly, we have that A— A C A,so A—A=A. Let z € Aand let y € A— A.
Theny =xz—zforsome z € A,sox =y+2z€ A+ A,s0 A C A+ A. Conversely, let z € A+ A.
Then x =y + 2z forsome y,z € A,sox—y=2€ A, s0 A+ AC A, s0o A+ A= A. Thus
A — A is a linear subspace of E.

e (i1i) = (7). Let A be a set such that the Minkowski difference A — A is a linear subspace of
E,and A+ (A— A) = A. Then for all ,y € A and for all t € R, we have that z —y € A — A,
so(l—-tix+ty=xz—(1—t)x+tye A— A, so (1 —t)x+ty € A, and so it follows that A is
an affine subspace. ]

We now define the affine hull of a set.

Definition 2.2 (Affine hull). The affine hull of a subset P C E is the smallest affine set containing
P which has the form
affP= (] A

A is an affine
subset of E
containing P
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Definition 2.3 (Affine combination). An affine combination of P is an element x € E of the form
x =" tix;, wherem € N* ={1,2,...}, t = (t1,...,tm) € R™ and x; € P such that 17t = 1.

The following proposition provides a clearer connection for these objects and how they all relate.

Proposition 2.4. (i) A set is an affine subspace if and only if it contains all affine combinations
of its elements.

(ii) If P C E, then aff P is the set of affine combinations of elements in P, that is,

m
aff P = {thxz cmeNteR™ ;e P11t = 1}.
i=1

Proof. We prove each part separately.

(i) The proof for the reverse direction is immediate given the (ii) = (i) part of Proposition 2.1.
For the forward direction, let A be an affine subspace; we will prove the result by induction
on the number of elements in the affine combination. If m = 1, then the result is immediate.
Suppose m > 1. Define the event H,, as the event that A contains all affine combinations
of m of its elements. Then Hs is true by the (ii) = (iii) == (i) part of Proposition 2.1.
Suppose that H,, is true; we will prove the result for H,,+1. Consider an affine combination
with m + 1 elements of A. Then

m—+1 m-+1
$:Zti fothizlandeA
i=1 i=1
m—+1
= tlxl + Z tixi
=2
m—+1 )
_— p— L . 1 .
=tix1 + (1 —t1) Z T ti:::Z since t; # 1.
=2
€ A by Hm
€ A by Ho

Note that the ¢; # 1 condition is satisfied because Z?:{l t; =1 and therefore without loss of

generality, it is impossible for all ¢;, = 1. Thus H,, = Hm+1, so by induction, H,, is true
for all m € N*.

(ii) Define X = {37, tiw; : m € N*,t € R™,z; € P, 17t = 1}. We will show that aff P = X by
showing that aff P C X and X C aff P. First we know that aff P C X, since P C X (simply
by taking m = 1), and X is affine, so that aff P C X. Next we show that X C aff P via the
following series of inclusions:

m
X = {Ztﬂ:i:me N teR™1t=1,2; € P,}
=1

m
C {Zm tm ENtER™, 1Tt =1,2; € aﬂ-’P} since P C aff P
=1

Cafft P as aff P is affine and by Prop. 2.4(i).

13



Thus the results hold. O

§2.2.2. Convex hull

The convex hull of a set is the smallest convex set containing the set, and is defined as follows:

Definition 2.5 (Convex hull). The convex hull of a subset P of E is the smallest convex set of E
containing P, which has the form
coP = ﬂ A.

A is an convex
subset of E
containing P

Definition 2.6 (Convex combination). A convex combination of P is an element x € E of the form
x =" tix;, wherem € N*, t = (t1,...,tym) EApy={a €R™: 1T =1,a = 0} and x; € P such
that 1Tt =1 and t > 0. The set of all convex combinations of P is denoted by conv P.

e ————

— -

—_————— —-——

In the figure above, the blue region is the subset P, and the red region is the convex hull co P.

Proposition 2.7. (i) A set S is convex iff it contains all convex combinations of its elements.

(ii) If P C E, then co P is the set of convex combinations of elements in P, that is,
coP:={>"" tix; :me N te A,z € P}.

Proof. Exercise. (See Appendix A for a proof.) O

§2.3. Fundamental property of the convex hull: Carathéodory’s theorem

On R?, consider a point z in the convex hull of 1, z9, 5.

Z2

z3

Zq
I

Ts

x € co{x1,x2, x5}

14



Here P = {x1,...,x5}, and by Proposition 2.7, € co P if and only if x is a convex combination of
Z1,...,Ts5. Note that here co P = {t1z1+...+t525 : t1+...+t5 = 1,t1,...,t5 = 0}. Carathéodory’s
theorem states that if x € co P, then x is a convex combination of at most n + 1 points in P, where
n is the dimension of the space. In the figure above, x is a convex combination of z1,zs, x5, and so
x is a convex combination of at most 3 points in P.

Theorem 2.1 (Carathéodory’s theorem, [Car07]). Let P be a subset of a vector space E of dimension

n. Then any element of co P can be written as a convexr combination of at most n+ 1 elements of
P.

Proof. We will show a weaker version: that any element of co P can be written as a convex
combination of n + 1 elements of P. Let x € co P be a convex combination of m > n + 1 elements
r1i,...,Tm € P, that is,

m
= timi, t€Apm, ti,...tm>0.
1=1

It suffices to show that x can be written as a convex combination of m —1 elements among x1, ..., Tm:

()1 () e

dim(EXxR)=n+1

>n+1

This the vectors are linearly dependent, i.e., there exist (aq,...,am) # (0,...,0) such that
x x
a1 (f) +...+am< 1’”) =0,

a1xry + ...+ apr, =0,
ap+ ...+ ay, =0.

that is to say,

Since o # 0, we can assume without loss of generality that there exists an index k such that ay # 0.
Then we can write
.
e X

Observe now that

(673 (67

S (ti—t-—)= > it > —
- (677 - - (677

1<i<m 1<i<m 1<i<m

ik ik ik
1

=1ty —tp — (—ay) = 1.
Qg

All that is left to prove is that t; — ¢, - 2‘—; > 0 for all ¢ # k. This condition is equivalent to, recalling
that oy > 0 for t1,...,tn,

—2%, for all © # k.
k t;

15



This holds if we choose k € argmax{a;/t; : 1 <14 < m}, which indeed yields o > 0. Thus x can be
written as a convex combination of m — 1 elements of P. By induction, we can conclude that any
element of co P can be written as a convex combination of at most n + 1 elements of P. O

§2.3.1. Relation to linear programming

Recall that a linear program (LP) is a problem of the form: given an input of the following m
inequality constraints:

anxy + ...+ apx, < by,
KCR"=

121 + .o+ ATy < by,

where every a;;,b; € Q, for i € [m] and j € [n]. The goal is to determine whether there exists a
solution, i.e. K # @, or to maximise ¢' x for some ¢ € Q*. If K # @, we output a point in Q" in K
if K = @, we output a proof that it is empty.

Intermission: the Fourier-Motzkin elimination. If some nonnegative linear combinations of the m
input constraints give us 0 > 1, then clearly the LP is infeasible. So we define the following:

Definition 2.8 (LP unsatisfiability). A proof of unsatisfiability is m multipliers Ai,..., Ay = 0
such that the sum over i € [m| of \; times the ith constraint is equal to 0 > 1, i.e.,

Ata1; + ...+ Amami =n for all i € [n],
Ab1 4+ ..o+ Apby, = 1

Suppose we have a set of linear inequalities 2?21 ajjxrj = by, i = 1,...,m, where a;;,b; € R for
i € [m] and j € [n]. The Fourier-Motzkin elimination method is a method to eliminate variables x,
for some k € [n] from the system of inequalities, via the following steps:

(1) For each j € [m], do the following:
e If a;;, > 0, then multiply the jth inequality by 1/a;.
e If a;; <0, then multiply the jth inequality by —1/a;p.
(2) Form a new system of inequalities as follows:
e Copy down all the inequalities in which the coefficient of x, is 0.

e For each inequality in which x; has positive coefficient and for each inequality in which
x1 has negative coefficient, form a new inequality by adding the two inequalities together.

A few remarks. The first step is to ensure that all the nonzero coefficients of xj are +1, and the new

system formed in the second step will not contain the variable x;. Furthermore, if z7,..., 2}, is a
solution to the original system, then x7,...,2;_{, 2} ,...,z; is a solution to the new system. And
ifzf,..., x5 1,2 .-, 2y, is asolution to the new system, then there exists z such that z7, ..., zj,

is a solution to the original system, as long as the original system is consistent. Hence the original
system has a solution if and only if the new solution does. So by applying the Fourier-Motzkin
elimination method repeatedly, we obtain a system with at most one variable that has a solution if

16



and only if the original system does. Since solving systems of linear inequalities with at most one
variable is easy, we can conclude whether or not the original system has a solution.

Consider S = {z € R" : Ax =b,x = 0} # &, where A € R™*" and b € R™. By the Fourier-Motzkin
elimination, S admits a vertex, i.e., a point v € S that is not of the form

(I-t)r+ty, t€(0,1), z#y, z,y#S.

The following proposition follows from our discussion above:

Proposition 2.9. Let P C E. The following statements are equivalent:
(i) x € coP.
(ii) There exists m € N*, along with 1,...,zy € P, and t € A, such that x = Y t;x;.

(iii) There exists m € N*, along with 1,...,zy, € P, and t € R™ with nonnegative t; such that

i1
x:(xl xm) : and 17t =1.
tm
(iv) There exists m € N*, along with x1,...,x, € P, and t € R™ with nonnegative t; such that
1 .- 1 —\1/)
~——
A b
Recall that t is a vertex if and only if there exists a basis % of the range of <$11 x{” ) such

that t; = 0 if i € %, where the number of elements in 8 < min{n +1,m} <n+ 1.

§2.3.2. Consequence of Carathéodory’s theorem

The following corollary is a direct consequence of Carathéodory’s theorem:

Corollary 2.10. The convex hull of a compact subset of a finite dimensional complex vector space
18 compact.

Proof. We will basically think of C* as R?", and apply Carathéodory’s theorem. Let P C C" be
compact. Given positive A € C" with ||A|| < 1, we can write by the spectral theorem,

n
A=) a;Fj
i=1
where 1 > a1 2 as > ... 2 o, 2 0 (with r < n), and P,..., P, are orthogonal projections. We
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may then write, setting a1 = ag = 0,

T r—1
A= OJTZP]‘ + Z(a]
J=1 j=1

r—1 r—2
= aTZP +(—1—0ap) Y Pi+ ) (o —ar_1)P;
7=1 J=1 7=1
r—1 r—k
= (ar—k - ar—k—i—l) Z R]
k=0 j=1

Since Z;;é (p—k — Qp_g+1) = ., we have that

r—1
A=(01—-a,) -0+ (Z (Qr— — ar—k+1)> - Qk;
k=0

where Qf = Z;;lf P; is a projection since it is a sum of pairwise orthogonal projections. Therefore
the above expression for A expresses A as a convex combination of projections. By Carathéodory’s
theorem, we can write A as a convex combination of at most n + 1 projections. Since the set of
projections is compact, the convex hull of the set of projections is compact. Since the set of positive
A with [|A|| < 1 is compact, the convex hull of the set of positive A with ||A]| < 1 is compact.
Since the set of all A € C" with ||A|| < 1 is compact, the convex hull of the set of all A € C" with
|Al] <1 1is compact. Since the set of all A € C™ is compact, the convex hull of the set of all A € C"
is compact. ]

§2.3.3. An equivalent result to Carathéodory’s: Helly’s theorem

We next prove a theorem due to Radon and cap today’s lecture off with Helly’s theorem. First, a
helpful lemma is as follows:

Lemma 2.11. Given a set V = {v1,...,vn} of vectors in R™, if |V| = n+ 2, then the vectors in V
are affine dependent.

Proof. Consider the set V' = {vg — vy1,..., v, —v1}. Since |V’| > n + 1, those vectors are linearly
dependent, and it follows that the vectors in V are affine dependent. 0

Theorem 2.2 (Radon’s theorem, [Rad21]). Define the set Q = {wi,...,wn}, with |Q] = n+ 2,
where w; € R™. Then there exist two nonempty disjoint subsets Q1 C Q and Qo C Q such that
QUQ = Q and coQly NcoQy # . In other words, there exist aq,...,qm,m € R such that

Zz’em o =1, Zieﬂ a; =1, and Zieﬂ QWi = Zieﬂz QWi -

Proof. Since we have that |Q2] = m > n + 2, the vectors in € are affine dependent by the result

above. Hence there exist reals A, ..., A\, some of which are positive, so that
m m
Z)\iwi:(), Z)\i:().
=1 i=1
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We may further define the index sets I; == {1,...,m : \; > 0} and I :== {1,...,m : \; < 0}.
Furthermore, I, I # @ and Zz’eh A= — Zielz Ai. Define A == > i, so that we have that

i€l
Ai Ai
Z)\iwi = —Z)\l‘wi — waz = _wai-
i€l i€l i€ly i€l

Now define sets Q1 = {w; : i € I} and Q9 := {w; : i € I}. Both of these sets are nonempty and
disjoint subsets of Q with Q1 UQy = (), and therefore co Q1 Nco Qs # &. Consequently we have that

Z%wi = —Z%wi € cofy Ncofa.

el 1€ly

The proof is done. O
We can now prove Helly’s theorem, which is a generalisation of Radon’s theorem:

Theorem 2.3 (Helly’s theorem, [Hel23]). Consider the space O := {Q1,...,Qn}, a collection of
convex sets in R™, with O > n 4+ 1. If the intersection of any n + 1 of these sets is nonempty, then
all the sets in the collection © have a nonempty intersection; more formally, (" Qm # @.

Proof. We shall prove the theorem by induction on |O|. For m = n + 1, the result of the theorem is
trivial. For the induction step, suppose that the theorem holds for |O] = m > n + 1. Consider a
collection of convex sets in R™, {Q1,..., Qm, Qt1}, with the property that any n = 1 of the sets
have a nonempty intersection. For ¢ = 1,...,m + 1, define the following:

m+1

o= (] @

=1, j#i

which has the property that ©; C Q; whenever j # 4, and ¢,5 € {1,...,m + 1}. By hypothesis,
©; # , so there exists an element w; € O; for each i € [m + 1]. Define the set W = {w1,...,wn+1}-
Applying Theorem 2.2 to W, we obtain two nonempty disjoint subsets Wi = {w; : ¢ € Iy} C W and
Wy ={w; :i € I} C W such that co W1 Nco W5 # @. We may select an element w € co Wy Nco Wa,
and show that w € ﬂ?g{l Q; # @. In order to do this, we first note that i # j for ¢ € I} and j € I,
which implies that 6; € Q; when ¢ € I; and j € I. For a particular i € {1,...,m+ 1} and i € I,
w; € ©; C Q; for any j € Io. Because ; is convex, it follows that w € coWs = co{w; : i € Ir} C ;.
Thus we have that w € Q; for any ¢ € I;. By a similar argument, we can show that w € €); for any
i € Is. Therefore we have that w € ﬂ;’;{l Q; # @. The proof is done. O
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83. Lecture 03—02nd February, 2024

§3.1. Conic hull

Let E be a vector space. Let Ry = {z € R: 2 >0}, and let Ry = {x € R: z > 0}. We present the
following definition:

Definition 3.1 (Cone). A subset K of F is a cone if tx € K for all z € K and t € Ry with t > 0.
The set K is a pointed cone if K N —K = {0}, that is, 0 € K.

Example 3.2. The set ST, = {X € R™" : X is symmetric and positive definite} is the
cone of positive definite symmetric matrices, but it is not a pointed cone.

Note that a cone is not always convex:

(0,1)

Thus it is convenient to define a notion of a hull that is for convex conic sets in particular.

Definition 3.3 (Conic hull). Let P be a subset of E. The conic hull of P is the smallest covex
pointed cone that contains P, which has the form

cone P = ﬂ K.

K is a convex
pointed cone of E

containing P
Just as before, we can define the conic combination of a vector subspace:

Definition 3.4 (Conic combination). A conic combination of a set P is a vector x € E of the form
x =" tix; where x; € P, m € N*, and t; > 0 for all i.

Proposition 3.5. 1. A set is a convex pointed cone if and only if it contains all conic combina-
tions of its elements.

2. If P C E, then, m
cone P = {thxz melNt>0,z; € P} .
i=1
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§3.2. Recession cone

The notion of a recession cone is very important, and will become especially useful when we discuss
the separation of convex sets. The recession cone of a set is the set of all vectors that can be added
to the set without changing its shape. More formally:

Definition 3.6 (Recession cone). Let C' be a nonempty closed convex subset of E. The recession
cone of C is defined by
C*={de E:C+RydCC}.

3

One can think of the recession cone C*° as being a visualisation of the convex set C when we “zoom

out” into an area with sufficiently significant perspective:

Note also—prove this for yourself—that C*° = {d € E : C + {d} C C}. Now given z € C, consider
C¥x)={de E:2+RdC C}
et
>0

We claim that this object is exactly the same as the previous one, i.e. vantage points do not matter:

Proposition 3.7. Let C' be a nonempty closed convex subset of E. Then C* is a closed convex
pointed cone, and

(i) C® ={d € E: there exists {xx}x>1 C C and t — oo such that xy/t, — d},
(ii)) C®° = C>®(x) for all x € C.

Proof. Note that for any ¢ > 0, the set (C'\ {z}) /t is closed and convex, thus so is C*°(z), and so
is the recession cone C*° = (.~ C*°(x). On the other hand, C* is a pointed cone because if, for
some receding direction d € C*° and t > 0, then td € C*°. Now we prove the properties listed.

Let x € C. To prove (i) and (ii), it suffices to show that C*°(z) = K, where

K = {d € E: there exists {zx}r>1 C C and t; — oo such that ? — d} .
k
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First we show that C*°(x) C K. Let d € C*°(x). Take some sequence of scalars {t;}r>1 with
tr — 00, and define x = = + txd. Then we have z; € C, and in particular, x/ty — d. Thus d € K.
Now we show that K C C*°(x). Let the sequence {zj}r>1 € C and {tx}r>1 — oo such that
xg/ty — d. Let t > 0. As soon as tg > t, t/tx € [0,1], and we have the convex combination

t
r+ —(xp—2)eC ——ax+tdeC,
tr k—o0

since the set is closed (every limit point resides within the set itself). Thus d € C*°(z). We have
now shown that C*°(x) = K for every z, and so C*° = |J,. C*(z) = K as well. O

Another helpful property of the recession cone is that it provides us us with a nice characterisation
of boundedness for convex sets:

Corollary 3.8. Let C be closed convex nonempty. Then C is bounded if and only if C*° = {0}.

Proof. By Proposition 3.7(i), if C is bounded, then C* = {0}, because the ratio xj/t} converging
to 0 is the only feasible possibility. Conversely, if C' is not bounded, then there exists some sequence
{zk}x>1 € C such that ¢ = ||z|| — oo and

Tk T

Tk _ Tk g0,
b e 47

Thus d € C*°, and we are done. O

§3.3. Topological aspects of convex sets: the relative interior

Consider the simplex Az residing in R3:

I

kel

T2

Although there is no way for this flat set cannot contain a ball for any point residing on it, it still
makes sense for us to consider the set of points that lie “inside” the set, that is, within its “interior”
relative to some other entity. This is the idea behind the relative interior of a set.

Definition 3.9 (Relative interior). The relative interior of a subset P of a vector E is

riP = {x € P: there exists r > 0 such that B(z,r)Naff P C P}.
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We say that C is relatively open if riC = C', and we define the relative boundary of C' as the set
difference C'\ (ri C). The relative interior of a set is always open, and for an n-dimensional convex
set, aff C = R™ by definition, so that ri C' is exactly the interior of C' in the usual sense.

Example 3.10. e An affine subspace (that does not equal the Euclidean space F) is not
open but it is relatively open.

e The relative interior of the sphere is empty.

Now if we have convex sets C1 and Cs with Cy C (s, it is not necessarily true that ri Cy C ri Cs!
Consider for a counterexample the sets C7 = {0} C Cy = [0,00). Then riC; = {0}, but riCy =
(0,00), so that ri Cy ¢ riCy. However, it should be obvious that if Py C P, and aff P, = aff P, then
ri P1 g ri PQ.

We now make a more explicit connection between convexity and the relative interior.

Proposition 3.11. Let C be a nonempty convex set. Then its relative interior riC' is nonempty,

and aff (riC) = aff C.
Proof. Let m be the dimension dim (aff C') of affine hull of C'. Thus there exists m + 1 points, say

1 1
linearly independent. For example, the following diagram elucidates the case when m = 1:

o, ..., Tm € C that are affinely independent, i.e. the embedding vectors (x0> Yo (wm> are

>

aff C

-

/i‘1
('V

-r~ o

If m = 0, then C is a singleton {x}, in which case the result is obvious, since B(z,r) Naff C =
B(z,r)N{z} = {z} € C. Now suppose that m > 1. It is easy to show that for any x € aff C, there

exists a unique set of scalars o = (v, ..., @) € R™ such that « can be written in the form
m
Tr =x9+ ZO&Z(LQ - xo).
i=1

The mapping we consider is the mapping

¢ :R™ = aff C

m m m
a— xo—i—Zai(:):i —x0) = <1 —Za,;) xo—l—Zaixi,
i=1 i=1

=1

which indeed defines a homeomorphism (i.e. a continuous bijection with continuous inverse) between
R™ and aff C.
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Consider now the set of coefficients corresponding to strict convex combinations of the points
xo, ..., Tm, that is,

m
Q= {aE[Rm:1—Zai>0,ai>0,i:1,...,m}.

i=1

Notice that Q2 is an open set in R™, and thus ¢(2) is an open set in aff C'; which concretely
means that for all points x in the image ¢(€2), we may find some scalar radius r > 0 such that
B(x,r) Naff C C ¢(Q).! Hence aff () = aff C, because the affine hull of a unit ball in a linear
vector space is the entire space itself, and () is relatively open, i.e. rip(2) = ¢(£2). Since
©(Q) C C, we get that

aff (ri C) C aff C,

and so aff riC = aff C. O

We will now present a lemma. Its first part is fairly intuitive: given a point in the relative interior
and one on the boundary, then the points in between should be in the relative interior. The second
is a little bit less intuitive but can be understood better from a geometric standpoint: for some
point x in the relative interior, we can find another point xg € C' such that when we push x a bit in
the direction of zg, we remain inside C.

Lemma 3.12. Let C be convex nonempty. Then if x € 1iC and y € C, then the half-open segment
[x,y) is contained in riC. Moreover, given some x € E, we have that x € riC if and only if for all
xo € C, there exists t > 1 such that (1 —t)zo + tz € C.

Proof. Consider the first part for distinct z and y (because otherwise [z,y) = @ C riC). Let
t €[0,1), and let B be the unit ball. We’ll show that z; := (1 —t)z + ty € ri C, that is, by definition,
(2t +eB) Naff C C C for € > 0 small enough. Note that since y € C for all £ > 0, we have that
y € C' + eB. Then, consider

(zt+eB)naff C = (1 —t)x+ty+eB)Nnaff C

(1—t)z+t(C+eB)+eB)naffC
= (tC+(1—t)- (z+1+tsB>)ﬂaﬁC

1-t¢

141
:tCﬂaffC+(1—t)<:c+ * aB>ﬂaffC
—— 1-1¢

= C by def.

cC sinc?erm eriC
CtC+(1-t)C=C,
since C is convex. Thus z; € riC, and so [z,y) CriC.

Now to the second part. For the forward direction, let z € riC. Then there exists € > 0 such
that B(z,e) Naff C C C. Then for all y € aff C, there exists ¢ > 1 but close to 1 such that

!This is entirely natural because in some sense the relative interior of C' is the description of an open set in the affine
hull of C' that is “contained” in C.
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(1 —t)y + tx € B(z,¢e), which is itself an affine combination since y € aff C and x € C. Thus
(1 —t)y+tx € B(z,e)Naff C C C. For the reverse direction, since C' # &, it follows that riC' # &
by Proposition 3.11. Take y € ri C. Then either y = z, in which case x € riC, or y # x, in which
case it follows that by assumption, there exists ¢ > 1 such that z = (1 — t)y + tx € C. Then
x € [y,z) CriC, since we know that y € riC and z € C. We can then conclude that x € riC. O

A quick application of the above is the following (left as exercises): 1iC = C, and 1iC = ri C for
nonempty C' C F.

84. Lecture 04—09th February, 2024

8§4.1. Operations on convex sets: the projection

This should be a familiar notion or us. The projection of z € E on C' C FE is related to the following
optimisation problem:

inf [z — y]l.
inf Jlo —y]

Speaking more precisely, the projection pc(x) of  on C' is the point in C' that is closest to x:

Definition 4.1 (Projection). Let C be a nonempty closed convex subset of E. The projection of
x € FE on C is the point

=a i —vy|l.
pc(x) rgggg\\x yll

Note that althoygh projections onto convex sets are not necessarily linear, there are still some nice
properties that they satisfy. We will discuss these now. Let H denote a Hilbert space over R and
C C H be a nonempty closed convex set.

Proposition 4.2 (Uniqueness of the projection). There exists a unique z € C' such that ||x — z|| =
infycc ||z — yl|, and we call z the projection of x onto C.

Proposition 4.3 (Characterisation of the projection). z is a projection pc(x) if and only if for all
y € C, we have z € C and (x — z,z —y) < 0.
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Intuitively, the inner product is never positive because x — z and y — 2z are in opposite directions
relative to the hyperplane.

Proposition 4.4. The projection is 1-Lipschitz continuous, i.e. for all x1,xo € H, we have

lpc(x1) — po(xe)|| < [Jx1 — 22|

Note that in Proposition 4.2, we cannot take any arbitrary norm. Consider the set C := {z € R? :
[l z]l1 < 1}

T2

We now define some spaces we will often work with.

Definition 4.5 (Hilbert and Banach spaces). A space H is a Hilbert space if it is a vector space
equipped with an inner product (-,-) that is complete (i.e. all Cauchy sequences converge in H ) with
respect to the norm || - || .= \/(:,-). A space X is a Banach space if it is a vector space equipped
with a norm || - || that is complete with respect to the induced norm || - ||.

Recall that the sequence (zy)nen is Cauchy if for all € > 0, there exists N € N such that for all
k,p > N, we have ||z}, — z,|| < €. A sequence is convergent if there exists € H such that for all
e > 0, there exists N € N such that for all n > N, we have ||z — x| < . A space is complete if
every Cauchy sequence converges in the space.

Example 4.6. e R" is a Hilbert space with the usual inner product and norm (and
so is any finite-dimensional vector space). Indeed, let (zj)ren be a Cauchy sequence
in R™. It is bounded and it belongs to a ball which is closed and bounded. By the
Bolzano-Weierstrauss theorem, the ball is compact, and so (zj)ken has a convergent
subsequence in the ball. Since the ball is closed, the limit of the subsequence is in the
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ball, and so the sequence converges in R”.

o L*() is a Hilbert space with the inner product (f,g) == [, f(z)g(z)dz.

e LP(1) is a Banach space with the norm || f||, == ([, |f(2)[Pdz) e,

We now prove Propositions 4.2-4.4 above.

Proof of Proposition 4.2. First we prove existence. By the definition of inf, there exists a minimising
sequence (Y, )nen in C such that ||z — y,|| converges to d(x,C) = infycc ||z — y||. We will show
that the sequence (y,)nen is Cauchy. We apply the parallelogram law of vectors, which states that
for all a,b € H, we have

la + Bl + [la — bl|* = 2[|a]|* + 2(1b]?,

to the vectors a = x — y;, and b = = — y,, for some k,p € N:
2 2 _ 2 2
20|z =yl + 2z — ypll® = llz =y + 2 =yl + 2 — y& — = + |7,

which implies that

4 x_yk’“‘yp

2
——
€C since
convex C

e — vl = 2l — il + 2]z — pl1%,

>d(z,C)?

which means that

i — wpll* < 2llw — yull* + 2]}z — yp | - 4d(=, C)*.
Now both the terms ||z — yx||* and ||z — y,||?
(Yn)nen is @ minimising sequence. Therefore,

converge to d(x,C)? themselves, since the sequence

lim |lyx —ypl? <2 lim |z —yi|> +2 lim o —y,[* — dd(z, C)?
— 00 k,p—o0

7pﬁo<) 7p

= 2d(z,C)% + 2d(z,C)? — 4d(z,C)? = 0,

Since H is a Hilbert space, there must exist some z € H such that for (y,)nen, we have ||y, —z| — 0,
i.e. Yo — 2z € H. Since C is closed, we have that the limit point z € C.

Now we prove uniqueness. Assume that there exist two distinct points z, 2z’ € C such that z # 2/
and

— :f —_ :f —_ = — ! :d ,C-
lz = 2} = inf o —yll = inf flo = yll = = = 2| = d(@, C)

Then define a sequence

z if n is even,
Yn = . .
2z if n is odd.

Now (Yn)nen is such that y, € C and || — y,| = d(z, C) trivially for all n € N. By the argument
above, (Yn)nen admits a limit in C, and by the uniqueness of the limit, we must have that z = 2/,
which is a contradiction. Therefore, the projection is unique. O
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A few points of note in the proof. The parallelogram law is a fundamental property of inner product
spaces, and it is used because it allows us to relate the distance between two points to the distance
between their average and the distance between the points themselves—which is engrained into the
very motivation of the projection.. The fact that the sequence (y,)nen is Cauchy is a key step in
the proof, and it is a consequence of the parallelogram law.

Proof of Proposition 4.3. We prove the forward direction first. Take y € C'. Given 0 < ¢t < 1,
2zt = (1 —t)z +ty € C since C is convex. We now use the fact that that z is a projection, i.e.
|z — z|| = infycc ||z — y|| < ||z — 2t||, which implies

0< llz— 22 — o — 2]
=(r—z,x—2z)— (x — zt,x — zt)
=(r—z,x—2)—(r—z+ty—ty,x —z+ty —ty)
—(x—z,x—2)—(x—z,x—2) = 2t(x — 2,y — 2) + 3 (y — 2,y — 2)
=2tz — 2,y — 2) + £y — 2],

and so 2t(z — 2,y — 2) + t?||y — z||?> > 0. Therefore for all ¢ € (0,1),

|2 t—0

t
(x —z,y— 2) <—§||y—2| — 0,

and thus we conclude that (z — z,y — z) < 0.

For the converse, we want to show that C' 3 ||z — z|| < ||z — y|| for all y € C. In particular, take
y € C. Then

lz = ylI* = llz = 2 + 2 — y|?
=llz —z* + |z —yl® ~2(z — 2,2 — y)
~— —_—
=0 =0
> ||z — 2|,

and so ||z — z|| < ||z — y|| for all y € C. Therefore z is a projection. O

The following is a useful result across convex analysis and optimisation, and we will return to it
more than once in this course.

Corollary 4.7. The closed convex hull of a set P C H is the intersection of all closed halfspaces
containing P.

Proof. We wish to show that
wP= ()| H ({o),

PCH™(§a)
£#0,a€R
where H™ (£, ) is the closed halfspace defined by H™(§, ) = {z € H : ({,z) < a}. Call the
set W = (\pcp-(e,a) H (€ ). We will show that W is a closed convex set containing P, and so

£#0,0€R
o P C W. To do this, note that W C H™ (&, «) for all £ # 0 and o € R, and that H~ (¢, «) is closed
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and convex, and therefore co6 P C H~ (§, ), as the closed convex hull is the smallest closed convex
set containing P C H~ (&, «). Therefore co P C W.

We now show that W C co P. Let z € W and let z = pes p(z). Assume that z # x. Then for all
£€#0, a € R and y € ¢o P, we have that by the characterisation of the projection (Proposition 4.3),
(y —z,x — z) <0, and so

<y—Z,._’E—Z><O — <y,IE—Z><<Z,$—Z>.

Now callﬁ~ = (y,2 — z) and & := (2,7 — 2). Then it is obvious that co P C H~=(£,a), and so
x € H (¢, &), where H—(§,a) = {x € H : (§,z) < &a}. It follows then that

Hx—z||2:<x—z,x—z><0 — =z,

which is a contradiction. Therefore z = x, and so z € ¢o P, and so W C ¢o P. [
Finally, we prove Proposition 4.4.

Proof of Proposition /4.4. Take z1,z9 € H, and apply the characterisation of the projection to
pc(z1) to get, for all y € C,

(1 —po(r1),y — po(r1)) < 0.

{po(l’l) ec,

Similarly, for pc(z2), we have for all y € C,

{pcm) e,

(x2 — pc(x2),y — po(x2)) <O.

Then by taking y = po(z2) in the first inequality and y = pc(x1) in the second inequality, we get

(1 — pc(r1), po(x2) — po(r1)) <
(z2 — po(x2), po(x1) — polxe)) <

0
0

and adding these two inequalities gives

(z1 —pc(21),pc(22) — Po(21)) + (T2 — Po(2), po(21) — po(22)) < 0.
Therefore,
(=pc (1) + po(z2),pc(x2) — po(r1)) < (x1 — 22, p0(21) — P (22)),
and so

(pc(x1) = pe(2), po(w2) — po(1)) = —|pe(r1) — pe(@2)|?

< (21 — 22, po(x1) — po(x2))
< oy — 22l|lpe(z1) — po(z2)l],

by the Cauchy-Schwarz inequality. So either ||pc(z1) — po(z2)|| = 0 < ||z1 — 2| trivially, or
Ipc(21) — po(e2)ll < [lz1 — 22| -
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The following definitions allow us to specialise the above results to finite-dimensional spaces.

Definition 4.8 (Coercive and strongly convex functions). A function f : H — R is coercive if
for all x € H, we have ||z|| - o0 = f(z) = oc0. A function f: H — R is strongly convex with
parameter o > 0 if for all x,y € H, we have

1) = f(@) + (Vf(2),y = 2) + Slly - all”

Definition 4.9 (Lower semicontinuity). A function f : H — R is lower semicontinuous at T € dom f
if for all x € H, we have liminfy_,o f(zx) = f(T), for any sequence x — x.

Fact 4.10. Let f : H — R be an extended real-valued function. Then f lower semicontinuous on H
implies that the epigraph epi f of f is a closed set in H x R with the product topology.

Proof. Take a sequence (g, tr)ren in epi f such that (zg,tx) — (z,t) € H x R. Then z; — x and
t — t, and so by the lower semicontinuity of f, we have f(z) < liminfy_, f(zx) < liminfy_,o tx =
t, and so (z,t) € epi f. Therefore epi f is closed. O

Proposition 4.11. If X is a nonempty compact set and f : X — R is lower semicontinuous (i.e.
epi f is closed on E x R), then inf,cx f(x) has at least one minimiser.

Proof. First we prove that inf,cx f(z) # —oo. Suppose by way of contradiction that this is untrue.
Then the family of closed sets F := {f~'(—a,a] : @ € R} has the property of finite intersection,
that is,

(V7 (=o0sa] = f7 (—oo, min ai:| £ 0.

1<i<

Because X is compact, we have that [ g fl(—~o0,a] # @. If it were empty, then take an open
covering of X using the complement of this infinite intersection, extract a finite subcovering, and
again take the minimum of the a; to get a contradiction. Therefore inf,cx f(z) # —o0.

Now we show that inf,cx f(x) is indeed attained. Again, suppose not. Then the union defined by
the set [J;Z; 1 (infeex f(z) + %, 00) is an open covering of X which admits no finite subcovering,
which is absurd, since X is compact—contradiction. Therefore inf,cx f(x) is attained. O

Corollary 4.12. Let X be a closed nonempty subset and let f: X — R be lower semicontinuous
and coercive. Then inf,cx f(x) is attained.

Proof. Exercise. (See Appendix A for a proof.) O

84.2. Normal cone and supporting hyperplane

Let E be a Euclidean space.

Definition 4.13 (Normal cone). Given a nonempty closed subset C of E, the normal cone to C' at
a point x € C is
N,C={veFE:{(vyy—zx) <0 foralyeC}.
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Indeed we will show that the assumptions on C' are redundant for the convexity of N,C.

Proposition 4.14. The normal cone N,C is a nonempty closed convex cone in E for all x € C.

Proof. First we show that N,C' is nonempty. Take x € C. Then 0 € N,C since (0,y—x) = 0 < 0 for
all y € C. Now we show that N,C' is closed. Take a sequence (v, )nen in N,C' such that v, - v € E.
Then for all y € C, we have
<V?y —3§‘> = lim <I/n,y—ZL'> < 07
n—oo

and so v € N,C. Therefore N,C is closed.
Finally we show that N,C is convex. Take v1,v9 € N,C and A € [0,1]. Then for all y € C, we have

A1+ (1= N,y —x) = XM,y —x) + (1= N (e, y — ) <0,

and so Av; + (1 — A\)ve € NC. Therefore N,C is convex. O

The following picture makes that connection more explicit:

v e N,C

Proposition 4.15. Let C' be a nonempty closed convexr subset of E. Let Eg be the linear subspace
parallel to aff C and let © € 0,qC = C\1iC, where riC' is the relative interior of C. Then N,C N Ejy
contains a nonzero element.

Proof. Without loss of generality, take aff C = E. If x € 9C, then C # F and there exists a
sequence (zy)ken in F\ C which converges to z. Let yx = po (k). Since yi, # xp, we can define the
unit vector
y= Tk N
gk — k| *

Then by the characterisation of the projection (Proposition 4.3), we have for all y € C,

<yk — Tk, Y — $k>
e — 2|

(Vi y — xg) = <0 = (v, y—uyi) <O.

Note now that ||yx — z|| = |lpc(zr) — po(z)]], since x € AC, and dC = C \ C° = C \ C°, and so
x € C'\ C°. Thus we have, since zj, — ,

lim |lyr — 2| = lim ||pc(zx) — pc(z)|| = 0. (2)
k—o0 k—o0
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Since E is finite dimensional, the unit sphere is compact and so there exists a subsequence (v;);en
of (Vg)kew such that vy, — v € S(0,1), d.e. ||| =1. Taking the limit in equation (2) gives that for
all y € C, we have (v,y —x) <0, and so v € N,C \ {0}. Therefore N,C N Ey contains a nonzero
element. O

Now we define the supporting hyperplane to a nonempty closed convex set C at a point x € 0C.

Definition 4.16 (Supporting hyperplane). A supporting hyperplane of a convex set C is a
hyperplane containing C' in one of its closed halfspaces and containing a point on the boundary of C.
It is thus a set which has the form

HE a)={z e E: (& x)=a},

where £ € E'\ {0}, with 0 # a € R and C C H™ (§, «) satisfies 0OCNH™ (£, ) # 2.

Note that a supporting hyperplane of C' at x € C is a supporting hyperplane of C' which contains
x.

85. Lecture 05—16th February, 2024

We will start by making a few more comments about the supporting hyperplane. Note that the
supporting hyperplane is not unique. For example, in the case of a polyhedron, there are infinitely
many supporting hyperplanes. However, the normal vector to the supporting hyperplane is unique.

The following property follows from many of the results we have already seen so far. Let (E, (-, -))
be a Euclidean space with inner product (-, ).

Proposition 5.1 (Supporting hyperplane). Let C' be a nonempty convez subset of E, let Ey be the
linear subspace parallel to the affine hull aff C, and let © € 0,qC, the relative boundary of C. Then
there exists a supporting hyperplane H(&,«) of C at the point x such that & € Ej.

Proof. Since aff C = aff C and ri C = ri C, it follows that Ej is also the linear subspace parallel to the
nonempty closed convex set C, and we have that z € 0, C = 0yeC. Therefore by Proposition 4.15,
there exists £ € (N,C N Ep) \ {0}. Then ({,y — z) < 0 for all y € C; in particular, C C HH(£, o),
where a = (£, x). In addition, z € H(§, o) N 0ye1C C H(E, ) N OC, so that H(&, «) is a supporting
hyperplane of C' at x with & € Ej. O

§5.1. Separation of convex sets

Definition 5.2. A hyperplane H(§, o) :== {x € E : ({,x) = a} where { # 0 separates two convez
sets Cy and Co if for all x1 € Cy and for all zo € Cy, we have (&, 1) < a < (&, x2).

This is equivalent to

sup (&, z1) < inf (€, x9).
z1€C x2€C2
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The idea here is very intuitive: the hyperplane H({, «) separates the two sets C; and Cy if it is
possible to find a hyperplane such that C; is on one side of the hyperplane and Cs is on the other
side. The following definition is a slightly stronger notion.

Definition 5.3. A hyperplane H(§, o) strictly separates two convex sets Cy and Cy if there exist
distinct scalars a1 and ag such that oy < as and for all x1 € C1 and for all o € Csy, we have
(§,71) < a1 < ag < (&, x2).

Similarly, this is equivalent to
sup (§,z1) < inf (£, x9).

z1€C z2€C2
Qg
Cy a
fT } ¢ O .
O{x (€, 7) = a} \/
Cl Ool

Theorem 5.1. Let C1 and Cy be nonempty convex sets in E. Then the following are equivalent:
(i) One can strictly separate Cy and Cs.
(i) 0 ¢ C1 — Cs.

(i5i) inf{||z1 — z2| : 21 € C1,22 € Ca} > 0.

Proof. First we show that (i) implies (ii). Suppose that H (¢, «) strictly separates C; and Cy. Then
there exist distinct positive scalars a1 and as such that a1 < as and for all ;1 € C7 and for all
x9 € Co, we have (§,11) < aq < ag < (§,x2). Then (£, 22 —x1) > ag — g > 0 for all z; € C and
for all o € Cs. Thus

0< inf o — I
r1€C1,22€C2 <§7 >

= inf —£,11—x
:E1€C1,:E2€CQ< 57 ! 2>

= inf (—
zeé?_cz< & )

= inf <_€7 IL’>,
zeC1—Cq

thus 0 ¢ C; — Cy; if 0 € C1 — Oy, then we would have infxem<—§, x) = 0, which is a contradic-
tion.

(In the final step of the proof above we are using the fact that if f : E — R is continuous and
X € E, then infx f = infs f. We provide a proof below. Clearly infx f > infw f, since the infimum
over a larger set is never larger. Conversely, for a sequence {z}} C X such that f(z;) — inf f,
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and thus we can find a subsequence {zy,} C X such that z;, — x as j — oo. Now for an
extraction ¢, take another subsequence wy, ) € X such that |f(zpow)) — f(zr)] < k%rl Then

F(Tepy) = f(@rpw)) — fzr) + f(or) — infx f as k — oo since f(wp,)) — f(zx) — 0 and
f(xr) = inf% f as k — oo. Thus infy f = inf f.)

Now we show that (ii) implies (iii). The infimum can be written as

inf{Hxl — ZL‘QH X1 € 01,162 € CQ} = 1nf{||x|| 1T E 01 — 02}

= min{||z|| : z € C; — C2} >0,

because the norm || - || is coercive and from Corollary 4.12. This happens if and only if 0 ¢ C — Cs.

Finally, we show that (iii) implies (i). Since the nonempty closed convex set C':= C1 — C does not
contain 0, the projection £ of 0 on C' is nonzero, and by the characterisation of the projection, for
all z € C, we have that (0 — &,z — &) is nonpositive. Then for all z; € C; and for all x5 € Cy,

(& m1— 22— &) <0 == (=& 21) +||€]* < (—€,22),
>

and thus (£, x1) < (£, z9) for all 1 € C} and for all x5 € Cy. Therefore H (&, «) separates C7 and
Cs. O

The following corollary follows immediately from the theorem.

Corollary 5.4 (Criteria for strict separation). One can strictly separate two nonempty closed
disjoint convex sets Cy and Cs if:

(1) C1 — Cy is closed; or,
(2) The intersection of the recession cones CT° N CS° = {0}; or,

(3) Cy or Cy is compact.

Proof. We start by establishing (1). By the implication (ii) = (i) in the above theorem and the

fact that 0 ¢ C; — Cy = Cy — Cy, we have that C; — Cs is closed if C1 and Cy can be separated
since C1 N Cy = 0.

Now we prove (2); by (1) above, it suffices to show that C; —C? is closed. Take sequences {x,(cl)} e C
and {ng)} € Cy such that mg) - x,(f) — x € E. We will show that x € C7 — Cy. Notice first
that the sequences {x,(cl)} and {x,(f)} are bounded; otherwise, if say, {*731(@1)} is not bounded, then

with tg == Hazg) ||, we can extract a converging subsequence {xg()k)} \ t,(k) Which converges to some
d € C°\ {0} and t ;) — oo, by Proposition 3.7. We then have that

W _ o RN
M _ @ To) "ot o oy Tett) _ etk

T - — T = — 0,
olk) - Telb) k) toky  totk)

since x is fixed and t,;) — oo; but then xél()k)/tw(k) — d € C7° and xg()/,c)/t@(k) — d e C5°,

and thus d € Cf° N CY° # {0}, which is a contradiction. Therefore, the sequences {x,gl)} and

{xg)} are bounded, and thus we can extract converging subsequences {x%)} — ) € C; and
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{x,(f)} — z(®) € Cy such that 9”8()@ — xg()k) =xz. Now z1 € (1 and z9 € Cs are limits of sequences
in é’l and Cs, and thus x1 € C7 and x9 € (5, and thus z = z1 — 29 € C; — (5, and thus C7 — Cy is

closed.
Finally, we prove (3). If C} is compact, then Ct° = {0}, and thus CT° N C9° = {0}, and thus we
can simply apply (2), and similarly if C is compact. O

To crystallise our understanding of the above corollary, we will provide an example for which we
cannot be able to perform strict separation for two nonempty closed convex disjoint unbounded
sets. Consider the following function f: R — R defined by

1/z ifz >0,
T
oo  otherwise.

Cq

. epif

Co

?

{(;U,y) € R? :y<0}

Take Ry = [0,00). Then the recession cones are C1 = Ry x Ry and C2 = R x R_. Then the sufficient
condition fails, because C7° N CS° = Ry x {0} # {0}, and neither of the sets is compact. Thus
we cannot strictly separate the two sets, which is nice because if it were, then we would have a
contradiction with the fact that the recession cones intersect at a nontrivial set. So closed convex
sets need not be strictly separable, and we need to be careful when dealing with unbounded sets.

We now consider the question of separability as opposed to strict separability, starting from the
following elegant result:

Theorem 5.2. One can separate two nonempty disjoint convex sets. That is, if C1 and Cy are
nonempty disjoint convex sets, then there exists a hyperplane H(&, o) such that C1 C H™ H (€, «)
and Co C HYH (&, ).

Proof. Let C := C1 — Cy. Then C is a nonempty closed convex set, and 0 ¢ C. We will show
that there exists £ € E \ {0} such that for all (xz1,z9) € C7 x Cy, we have (§,z1 — x2) < 0, i.e.
(z2 —21,€) 2 0.

If 0 ¢ C, then we can take the projection £ = pg(0) # 0, and then we have that for all z; € C; and for
all 29 € Oy, it holds that (0 — &, (29 — x1) — &) < 0, which then implies that 0 < ||€|? < (&, 22 — 21),
and thus (£, x1) < (&, z2).

Otherwise if 0 € C, then 0 € C'\ C C C \ 1iC' = 9,iC. Thus we can take ¢ to be the opposite of a

normal vector to C' at 0 which is nonzero, the existence of which is guaranteed by Proposition 5.1,
and which satisfies (o — 21, —&) < 0 for all z; € C; and for all z9 € Cs. O
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§5.2. Dual cone and Farkas’ lemma

Recall that a cone is the set K such that if for all z € K and for all A > 0, we have Az € K. The
dual cone is the set of non-negative dot products of some y € R™ with all z € K; more formally:

Definition 5.5. The dual cone of a subset P of E is the set

Pt ={zx € E:{(x,y) >0, forally € P}.

The dual cone is always a closed convex cone, and if P is a closed convex cone, then PT+ = P.

Observe that

Pt = ({z€E:(z,y) >0},
yeP

and thus PT is the intersection of half-spaces, and thus is a closed convex cone.

The notion of the dual cone generalises that of the orthogonal subspace, since if P is a linear
subspace, then Pt = P1, where Pt is the orthogonal subspace of P. Recall that if A: E — F is
a linear operator between finite-dimensional Euclidean vector spaces F and F', then the adjoint
operator A* must satisfy

range(A) = kern(A*)*,

1
A(E) = A(E) = (A*)™! (Ei) for K = B, by Farkas’.
Farkas’ lemma is a generalisation of all of this.

Lemma 5.6 (Farkas’ Lemma, [Far02]). Let E and F' be Euclidean spaces and A : E — F a linear
operator. Furthermore, let K be a nonempty convex cone of E. Then,

AR = (4 (x1))

Proof. We prove both inclusions separately. First, we show that A(K) C (A*_l (K +))+. Since
(A*_1 (K‘*‘))+ is closed, it suffices to show that A(K) C (A*_1 (K*))Jr. Let y € A(K), so that
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y = Az for some z € K. We will show that for all 29 € A*~! (K), we have that (y, o) > 0. To do
so, we compute the inner product:

<y,$0> = (A.’L',I'0> = <.CI?,A*£1?0> = 07

since € K and mg € A*~' (K*) with A*zg € K*. Thus y € (4*~! (K+))+, and thus A(K) C
(At (k)"

We now turn to the second inclusion; we will show that (A*_1 (K *))+ C A(K). Let us reason by
contradiction and assume that there exists some vector d € F' such that d € (A*fl (K +))+ but
d ¢ A(K), that is, d € (A*7" (KJ“))+ \ A(K). Then we can strictly separate {d} and A(K) because
one of these sets is compact. Thus there exists y € F' such that there exists a € R such that for
all z € K, we have (y,d) < o < (y, Az). Since this is a cone, we can take z — 0, and then we
immediately notice that (y,d) < o < 0. Recalling that K is nonempty, let ¢ € K; since K is a
cone, for all ¢ > 0,

— 0< (y,d) as t — 00,

As xg was arbitrary, we have that (A*y,z¢) > 0 for all zp € K. But then by the definition of
the dual cone, A*y € K+ and y € A* ' (K7), and thus d € (4** (K*))Jr, which implies that
(y,d) > 0. Yet we have that (y,d) < 0—contradiction; it must be that d € A(K), and thus
(A1 (k)T CA(K). O

This result is very important for optimisation; it is at the foundation of optimality conditions for
constrained optimisation (KKT conditions), and it is key in duality for linear programming,.

§5.3. Convex functions

Let f € conv E be a proper convex function.

Note that
ri(epi f) = {(z,a) € E X R:z €ri(dom f) such that f(z) < a},

due to Lemma 3.12. (The key implication is that if for all zp € C, there exists ¢t > 1 such that
(1 —t)xg+tr € C,thenz eriC.)

We now present some examples of convex functions.

1. Indicator. Given a set F, the indicator of P C F is the function 8, : E — R defined by

5p(x) 0 ifxeP,
) =
P oo otherwise.
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Proposition 5.7. If P C E and P is nonempty, then ép € conv E (resp. op € conv E) if
and only if P is convex (resp. closed and conver).
Proof. Exercise. (See Appendix A for a proof.) O

2. Affine functions. A function a : E — R is affine if for all z,y € E and for all ¢t € R,
a((1—=t)z+ty) =(1—t)a(x)+ ta(y). Equivalently, E > x +— a(z) — a(0) is linear. An affine
function has the form

a:z€FEw—a(x)=(z"7z)—a,

where z* € F and a € R. The function a is convex if and only if z* € E and o € R.

§6. Lecture 06—23rd February, 2024

§6.1. More on convex functions

We continue our discussion of affine functions from last time.

2. We begin our discussion today with the following crucial result that says that we can always
find for any convex function, an affine function that is a global (except for exactly one)
underestimator or a lower bound for the convex function.

Proposition 6.1. If f € conv(FE) and x € ri(dom f), then there exists a point * in the linear
subspace parallel to aff(dom f) such that for all y € E, we have

fly) = flz) + (=", y —2).

Proof. First note that (z, f(x)) € Orei(epi f). Indeed, (z, f(x)) € Orei(epi f) because (z, f(z)) €
epi f Cepifand (x,«) € aff (epi f) \ epi f for all @ < f(z), so that (z, f(x)) ¢ ri(epi f) by the
definition of the interior. As seen previously, ri(epi f) = ri(epi f), so (z, f(x)) € Orei(epi f).

Now by Proposition 4.15, there exists a nonzero normal vector (z,v) € N r(z))epi f\{(0,0)}
belonging to the parallel linear subspace to the aff (epi f) = aff (dom f) x R, that is, Ey x R,
where Fj is the parallel linear subspace to aff dom f. We have then that for all (y,«) € epi f,

(g, ) = (z, f (), (x5,v)) <O = (y — 2, 25) + (o — f(2))v <O (3)

We now make the following remarks:

a) For all a > f(x), it holds that (x,«) € epi f, and so we can apply (3) to get

(x —2,25) +(a = f(z))y <0.
i,o_/

In particular, with a := f(x) + 1, then (f(z) + 1 — f(z))v < 0, so that v < 0.
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b) Furthermore, v = 0 is impossible, since then we could take y = x + tz; € dom f for all
t > 0 small (because z € ri(dom f) and zj € Ep), and then (3) would imply that

(x4 taf —x,28) + (o — f(x))v <0 = t|z]|* <0,
and so the norm of 2§ would have to be zero, so that (z, ) = (0,0), which is impossible

since it is a nonzero normal vector.

Therefore we can just take 2* = —zfj/v and a = f(y) so that for all y € E, (3) gives

(y —z,20) + (f(y) = f2)v

and the proof is done. ]

The following example should be useful to keep in mind when thinking about the above result.

Example 6.2. Take the function

fa) = {1 —V1i—2% ifze-1,1],

00 otherwise.

Note now that 1 ¢ ri(dom f), so we cannot apply the above result to f at = = 1.
In particular, there is no affine lower bound that is exact at x = 1 (such that for affine
function a, a(1) = f(1)).

f(z)

~

1 1w

3. Sublinear functions. Intuitively, a sublinear function is a function that is “less than linear” in
some sense. We will make this precise in the following definition.
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Definition 6.3 (Sublinear function). A function o : E — RU {oco} is called sublinear if it is
subadditive and positively homogeneous, that is, for all x1,x9 € domo and for all t1,ts > 0,
we have

O'(tliL'l + t2$2) < tlo'(:nl) + tQO'(:L‘z).
The following proposition gives a useful characterization of sublinear functions.

Proposition 6.4. Suppose a function o : E — RU {oo} has a nonempty domain. Then the
following are equivalent:

(i) o is sublinear.

(ii) o is conver and positively homogeneous (i.e. for all x € domo and for all t > 0, we have
o(tx) =to(x)).

(iii) The epigraph epio is a convex cone of E X R.
Proof. Homework exercise; the proof is obvious. (See Appendix A for a proof.) O

Here’s an example of a sublinear function.

Example 6.5. If f € convFE and z € dom f, then we can define the directional

derivative .
fe+td) — 1) ¢

! = li
f(z,d) i :

It is easy to check that f/(x,-) is a sublinear function.

. Support functions. The support function of a set is a sublinear function that measures the
distance of a point from the set. We will make this precise in the following definition.

Definition 6.6 (Support function). Let P C E be a nonempty set. The support function of
P is the function op : E — RU {oo} defined by

op(x) == sup (d, z) .
rEP

Here’s another useful proposition:
Proposition 6.7. Let P, Py, P, be nonempty subsets of E. Then the following hold:
(i) The support op is sublinear and closed (i.e. domop = E).

(ii) One support dominates over another if and only if its closed convex hull also dominates
over the other, i.e. op, < op,, if and only if co P, C co P».

(iii) The supports are equal if and only if the closed convex hulls are the same, i.e. op, = op,,
if and only if €6 P = o Ps.

Proof. Homework exercise; as a hint, we use strict separation of convex sets. (See Appendix
A for a proof.) O
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§6.2. Subdifferentiability

From Proposition 6.1, it is quite natural to define the subdifferential of a convex function; intuitively,
the subdifferential of a convex function is a set of all the slopes of affine functions that are global
underestimators of the convex function. More precisely:

Definition 6.8 (Subdifferential). Let f € conv E. The subdifferential of f is the set-valued mapping
Of: E= FE from E to the subsets of E defined by

{zne E:VyekE, fly) = f(z)+(«"y—2)} ifredomf,

0 otherwise.

of(x) == {
The subgradient of f at x is any element of Of (x).

The subdifferential of f at € dom f is the set of slopes of all affine minorants of f exactly at x:

a(y) = (=%,y) + f(x) — (2", )
with point z* € df(z)

1 x

We will give a series of useful rules from calculus that follow naturally from the definition of the
subdifferential. All of their proofs are left as exercises. (See Appendix A for the proofs.)

Proposition 6.9. Let a > 0 and f € conv E with x € E. Then 0(af)(zx) = a-0f(x).

Proposition 6.10. Let fi,...,f, €convE and v € E. Then
P P
9 (Z fi) () 2 ) ofilx),
i=1 i=1

with equality if
ﬂ ri (dom f;) # 0.

1<i<p

Proposition 6.11. Let a: E — F be an affine function from Fuclidean spaces E and F, i.e.
a(x) = Az + b for some linear function A: E — F and some vector b € F. If g € conv(F'), then

d(gca)(x) 2 A* (9g(a(x))),

where A* is the adjoint of A, with equality if range(A) Nri(dom g) # (.
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Proposition 6.12. Let F: E — (RU{+0c0})™ be componentwise convez, i.e. for all x € E, the
function F(z) = (Fi(x),...,Fn(x)) is conver, and let x € E. Furthermore, let g: R™ — R be
convez and increasing in each component, i.e. for all y,z € R™ with y < z, we have g(y) < g(2).
Then the composition g o F' defined by

g(F(x)) if F(z) € R™,

400 otherwise,

(go F)(x) = {

s convezx, and

N

d(go F)(x) = {Z vix; such that v € 0g(F(z)), x; € 0F;(x), 1 < m} ,
i=1
if F(x) € R™ is finite.
Proposition 6.13. If f € conv(E) and = € ri(dom f), then f(x) is nonempty and compact.

Using these rules, we can now compute the subdifferential of some simple functions.

Example 6.14. Consider the function f(x1,22) = |z1| 4+ 2|x2|, and let z = (1,0). Then the
subdifferential is

0f (x) = {(1,0)} + {0} x [-2,2].

Indeed consider the level sets of this function:

T2

z1

{z} +0f(x)

The bolded line is the compact set that is the translated subdifferential at (1,0); all the
arrows from the point x to the line are the slopes of the affine functions that are global
underestimators of f at x; they are the subdifferential of f at x.

Indeed, the opposite direction of a subdifferential is an ascent direction of the function, even
if we take an arbitrarily small displacement from the point x in that direction. This is a very
strange—but we can convince ourselves of this algebraically or by the picture—we can’t count
on the convex values decreasing in the direction of the subdifferential. The idea from this
example that we will continue to use in convex optimisation however is that we can count on
progressively approaching a minimiser of a convex function by moving in the direction of the
subdifferential.
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§6.3. A subgradient method for minimising convex functions

We will now design an algorithm for minimising convex functions. Let f: F — R be convex and
assume that it admits at least one minimiser, that is, ) # argmin f > z*. Consider a sequence
(zx)r € N that satisfies, for all k£ € N,

Tpy1 € T — apdf(xy),

where the ay, > 0 are the step sizes. Now we will try to design some nice step sizes oy that guarantee
that the sequence (xy); converges to a minimiser of f. From the above example, it is hopeless to
examine the function values f(zp41) and f(xx) and try to control their difference; instead, we will
try to control the difference of the x; from a minimiser of f. By Proposition 6.1, we know that there
always exists a subgradient if the domain is the whole space E, so there exists some s € 0f (), so
that

zpi1 — 2*|)* = oy — ogsy — 2|7

= |l — 2*|1* = 20 (s, 2 — 3*) + o s]?

<l — 22 = 200 (F () — (@) + allsel)?,

where we have used the fact that s, € 0f(xy), so that f(z*) > f(xr) + (s, 2" — x). Now we want

to achieve a contraction property, ||zxr1 — *||* < [|zr — 2*||?. The term 2ay, (f(xr) — f(2*)) is

negative, since f(zx) > f(z*) and oy, > 0, so we only need to control the term a2||sg||>. Following

the method due to Polyak for the step size, let the function h(ay) == —2ay (f(x1) — f(2*))+ 2| si]|*

When some «, minimises h, the derivative of h at «y is zero, so that
d

Eh(ak) = =2(f(xx) = (@) + 20 [lsk[]” =0 = oy, =

flzg) — f(z¥)
Isell>

when h is minimised, and this is well defined since ||sg||? > 0 by the definition of the norm and the
fact that s; # 0 by the definition of the subdifferential. With this step size, we have that

k1 — 21 <l — 2|1 = 2a (f(ar) = f(2*)) + ailsell?

prpp ) = 1)

Is&]®

= ka - )

which is the contraction property we were looking for since the term (f(zx) — f(2*))?/||sk]|? is
nonnegative. Thus we have that

(f (@) — f(2"))?

<laog — 2|2 = ||epry — 2]
HSkH2 =X H H H +1 H ’

which builds up a telescoping sum, so that provided s; < L for all ¢ € N for some L > 0, we have

2
(o1 (in, ) - 1)) o (i S
0,...,122 <Z Jj=0,..., =
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N

* 2
\Z Hszll2 ’

< on - "%,

where L is a global lower bound for the subdifferential. Hence we get that

: « o Lllzo — 2]

i:HlQl_ka(xz) - f@) < BV
and so we have a result on the rate of convergence of the sequence (z); to a minimiser of f. Are we
okay with this result? Well, we have a rate of convergence, but we have no idea what the optimiser
x* is, so we have no idea what the optimal value f(z*) and consequently rate of convergence is in
general. However, for some problems we do know the optimal value. For example, suppose we are
trying to solve some linear system for which we want to minimise the ¢; residue, that is, we want to
solve the problem

min || Az — b1,
TeR™

where A € R™*™ and b € R™. This is a nonsmooth convex problem, and we do know that the
optimal value is zero, even if we don’t know the optimal z*. In some other cases, we tweak the step
size by obtaining a (possibly learned-from-data) bound on f and then tweaking the step size to be
proportional to the bound. This is the idea behind the backtracking line search method and others,
which we will not discuss.

Instead we try a different approach for the step size. Rewrite the inequality from the contraction
step as

20, (f(zx) = f(2*)) < o — 2(* = oy — 2|2 + oIkl

so that by a telescoping sum, we get

k
Zzaz f(@i) = @) < llwo — 2”7 + 3 o?sill”

=0
Since
) >
23205Z () — f(z¥)) > <zn(f)1’1n’kf(a:l > 22 a;
>0

we have that

_ 2 2 2 _ 2 L2 2
i f(o) — fa) < =T P+ TgadlslP? _ oo —a* P+ PEE 2
i=0,...,k 221 o ¥i 221 0

as k — oo, provided that Zf:o a; — oo and Z;C:O a? < oo, e.g. for ap = 1/(k + 1), which is the
harmonic series starting from 0.

If we take constant step size ap = « for all kK € N, then we have that

_ . llzg — z*||> + (k + 1)a?L?  ol?
) — <
Jmin flw) = f(@7) < 2(k + Do AP

as k — 0o, so that if our convergence criterion (||zg — 2*||? + (k + 1)a?L?)/(2(k + 1)a) < ¢, for
fixed € > 0, then the convergence rate is O(1/¢).
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Summarising all the steps above, we have the following algorithm for minimising a convex function.

Algorithm: SUBGRADIENT METHOD

e Choose a starting point 29 € dom f and a sequence of step sizes (ay)r € N such that
a >0 forall k € N and > 30 ja = 00 and > 7o @ < oc.

e For each k € N, do the following until convergence:
— Choose s, € 0f(xy)-
— Set xx11 € T — Qi Sk

e Return the minimiser f(xy).

We will need more tools to analyse convex optimisation algorithms, so we will now return to the
arena of convex functions and their properties.

§6.4. Regularity of convex functions

We will now discuss the regularity of convex functions, that is, the properties of convex functions
that allow us to control their behaviour. We will start with the following definition.

Definition 6.15 (Lipschitz continuity). A function f: E — R is called Lipschitz continuous with
constant L > 0 if for all x,y € E, we have

[f (@) = fy) < Lz = yl|

A function is called locally Lipschitz continuous if it is Lipschitz continuous on every compact subset
of its domain.

The following fact should be familiar from calculus.

Proposition 6.16. Let f: E — R be proper convex. Then the following are equivalent if E is open:
(i) f is Lipschitz continuous.
(ii) Of is uniformly bounded, i.e. there exists L > 0 such that for all x € E, we have ||z*|| < L
for all x* € Of (z).

Proof. Homework exercise. (See Appendix A for a proof.) O]

In the analysis from the previous section, we assumed that the subdifferential of the function was
uniformly bounded by some L > 0, which is really the same as assuming that the subdifferential
is globally Lipschitz continuous. We will now discuss the following result about proper convex
functions.

Theorem 6.1. If f € conv E is proper, then f is locally Lipschitz on the relative interior of its
domain, ri(dom f).
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Proof. Let x € ri(dom f) # (). By the equivalence of norms, there exists some radius r > 0 such
that {2’ : ||z — 2'||1 < r} Naffdom f C dom f, by the definition of the relative interior using
the ¢; ball instead of the Euclidean ball. In fact, there exist points xg,...,z;, € dom f such
that = € ri(co{zg,...,xn}) where m is the dimension of the affine hull of the domain of f, i.e.
m = dim(aff dom f). Hence there exists € > 0 such that B(z,e) Naff dom f C co{zo,...,zmn}. We
will show that for a point xj there is a neighbourhood of  on which f is Lipschitz continuous:

o
B(z,¢)
x3 €1
)
Define the infimum
I:= inf f> —o0,

B(z,e) Naff dom f

since f admits an affine lower bound on the compact set B(x,e) Naff dom f (for example, at x by
Proposition 6.1). Similarly we define the supremum

S = sup f < oo,
B(z,e)Naff dom f

since for all 2’ € co{xg,...,xm}, we have by Jensen’s inequality that
@) =r (Z tﬂi) < Z tif(xi) < max{f(zo),..., flzm)},
i=0 i=0

where t € A, is in the (probability) simplex.
Now let A := S — I. We will show that f is Lipschitz continuous on B(x,¢) with constant 2A /e:

B(z,¢)

To establish connections between the values, we look at some point 3" which is controlled by S and
I and guarantee by convexity that that point doesn’t vary too much.

Consider y,y’ € B(x,e/2) Naff (dom f). Let " be such that, as the figure above suggests,

/

" ;) € Y-y
Y=yt
2 |y v
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<1+ 6) Jo
2lly =l 2lly =l

<2llyy’ll+€>y,_ =,
2lly =yl 2/ly — /||

I _ € Ly 2||y,_y” ol
2ly" —yll +¢ 2y =yl +¢

Moving things around, we get that

Y

Indeed, we can upper bound f(y') using the fact that f(y”) is bounded:

Applying the convexity of f to the point 3/,

/ € ) 2|ly" — yll ) 1"
S gy =y T gy e 700

< 7o)+ ==Yy )

2(ly" —yll +¢
2[ly" — vl
< fly) + :
2(ly" —yll +¢

N

Therefore, for all y,y" € B(x,e/2), we have that

2A
F) = 1y) < —lly =l
and by a name change,
/ 2A /
W)~ F) < =y =l

and so oA
1fly) = f@)] < ?Hy—y'll-

Hence f is Lipschitz continuous on B(z,e/2) with constant 2A /e, and so f is locally Lipschitz
continuous on ri(dom f). O
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§6.5. Operations on convex functions

We will now discuss some operations on convex functions that preserve convexity.

Proposition 6.17. Let {f;}icr be a family of functions E — R, where E C R™ is a conver set.
Then
epi (sup fi> = [epi(f).
tel iel
Thus sup;cy fi is convex (resp. closed) if f; is convex (resp. closed) for alli e I.
Proof. Exercise. (See Appendix A for a proof.) O

Definition 6.18 (Marginal function). Let E and F be vector spaces and ¢: E x F' — R be a
coupling function. The marginal function f: E — R is defined by

J(@) = inf o(z,y).

The marginal function is a generalisation of the projection of a set onto a subspace, and it is a
useful tool in optimisation, particularly in the area of proximal methods.

Proposition 6.19. The marginal function f: E — R is convez if the coupling function ¢: ExF — R
18 convez.

Proof. We can write:
epiy f ={(z,a) e EXR: f(z) < a}

= {(m,a) € ExR:inf p(x,y) < a}
yeF
={(z,a) € ExR: 3y € F such that ¢(z,y) < a}.

Consider now the set
epi; o = {(7,y,0) € EX F X R:p(z,y) < a},

and note that
epiy f = TExr(epi; @),

where mpyxr defined the linear map that is the canonical projection onto the first and third

coordinates:
{WEX[R:EXFXIR%EX[R,

(z,y,a) — (z,q).

Since the projection of a convex set is convex, we have that epi, f is convex, and so f is convex. [

Proposition 6.20. The subdifferential of the marginal function f: E — R is given by
Of(x) ={a" € E: (27,0) € 0p(z, yz)},

if © is convexr and the infimum is reached at some y, for all x € dom E.
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Proof. By definition,

" € 0f(x) <= f(a') > f(x)+ (2%, 2/ — ) for all 2’ € E
— oY) > o(z,ys) + (", 2" — x) foralla’ € B,y € F
= @ y) = p(,y2) + ((27,0), (", y) = (z,95)) foralla’ e By’ € F
= (2%,0) € (2, yz),
where the last equivalence follows from the definition of the subdifferential. O

This idea of going from functions to sets and back to functions is a common theme in convex analysis,
and it will frequently appear as we continue our study of convex optimisation. In fact the marginal
is the most general of all of the operations we have discussed so far, and it is a very useful tool in
proximal algorithms. We will now discuss the infimal convolution of two functions.

The infimal convolution Take functions f,g: F — RU {co}. The infimal convolution of f and g
is the function fdg: E — R defined for all z € E by
(fH9)(z) = it {f(v) + 9> —y)} = nf{f(v) + 9(2) : y + 2 = 2},

This is a bit of an odd notion; the following proposition helps us understand what the inf convolution
corresponds to: the inf convolution is somewhat tantamount to adding two epigraphs together.

Proposition 6.21. If f,g: E — RU{oo} are proper convex functions, then the infimal convolution
fOg has strict epigraph epi, (f Og) = epi, f + epi, g.

In particular, if f and g are convex, then fg is conver.

Proof. Exercise. (See Appendix A for a proof.) O

Example 6.22. Consider the distance to a convex set C C E:
d = inf ||z — y|| = inf {9 — = (6cO| -
o(z) = inf |z —y|| = inf{dc(y) + = —yll} = G T - ) (=),

where ¢ is the indicator function of C'. Thus this is convex, since the infimal convolution of
a proper convex function and a norm is convex.

§7. Lecture 07—01st March, 2024

§7.1. Closure of a convex function

Definition 7.1 (Closure). Let f : R™ — R be a convex function. The closure of f is defined as

f_{f(x) if x € dom f

+00  otherwise

where dom f is the domain of f.
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The following proposition suggests more of the specific flavour of the closure of a convex function
that we are interested in.

Proposition 7.2. Let f: E — R be a convex function. Then epi f is the epigraph of a function
f:E—>R.

Proof. We give a sketch of a proof. If (z, ) € epi f and 8 > «, then (z, 3) € epi f—this is because if
(z,B) ¢ epi f, then there exists a sequence (x, ) € epi f such that (zg, ) — (7, 8) and ap — B.
Let (x,a) € epi f. Then there exists a sequence (xj, o) € epi f such that (xg,ar) — (x,«) and
ay — «a. For k large enough, ay < 3, and therefore (xy, ) € epi f converges to (x,3) € epi f.

If (z,ar) € epi f and ag \, a, then (z,«) € epi f. This holds because epi f is closed and oy \, «
implies that (z,«) € epi f. O

Proposition 7.3. Let f € conv E. Then the unique function f: E — R is the supremum of all the
affine lower bounds of f. That is,

Fla) = sup{g(x) : g is affine and g < f}

Proof. Let {a;}icr be the set of all affine lower bounds of f. We will show that f(z) = sup;c; a;,
that is,
epi f = ﬂ epia;.
el
Since epi f is convex, by Corollary 4.7, the epigraph of the closure of f, namely epi f = epi f
is the intersection of all closed half-spaces of E x R containing epi f. Since epia; is precisely a
closed half-space of E x R containing epi f, we have that epi f C Nicr epia;, and consequently

epi f C ;erepia;.
So we only need to prove the more difficult inclusion,
m epia; C epi f.
el
A half-space of E x R is the epigraph of an affine function if and only if it is the epigraph of a lower
semi-continuous function. In particular it is defined by (£, 7,t) € E x R x R, denoted

H™((€,7),1) = {(z, ) : (§;7) + T <t}

where £ denotes the normal vector to the hyperplane, 7 is a point on the hyperplane, and ¢ is the
distance from the origin to the hyperplane.

epi f
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Now we can’t find an affine lower bound for H~((§,7),t), so we have to come up with better ideas
to complete the proof of this inclusion. Since the halfspace H~((£,7),t) contains epi f, we have
that for all (x,«) € epi f, the inequality (£, x) + 7o < t holds. Then by the same reasoning as we
previously used, it must be that 7 < 0, since otherwise oo — 400 would contradict the inequality.
Now if 7 < 0, then the halfspace H~((&,7),t) is in fact the epigraph of the affine lower bound of f

defined by
T <§,x> + E,
t T

by taking o = f(x) in the inequality (£, z) + 7o < ¢.

Now what about halfspaces of the form H~(£,0,¢)? Since f € conv E, it admits at least one affine
lower bound whose epigraph is a closed half-space H ™ (&, 70, to) with 79 < 0. So if indeed we can
show? that

H7(€707t)mH7(£07T0,t0) = ﬂH7(§O+P§a 70 7t0+pt)7
p=0 >

then we are done, since we would have expressed the intersection of all closed half-spaces containing
epi f as the intersection of epia; for for all i € I’ C I, that is,

epi f = () epia; 2 () epiai,
iel’ el

as desired. Indeed, (¢, z) <t and (£p, ) +710f(x) < t hold if and only if (g + p&, ) + 70 f(z) < to+pt
for all p > 0. O

§7.2. Conjugation and conjugates

The basic idea behind duality in convex analysis is to view a (closed) convex set C' as an intersection
of half spaces. Applying this idea to the epigraph of a convex function f suggests that we should
view f as a supremum of affine functions.

An affine minorant of f is a function x — (m, z) — b such that
f(z) = (m,z) —b for all .

The vector m is called the “slope” of the affine minorant. Typically f has many affine minorants
with a given slope m, corresponding to different values of the scalar b. We only care about the best
affine minorant with slope m—in other words, we only care about the best scalar b. So our question
is as follows: For a given m, which value of b is the “best”? Which value of b makes the inequality
above as tight as possible?

Notice that

f(x) = (m,x) —b for all z <—

b= (m,z) — f(x) for all z
= b=>s

>
> sup (m, z) — f(z) = f*(m).

x

This shows that the best choice of b is f*(m). We have just discovered the convex conjugate f*.
The whole point of f* is that it tells us how to view f as a supremum of affine functions. You give
f* a slope m, and it gives you the best choice of b.

2This was left as an exercise in lecture.
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Definition 7.4 (Fenchel conjugate). Let f: E — R be a function. The Fenchel conjugate of f is
the function f*: E — R defined by

f*:E—R

¥ — sup{(z*,z) — f(x)}.
zel

affine lower bound of
f of slope x*

Example 7.5. Let f: R — R be the function f(z) = |z|. Then

f*(a*) = sup{z*z — |2[}.
z€R

We can compute this supremum by considering the cases z > 0 and « < 0. If z > 0, then
T —|z|=x"vr —z =2(z* —1). If x <0, then 2*z — |z| = z*xr + x = z(z* + 1). So

+oo ifz*>1
0 ifz*x=1
0 if z* = -1

-0 ifz*< -1

@) =

Example 7.6. Let S C E. Then the indicator function of S is the function dg: £ — R

defined by
0 ifxes
ds(x) = {

+o0o otherwise

Then

og(x*) = igg{@*,w) —ds(x)} = 21612@*, r) = os(z”).

So the Fenchel conjugate of the indicator function of a set is itself the support function of the
set.

The above example begs the question: what is the Fenchel conjugate of the support function? This
is not a trivial question; we need to establish some more properties of the Fenchel dual before we
can answer it.
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Proposition 7.7. The conjugate f* of a function f: E — R is conver and closed (i.e. its epigraph
is closed). In addition, the following properties hold:

1. f is not identically 400 if and only if the conjugate f* > —oo if and only if the conjugate f*
is not identically —oo.

2. f has an affine lower bound if and only if f* is not identically +oo.

3. f is proper and has an affine lower bound if and only if f* is proper if and only if f* € conv E.
Proof. This proposition is easy to prove; we leave it as an exercise. (See Appendix A for a proof.) [
Proposition 7.8. The biconjugate f** = (f*)* of a function f: E — R is conver and closed, and f

is proper and has an affine lower bound if and only if f** € conv E.

Proof. If f is proper and has an affine lower bound, then f* is proper (by part 3 of the previous
proposition). But f* has an affine lower bound, since, for all 29 € dom f, we have that

(") = (z", z0) — f(zop) for all z* € E.

Thus f* € conv E, and so f** = (f*)" € conv E by part 3 of the previous proposition. Conversely,
if f** € conv E, then f* € conv E, and so f* is proper (again by part 3 of the previous proposition).
But f* has an affine lower bound, and so f is proper and has an affine lower bound (by part 3 of
the previous proposition). ]
Proposition 7.9. Let f: E — R be proper and admit an affine lower bound. Then:

1. The biconjugate f** is the supremum of all the affine lower bounds of f.

2. f € conv E if and only if f = f**.

3. f econv E if and only if f = f**.

4. The Legendre-Fenchel transform f — f* is a bijection on conv E.

Proof. 1. Let x € E. The value at x of the supremum of all affine lower bounds of f is equal to
sup (x*,x) —a = sup sup (", x) — «
r*eE,acR z*eFE a€eR
(z*,y)—a< f(y) for all yeE (z*,y)—a< f(y) for all yeE
= sup (z", z) — f*(z")
z*eFE
= ["(2),

since f*(x*) = sup,ep{(z*,y) — f(y)}.

2. In this case the proof is straightforward. If f € conv E, then f is the supremum of all affine
lower bounds gf f by Proposition 7.3. This is to say, f** according to the previous point.
Conversely, if f = f** then f € conv E¥ by Proposition 7.3.

3. If f € conv F, then we have that

epi f = epi f since epi f is closed
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=epif by the definition of the closure
=epi f** by the previous point.
Thus f = f**. Conversely, Proposition 7.8 tells us that if f = f**, then f € conv F.

4. Let 6 be the Legendre-Fenchel transform. “€: f — f* is defined on ¢onv F and takes values
in conv £ by Proposition 7.7. Now 6 is injective, since if f, fo € conv £ and f{ = f5, then
fi = fi" = f5* = fo. € is also surjective, since if g € conv E, then €(g*) = ¢** = ¢ by the
third point above, and thus g is the image of ¢* under 6. Thus € is a bijection on ¢onv E. [

Example 7.10. Let us now return to the question of the Fenchel conjugate of the support
function. Let S C E be a nonempty convex set. Then the support function of S is the function
os: E — R defined by

os(x) = sup(z,y).
yeSs

Then,

(o)  (0ms)" 2 (3555)" = 055 © s,
where (i) follows from Proposition 6.7, (ii) follows from Example 7.6, (iii) follows from
Proposition 7.9 and the fact that ds s € conv E, and (iv) follows from Proposition 7.9.

We now introduce the notion of the dual norm.

Definition 7.11. Let (E, || -||) be a normed vector space equipped with a norm product (-,-). (Here
we may have || || # /(:,-).) The dual norm of || - || is the function || - ||.: E — R such that for all
ek,
[z*][« = sup (2%, x) = op(o,1)(z*) = o5(0,1)(z") = sup (z*,z).
lefl<1 ]| =1

We end today with an example.
Example 7.12. What is (|| - ||)*? Is it || - ||«? The answer is no. We have that
(I-1D* (z¥) = sup(a®, z) — |||
€L

=sup sup (z*,z) — «
a20 ||lz||=a

g
= max< 0,supa | sup <:U*, > -1
a>0  \[|z]=a ||l

O,supa | sup (z*,x) —1
a>0  \|lz]=1
= max {O,supocH:L‘*H* -«

= max

a>0
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_Jo if lz*])« <1
+oo if ||a*|ls > 1

= 5[8*(0,1)(90*%

where B*(0, 1) is the closed unit ball of the dual space E* with respect to the dual norm || - ||
indeed (|| - [|)* = OB*(0,1)-

As a consequence,

*9

(-1 = - 1D = Or=.1)" = oB+0,2) = Il - s,

since dg+(g,1) € conv E* by Proposition 7.9.
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§8. Lecture 08—22nd March, 2024

§8.1. More properties of the Fenchel conjugate

We begin with this proposition that illustrates how the Fenchel conjugate links together disparate
notions that we have already seen regarding operaitons on functions.

Let E be a real vector space.

Proposition 8.1. If the functions f,g: E — R, then the Fenchel conjugate of the infimal convolution
of f and g is the sum of the Fenchel conjugates of f and g. That is, (f0g)* = f* + g*.

Proof. The proof is fairly direct:

(f0g)"(z") = sup (z% z) — (fOg)(z)

(x%,2) — Zjngf(y) +g(z — y))

yekE

= sup ((x*, x) +sup —f(y) — g(z — y))

= 22}8 <—f(y) +21€lg (%, 2) — g(z — Z/)>

= sup (—f(y) + (2%, y) +sup (v, 2 —y) — g(x — y))
yer zeE

=sup | —f(y) + (=%, y) +sup (¥, z) — g(2)
yeE zeR

g*(z*)
=sup (—f(y) + (%, y) + g"(z"))

= (@) + g7 (z"),
since the supremum of a sum is the sum of the suprema. O

There is a trip back (i.e. in the opposite direction), but we will not prove this:

Proposition 8.2. If f,g: E — R are proper, convex, and lower semicontinuous, then the Fenchel
conjugate of the sum of f and g is the infimal convolution of the Fenchel conjugates of f and g.
That is, (f +¢)* = f*Og*.

Proof. The proof is left as an exercise. (See Appendix A for a proof.) O

56



Proposition 8.3. Let f € conv F, let x € dom f, and let x* € E. Then the following are equivalent:
(i) For all d € E, the directional derivative of f in the d-direction satisfies f'(x,d) > (z*,d).
(11) The point z* € Of(x).
(iii) The point x € arg mingcp f(y) — (z*,y) = arg maxyep (x*,y) — f(y).
(iv) (Fenchel-Young inequality.) The sum f(z)+ f*(z*) < (z*, z).
(v) The sum f(z)+ f*(«*) = (z,x*). (This relationship, particularly it’s equivalence with (ii) is
important and is known as the Fenchel-Young duality.)
Proof. We show all six implications.
(i) = (ii) We have that
flx+itly —=) - flz)

(z*,y —z) < f'(z,y — 2) = lim

t\O t

o S =tz + ty) — f(2)
t\.0 t

<t A= D @) +17() ~ ()
t\0 t

o ) — (@)
t\.0 t

= fly) — f(z),

which implies that f(y) > f(x) + (z*,y — z), and so z* € df(z).
(ii) = (iii) For all y € E, we observe that
f) 2 f@)+ &y —z) = fly) — (=% y) 2 f(x) - (" 2),
and so x is a minimiser of f(y) — (*,y).

(iii) = (iv) For all y € E, we have that

and so f(x) + f*(2*) < (2%, x). For the argument maximum, we have that

(@, 2) = f(x) = (2", y) = fy)

> sup (z*,y) — f(y)
yeE

= [7(@"),
and so f(x) + f*(z*) > (2*, x).
(iv) = (v) This is immediate from the definition of the Fenchel conjugate. In particular, we have that
f@) + (%) < (2% 2) = flz)+ f7(@7) = (2%, 2),

since the Fenchel conjugate is f*(z*) = sup,ep (z*, z) — f(x).
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(v) = (i) We have that for all y € E,
(%, z) — f(z) = [7(27) = (&7, y) — f(y).
Taking y = x + td for some d € E and t € R, we get

fle+td) — f(z) 2 (2" x4+ td — z) =t (2*,d) < f(“t‘?_f(w)

— f'(z,d) > (z*,d),

> (2", d)

by taking the limit as ¢ 0.

Thus, all five statements are equivalent.

Example 8.4. We will now use these equivalences, particularly the Fenchel-Young duality, to
solve the problem of determining 9|| - ||(0), the subdifferentiability of the norm at the origin.
We have that

" € 0| - (0) <= |- 1(0) + - I"(«¥) = (0,2%)
g 0 + 53*(0,1)($*) = O
<~ z* € B*(0,1),

since 9|| - ||(0) = B*(0,1) where B*(0,1) = {z* € E | ||2*|| < 1} is the dual unit ball.

Example 8.5. Suppose now that we wanted to find ddg(x) for z € S C E. Recalling that
0ds(x) = NS, we have

¥ € ds(x) <= dg(x) + 05(z*) = (z,z")

0+ dg+(z*) = (z,2")
(@%,y) < (z,2%) VyeS
(x*,y—z) <0 VYyeS*
z* € N,S.

1o

Corollary 8.6. 1. If f € conv E, then z* € Of(x) implies that x € Jf*(z*).

2. If f e conv E, then z* € Of () if and only if x € Of*(x*); in other words, | (f) ™" = df*|.
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Proof. 1. If 2* € 0f(x), we have from the Fenchel-Young duality that f(z) + f*(z*) = (x,z"),
and so f(z) < (x,z*) — f*(«*). This implies that = € 9f*(z*).

2. We have that

" €0f(x) < f(x)+ f(2") = (x,27)
= (@) + 7 (2) = (z,27)
= z€df(z"),

where the last equivalence follows from the first part of the corollary. O
We also have the following two propositions:

Proposition 8.7. Let f;: E — RU{oo} be convex, I compact, and take every x € dom f. With
i — fi(x) upper semicontinuous, where the function f(x) = max;ey fi(z), then for all x € (dom f)°,
we have that

of(x)=co| |J 0filx) ],

iel°(z)

where I°(x) = {i € I : fi(x) = f(x)}. In particular, if I is finite, then

Of () = co (Df1(x) Udfa(w) U -+~ U dfy(a)).

Proof. The proof is left as an exercise. (See Appendix A for a proof.) O

Example 8.8. Let f(z) = max{fi(x), fa(z), f3(x)}, then with fi(z) = f3(z) = f(z) with
fa(x) < f(x), we have that f(x) = co (0f1(z) U dfs(x)).

The following proposition gives us a direct relationship between the directional derivative and the
subdifferential of a function.

Proposition 8.9 (Maximum formula). If f € conv E and x € ridom f, then for all d € E, we have
that

Fled)= sup {2d).
z*€0f(x)
The supremum is attained if f'(x,d) < oo.

Proof. The proof is left as an exercise. (See Appendix A for a proof.) O

§8.2. Optimality conditions: Fritz-John and Karush-Kuhn-Tucker

We begin with a fairly famous result in convex analysis.

Proposition 8.10 (Fermat’s rule). Let f € conv E be an extended real-valued function. Then
x* € argmingep f(x) < 0¢€ df(z*).
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Proof. We have that
S argnéigf(ar) — f(x*)+ {0,z —2*) < f(z) VreFE
— 0< f(x)— f(z¥) VxeFE
< 0€af(z"),

and we’re done. O

Proposition 8.11. Let f € conv E and C C E be a convex set such that ridom f NriC # (). Then
x* € argmingec f(x) if and only if, there exists g € Of (x*), such that —g € Ny-C.

Proof. Note that

inf f(z) = inf f(z) +do(a)

and so we can use the previous result to write the optimality condition as

x* e arggleigf(az) < 0€9(f+dc)(z%)

< 0€df(z") + doc(z")
< 0€0f(x") — NpC,

and so z* € argmingec f(x) if and only if there exists g € 0f(z*) such that —g € N,-C. O

This proposition can be thought of as a generalisation of the Fermat’s rule to the case where the
minimum is taken over a convex set.

We now move on to more general optimality conditions.

Theorem 8.1 (Fritz John necessary optimality condition). Let f,g1,...,9m: E — R be convez.
Then
x* € argmin{f(z): g;(x) <0,i=1,...,m}

implies that there exists (A, ..., A\m) € RTTH\ {0} such that

0e )\oaf(l'*) + z:il )\iﬁgi(x*),
)\Zgl(ac*) =0 Vi= 1, s, M.

Proof. The proof follows quite readily from what we’ve seen so far. Rewriting the problem as an
unconstrained optimisation problem,

z* € argminmax{f(x) — f*,g1(x),...,g9m(2)},
el N’
=go(z)
where f* = inf{f(z) : gi(x) < 0,5 = 1,...,m}. So the existence of this minimiser implies, by
Fermat’s rule, that
0 € 9 (max{go,g1,---,9m}) (z¥) <= 0 € co U Jgi(z") by Proposition 8.7
el (z*)
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= 0€ NIf(z +Z)\agz );

for some X\; € Ry, Ao € Ry with Ao+ > ;" A; = 1. Thus the Fritz John necessary optimality
condition holds (each \; > 0). O

Theorem 8.2 (Karush-Kuhn-Tucker necessary optimality condition). Let f g1,y 9m: E — R be
convex and satisfy Slater’s condition: for allT € E, g;(T) <0 for alli=1,...,m. Then

z* € argmin{f(x) : g;(x) <0,i=1,...,m}

implies that there exists (1,A1,..., A\p) € RTTI\ {0} such that

0e )\oaf(x*) + 2111 )\Z‘agi(w*),
)\Zgz(x*) =0 Vi= 1,...,m

where \g = 1, are sufficient (of course, necessary) optimality conditions.

Proof. We reason by contradiction and set A\g = 0. Then with &; € dg;(x*), we have that

é _

+ <gz )+ (&7 >
0="> Xigi(z") <Z>\Ez,x—fc> Z\)\;gz(f)<0,

=1 v
=20 <o

" A

=0 =0
which is a contradiction since (g, ..., Am) # (0,...,0) and g;(Z) < 0.

Now we focus on sufficiency. Define
z) + zm: Aigi(z)
i=1
where A\; > 0 and \g = 1. Then we have that
Oh(z™) = of (™) + i Xidgi(z*) 20,
and so z* € argmingep h(x) exactly when

*)—i-Z)\igi(a;*) < —i—Z i @ f(z*),

=
=0 <0
for all x € E. Thus z* is a minimiser of f(z) subject to the feasibility constraint g;(x) < 0. O
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So here’s the overview summary: we saw that the Fritz John necessary optimality condition is a
generalisation of the Fermat’s rule to the case of optimisation over a convex set, and the Karush-
Kuhn-Tucker necessary optimality condition is a generalisation of the Fritz John condition to the
case where Slater’s condition holds.

§8.3. Duality I: minimax duality
Let X be a set and let f: X — R be a function. Consider the problem II defined as

~ inf f(a).

zeX

Let val(II) denote the optimal value and sol(II) denote the set of optimal solutions. In order to
introduce a dual problem, we seek to write f as

f(z) = sup o(z,y),
yey

where ¢: X x Y — R is a coupling function and Y is a set. With this, we may write the problem
also as

= inf sup p(z,y),
zeX yey

and its dual as

Dy = sup Inf p(z,y) = ylgy( Y),

where §(y) is the dual function defined as

5:Y =R,
— inf .
y— xngsO(x,y)

We are often interested in val(Dyy) and sol(Dryy), the optimal value and set of optimal solutions of
the dual problem. We have the following proposition:

Proposition 8.12 (Weak duality). We have that

sup inf p(z,y) < 1nf sup ¢(z,y).
yey v€X X yey

Proof. By definition, for all (2’,y’) € X x Y, we have that

. f / < ! /.
xlgxw(w,y) o', y")

Thus, we get
sup inf ¢(z,y) < sup (2, y) < inf sup p(z,y),
yey 2€X yey zeX yey
and so the weak duality holds. O
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§8.4. The proximal operator

The proximal operator comes out naturally from much of our prior discussions.

Let (E,(-,-)) be a Euclidean space with the induced norm || - || = +/(:,").

Definition 8.13 (Proximal mapping and Moreau envelope). Given f € conv E, consider ps: E = E
and f: E — R defined for all x € E by

prla) = argmin /() + 5y oI, *)
Flw) = inf $0) + 5y — ol ()

The mapping (&) is called the proximal mapping of f, and (T) is called the Moreau envelope of f.

There is a natural connection between the Moreau envelope and a few of the previous notions we
have discussed:

1. Marginal. f: infycp (-, y), where ¢(-,y) is a coupling function.

2. Inf-convolution. f = (f O %[-1%) (=)= (f*OL-1>)" (2).

3. Conjugation. f = = (F+ 1A

Example 8.14. We have that for the indicator function dg, the proximal mapping is the

projection onto the closed convex set S; that is, psq(«) = ps(z). To see this, note that:

1
pss (@) = arg min ds(y) + 5 lly - x|

in 2lly — 2
arg min — = 75
gyGS 2 y
:pS(x)7

which is singleton-valued if S is nonempty closed convex, i.e. g € conv E.

We can think of the proximal mapping as a projection of a point onto a function, unlike the regular
projection which projects a point onto a set. For the case that the function is the indicator function
of a set, the proximal mapping reduces to the regular projection onto the set, as a sort of “equality
criterion”.

Definition 8.15 (Strictly convex function). A function f: E — R U {oo} is said to be strictly
convex if for all x # y € dom f and for all t € (0,1), we have that

[tz + (1 —ty) <tf(z)+ 1 —=1)f(y).

The definition above helps us outline some properties of the proximal operator via the following
proposition:

Proposition 8.16. 1. The prozimal mapping py is singleton-valued if f is strictly convex.
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2. Let x,y € E. Then y = ps(z) if and only if x —y € 0f(y) if and only if y = (I + af) ! (x),
for strictly convez f.?

3. If f is strictly convex, then x € argming f if and only if x = ps(x).
4. The sum py + pp = I, where I is the identity operator.

Proof. 1. The mapping
1
E3y f(y)+ 5y — =l

is strictly convex and thus it admits at most one minimiser. Also, the mapping is coercive
since 1
: 2
im  f(y) + Slly — [ = oo,
llyl|—o0 2
and so it admits at least one minimiser. Thus, the mapping is singleton-valued.

2. By Fermat’s rule,

y=rsw) = 0€0 (4 31-—al?) 0

— 0€0f(y)+y—=x
— y+0f(y) >z
— (I4+09f)(y)>=x

= y=(I+0f)" (2).
3. Just as we might expect, we have
x € argménf <— 0€9f(x)
— r—x€df(x)

— z=ps(x).

4. Part 2 above and Corollary 8.6 lead us to reason that

y=ps(z) &= r-y€if(y) <= z—(z—-y) €df(z—y)
—= z—yEpp(x),

and so py + py« = I since py and py« are inverses of each other. O

3The notation (I + df)~" is called the resolvent of df.
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89. Lecture 09—29th March, 2024

§9.1. Duality Il: duality by perturbation

This is the most powerful viewpoint on duality, and it will heavily rely on properties that we have
seen in the previous lectures*. Consider the primal problem

inf f(z), (P)

zeX
and consider a perturbation function
®: X xP =R,
(z,p) = @(z, p),

where P is some set of perturbations (a subset of Euclidean space E), such that ®(z,0) = f(x) for
all z € X. Thus we can naturally define some primal problem indexed by some perturbation p € P:

;gg{, ¢($,p), (Pp)

Consider the value function v: P — R defined naturally as

= inf &
v(p) nf (z,p),

v(0) = Iig)f(@(x,O) = ;g’( f(z) = val(P).

Assume that domv # () and that v admits an affine lower bound. Then v* € conv P. We can then
define the dual form of the primal as

— inf v*(p* D
pl*répv(p), (D)

This function is convex, and so it is reasonable to try to minimise it. We have the following two
properties of this dual problem:

val(D) = v**(0), sol(D) = 9v™(0).
Both of these are easy to check; indeed,

V3|(D> = —pi*réfpv*(p*) — ng% <O,p*> — U*(p*) = U**(O),
p*

and
p €sol(D) < p € arg mé%v*(p*) —(0,p™)
p*

<= 0€v*(p)
< p € " (0),

since v* € conv P.

4Modulo some new perspectives.
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Let us examine the dual function:

v*(p*) = sup (p,p*) — v(p)
peEP

= sup (p,p*) — inf ®(x,p)
peP reX

= sup sup (p,p*) — ®(z,p)
peEP xeX

= sup <(0,p*),(w,p)> —(I)(.CC,p)
(z,p)EX XP

= (ﬁ*(oap*)v
where ®* is the Fenchel conjugate of ®. So we can rewrite the dual problem as

— inf_®*(0,p"). (D)
p*eP

Now attribute a Lagrangian to the perturbation function thus:

fq;:XX'Pﬁﬁ,

(z,p*) = —sup (p*,p) — ®(x,p).
peEP

Based on the above,

v*(p*) = — inf { —sup (p*,p) — ®(z,p
®") ZGX{ s (. 7) = O >}

=—inf ¢ ).
Inf Ly (z,p")
Now we present an analogous result as we had in the previous lecture in this setting with the
Lagrangian:
Proposition 9.1 (Weak duality). We have that val(P) > val(D).

Proof. Proceeding straightforwardly,

val(D) = — inf v*(p*) = sup —v*(p*) = sup inf ly(z,p")
PrEP p*EP preP TEX

< inf sup la(x, p*) = inf { sup inf ®(z,p) — (p*
< inf sup o(z,p*) xex{p*g)pep (z,p) <p,p>}

< inf inf d(x,p) — (p*,p) = inf &(x,0
22 by #(np) = e = Il 2l 0)

s S
= val(P),

as desired. O

The idea here is that we are building the coupling function from perturbation, and all of the ideas
follow right through. We can also derive a number of strong duality results:
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Proposition 9.2 (Strong duality). 1. If the value function v € conv P and 0 € domwv, we have:
a) v is lower semicontinuous at 0 if and only if val(P) = val(D).

b) The subdifferential Ov(0) # 0 if and only if val(P) = val(D) and it is true that whenever
sol(D) # 0, we have sol(D) = dv(0).

¢) If 0 € ridomw, then it holds that val(P) = val(D) and sol(D) = dv(0) # (.

d) If 0 € (domw)°, then val(P) = val(D) and sol(D) = dv(0) is a compact nonempty set
and v is Lipschitz continuous around 0.

2. If v € conv P, then val(P) = val(D) € R.

Proof. The proof is left as an exercise. (See Appendix A for a proof.) O

§9.2. Duality Ill: Fenchel duality

This perspective on duality is particularly useful for composite optimisation problems. Consider the
primal problem

inf f(z)+ g(Az), (P)

zeE
where f: E - R, g: F = R, and A: E — F is a linear operator. We can define the value function
as

UF:PW—>@,
p+— inf f(z)+ g(Az + p),
z€E

where vp(0) = val(P).

We can determine a dual as follows:

vp(A) = sup (A, p) — vr(p)

peEF
= supsup (A,p) — f(z) — g(Az +p)
zeFE peF
= sup — f(z) — (A, Az) + sup (A, Az + p) — g(Az + p)
zelR peF
= sup — f(z) — (A, Az) — g" (M),
relR

where ¢g* is the Fenchel conjugate of g. So

vp(A) = sup (A"A ) = f(z) — g"(N)
BAS
= f(=ATA) — g7 (),
where A* is the adjoint of A. Therefore we can define the dual problem as

sup —f*(—A"A) — g"(A). (D)
AEF
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Theorem 9.1. For Euclidean spaces E, F, assume that f € conv E, g € conv F, val(Pr) € R, and
0 € (domg — A(dom f))°,

where A: E — F is a linear operator. Then we have that val(Pp) = val(Dp) and sol(Dp) is a
compact nonempty set.

Proof. The proof is left as an exercise. (See Appendix A for a proof.) O

§9.3. Duality IV: Lagrangian duality

Following the same discussion from above, take the problem (P) = (Px,gr) as

. ce(z) =0,
;en)f(f(x) s.t. {cl(x) <0, (Px k1)

where there are mg equality constraints and m; inequality constraints with m = mg 4+ mjy. We can
define the duality via perturbation; we have the value function

wp) = inf  f(z) = inf So(z,p),
cg(x)+pp=0
cr(z)+pr<0

where the perturbation function is
®y: X x R = R,

(2.p) > f(z) if cg(x) +pp =0,cr(x) + pr <0,
’ +00 otherwise.

Consider the Lagrangian £y associated to ®g:

bo(x,\)=—  sup  (\,p) — Po(z,p)
p=(pE,pr)ER™

= sup (Ap)—f(z)

p=(PE,pr)
pE=—Ccg(z)
pr<—cr(x)
— f(@) + X epor Aici(x) i Ar >0,
+0o0 otherwise.

The following proposition characterises Lagrangian strong duality:

Proposition 9.3 (Lagrange strong duality). Suppose v: P — R is convez with v(0) = val(Px gr).
Then we have that val(Px gr) = val(Dx gr) if and only if v is lower semicontinuous at 0.

Proof. The proof is left as an exercise. (See Appendix A for a proof.) O
Now consider the cases where we have functions f, g1,...,gm all convex. Then v is convex, and in

particular we have that v is lower semicontinuous at 0 if and only if there exists a Slater point, i.e.

a point zs € X such that g;(xs) < 0 for all i. For this cases we may strengthen the result with
existence:
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Proposition 9.4 (Lagrange strong duality with Slater point). Suppose f,q1,...,gm are convez
functions with some point x5 € X such that g;(xs) < 0 for all i, where

v(p) = zlg)f( F@)+> phigi(x).
i=1

Then we have that val(Px gr) = val(Dx gr) and sol(Dx gr) # 0 whenever we have finite optimal
solutions for the primal problem.

Proof. The proof is left as an exercise. (See Appendix A for a proof.) O

§9.4. Example: semidefinite optimisation

One of the concrete applications of the duality theory we have developed is in semidefinite optimi-
sation. Semidefinite optimisation is a generalisation of linear optimisation where we consider the
problem

) A(X) =b,
Xlgn (C,X), s.t. {X 0, (Pgn)

where C' € S, the mapping A: 5" — R™ is linear, and b € R" with X € S and (U, V') = trace (UTV).
By the Riesz representation theorem, there exist Aq,..., A, € 8" such that for all X € §",

@417)(>
AX) = : )
{(Am, X)
and we can write the adjoint A*: R™ — S" satisfying (A(X),y) = (X, A*y) for all X € S" as

Aty = Z YyiA;.
=1

Let us now discover the dual versions of the primal problem (Psn) according to two duality
perspectives we have discussed.

Minimax duality We can take the coupling function ¢(X,y) = (C, X) + (y,b — A(X)) and get
that the primal problem is

Inf (O, X) + dtaco=ny (X) = inf (O, X) + Sup (y,0— A(X))
= )gréfoysél;?gl (C, X) + {y,b— A(X)),

in which case the dual itself is

sup inf (C, X) + (y,b — A(X)) = sup (b,y) + nf {C, X) — (A"y, X)

= b — inf (C — A%y, X
ysetﬁargj Y) ;?éo< y, X)

= sup (b,y) s.t. A%y < C,
yeR™

and there is a clear nicer dependence.
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Duality by perturbation Here we take the value function

vlp) = inf  (C,X),
A(X)=b+p

so that

inf
X=0

v*(y) = sup {(y,p> -

(C, X) + 5{A(X)=b+p}(X)}
peER™

= sup — (C, X) + sup (y,p) — 6a(x)-b=p} (X)

X>0 peR™

= Sup — <O, X> + 6?A(X)—b}(p)’
X>0

= sup — <CaX> + sup <yap> )
Xz0 ye{A(X)-b}

since the Fenchel conjugate of the indicator function is the support function. Thus we get that

v*(y) = sup — (C, X) + (y, A(X) — b)

X>0
I otherwise,

and we then recover the dual problem as

— inf v*(p*) = sup —(b,y) s.t. C — A%y = 0.

Proposition 9.5. If sol(Psn) # () and there exsists y € R™ such that C — A*y = 0, then val(Psn) =
val(Dgn). If there exists X = 0 such that A(X) = b and sol(D) = () and A is surjective, then
VaI(PSn) = VaI(Dgn).

Proof. The proof is left as an exercise. (See Appendix A for a proof.) O

Proposition 9.6. Assume that there exists (X,y) such that X = 0, A(X) =b, and C — A*y = 0.
Then (X,y,S) is a primal-dual solution if and only if

A*(y)+S=C, S=0,
A(X) =0, X =0,
<X’S> = Oa

where the dual problem is

sup (b,y) s.t. A*(y)+S=C,S =0.
(y,5)ER™ xS"

Proof. The proof is left as an exercise. (See Appendix A for a proof.) O
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This Schur complement is quite useful, so we elaborate on it here:
Lemma 9.7 (Schur complement). If A is invertible, then for any B € R™™ and C' € R"™*™, we

have
A B\ _ I 0) (A 0 I —-A7'B
BT ¢) \=BTA!t 1)\0 Cc—-BTA1B/\0 I :

In particular, if A > 0, then

A B T -1
(BT C>§0<:>C—BA B> 0.

We call C — BT A~'B the Schur complement of A in the matriz <BAT g)

§9.5. Strong convexity
We start with the following result, which harkens back to Theorem 6.1:

Lemma 9.8. If f € conv R, then f € C°(dom f).

N —

a c t to b

Proof of Lemma 9.8. From the diagram above, we get

F(t) = £e) _ flt2) = F(e) _ f() = f(c)

t1 —¢ = to — ¢ = b—c

Indeed,
i dO = 1) 10 = 1)
tb  t—c b—c

: f(b) = f(c)

1 < _o) LYY g,

li £(8) < 1) + (b - 0)- 701D — 5
and limy ~, f(t) > f(b), since lower semicontinuous f means that lim.\ o inf,cp.q) f(y) = f(2).
Thus limyy, f(t) = f(b), and so f is continuous at b. It then remains to show (&) for 1, ¢ € dom f.
Rewrite it as

and thus

f(t) = flo) < L=°

~X
tQ—C

- (f(t2) = f(e)),
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which may be equivalently written as

tQ—C 2 —C

) < =S pte + (1- 12 rlo

Therefore we may obtain the convex combination for ¢; as

t1 —c t1 —c
t1 = ! to+(1— ! c,
tQ—C tQ—C

and so f is convex. O

We now introduce some strengthening of convexity:

Definition 9.9 (Strong convexity). A function f: E — RU {400} is said to be p-strongly convex
if =0 and for all x,y € dom f and for all t € [0, 1],

fltz + (1= t)y) <tf(@) + 1= Df(y) = Sta - Dlle =yl

where the norm || - || is generic.

We have the following generalisation of the fundamental theorem of calculus from the definition of
the subdifferential:

Lemma 9.10. Let f € convR and let [a,b] C dom f with a < b, then
b
£0) - s = [ noyat,
where h: (a,b) = R satisfies h(t) € Of(t) for all t € (a,b).
Proof. The proof is left as an exercise. (See Appendix A for a proof.) O
Now let domdf :={z € E:0f(x) # 0}.

Theorem 9.2. Let f € conv E and p > 0. The following are equivalent:
(i) f is p-strongly convez.
(ii) For all x € domdf, for all y € dom f, and for all g € 0f(x),

F) > F@) + (9.5 — ) + Slly — Il

(iit) For all x,y € domOf, for all g, € 0f(x), and for all g, € Of(y),
(92 — gy & — ) = pllz —y|*.

Proof. We do each implication in turn.
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(i) = (i) Let z,y € dom f and ¢ € (0,1); furthermore take % € ridom f. Define, for a € (0, 1],

T=(1-a)r+a¥ €ridom f,
2y =(1—1t)T+ty € ridom f,

so that z; € ridom f.

Let g € 0f(x4), so that
F(@) + (g0, & = we) + 5@ — el
F(@) 2 f(w0) + (g0, 13 — ty) + 57 — 1y
f

B —y)2. (1)

(z¢) +t(gt, 7 —y) + 5

Similarly,
1
Fy) = flze) + gy —2e) + Slly = )%,
and so we get the analogous

) = Fla) + (=) (gny — &) + 50— 1)2lly — | (1)

Therefore with (1 —¢) - (f) +t - (1) we get
(L= 0)f(@) +tf () > flz) +t1—1) -0+ Lt =)y - &>
With the substitution & = (1 — o)z + a%, we get

FA=1 =)z + (1 —t)a% +tay) < (1—8)f (1 — o)z + a%¥)
+1f(y) = 511 =0 (1= a)e + a2 —

and with o \ 0 we get

fltz + (1= )y) <tf(@) + (L= f(y) = S0 =D~y

(ili) = (ii) Let z € dom df and g, € 9f(z). Furthermore let % € ri(dom f), and let § := (1 —a)y+a% €
ri(dom f) for o € (0, 1]. Consider the mapping

0: R =R,
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‘s f(z¢) where z; := (1 —t)x + ty € ri(dom f) if t € (0,1),
+o0o  otherwise.

Let t € (0,1); there exists a subdifferentiable g; € 0f(z;) for which (g, y — z) € 9p(t). Then
we can write, by Lemma 9.10,

1010 =) 0 = [ G0a= [ g ar
Since g € 0f(z) and g¢ € Jf(x¢), we have the strong monotonicity property
(9¢ = 9.9 — ) = pllg — =,
and plugging in the value for x; makes this
(96,5 — ) > (96,7 — @) + p(1 = 1)|[§ — 2.
Thus,

1
£@) - f(z) > /0 (g0, — ) + (1 — ) — 2]]?) dt

1
=<g,§—w>+u\|ﬂ—x\2/0 (1-t)dt
= (9.5~ ) + 5l - all”

Recalling the definition of ,

FA=a)y+a%) > f(@) + (9, (1 — )y + o — ) + £||(1 — )y + a% — z|?
a0
) > F@) + (9.5 — @) + Slly — Il

(i) = (ili) Let =,y € domdf, g, € Of(x), and g, € 0f(y), and t € (0,1). Take x; € dom f to be
x¢ =tz + (1 —t)y, so that we have
1

fla) < @ =8)f(2) +1f(y) — St —1)]lz — yl*.

Note now that by the definition of the subdifferential, we have

gy — ) = W08 T ZTE ) ) B ),

and with ¢\, 0 we get
7
(92,9 = =) < fly) = fl@) = Sllz = vl
and similarly
I
gy, @ = y) < (@) = fy) = Sl — vl
Adding these two inequalities gives us that
(92 = 9y — ) < —pllz —yl* = {9z — gy — ) = pllz —y|%,
the desired result. O
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§10. Lecture 10—05th April, 2024

§10.1. More on strong convexity

The following proposition is very important for establishing the linear convergence for many convex
optimisation algorithms.

Proposition 10.1 (Polyak-Lojasiewicz inequality). Take any continuously differentiable function
f:+ E — R that is p-strongly conver on E with p positive. Let its subdifferential be g, € Of(x).
Then, for any x € E,

1 *
Sllgzll* > n(f (@) = £(27),
where x* is the minimizer of f.

Proof. Recall the definition of strong convexity:
1
flta + (1= t)y) <tf@) + (1= ) f(y) - S0 = t)llz =yl
Taking the minimisation with respect to y on both sides, we get f(z*) > f(z) — fpullz — 2*||
Rearranging gives us the Polyak-Lojasiewicz inequality. O

We write conv,, I to denote the set of functions that are u-strongly closed convex on E.

Proposition 10.2 (Existence and uniqueness of solutions). If f € conv, E with pu > 0, then f has
a unique minimiser.

Proof. First we show existence. Let xg € ridom f and g € 0f(xp). By the characterisation of strong
convexity and the fact that the definition applies for a generic norm., we have that for all x € F,

f(@) 2 f(@o) + (g, = z0) + Ll — o

C
> f(w0) + (9.7 — o) + Erla — o, where [z] = /{z. )

O (- LN
x x uCg

9> +

> f(20) 5

I

B 2uC

where C' > 0 by the equivalence of norms. Thus the level set [f < f(x0)] € By |(zo — ”%g, u%]g])
This means that [f < f(xo)] is bounded and closed, so it has a minimiser.

Now we prove uniqueness. Suppose x1 #* xo are distinct minimisers of f, i.e.
f(z1) = f(a2) = inf f(z) = [~
el

Then the infimum is

inf f(z) < f <m1 ;@)

zel
1 1
< 5F(@1) + 5f(@2) = Sller — o]
: H 2
— inf gy —
inf f(z) = Sllor — a2l
and so ||z1 — z2|| =0 = x1 = x9, a contradiction. Hence, the minimiser is unique. O

75



We now pause our discussion on nonsmooth optimisation to talk about smooth optimisation.

§10.2. Dual averaging

We start by revisiting the subgradient method and will present a way by which we can accelerate it.

Let f € conv E and dom f = E. Recall the subgradient method (Section 6.3): for some xy € E,
perform the iteration

Thi1 = T — Sk,
sp € Of (zy),

where aj > 0 is the step size. We have already seen that if 2* € argming f and ||sg|| < L for all
k € N, then

O(1/Ink) ifoap=1/(k+1)
|12 o 2 k 2 ’
w0 — &™[|* + L* > i o -0 (1/k1/2+a) if a = 1/(k + 1)1/24—5’

O (k7Y2Ink) if ap = 1/Vk + 1,

using the fact that Zle ~ Ink and Zle i~1/2 ~ V/k. Recall that if we know f(z*), then Polyak’s
step size gives us a rate of O(1/v/k). But what do we do if we don’t know f(z*)?

i:r&i.?’kf(wi) — f(z") < 5"

Let us examine the subgradient method. Expanding the tower of iterates, we have
k
T4l = Tk — QS = Th—1 — Qg—18k—1 — QS = ... = To — E ;Si,
i=0

where s; € f(x;). One bit of criticism of the subgradient method that might explain our shortcom-
ings (towards a fast rate) is that the new updates are getting very small weights as we go along.
This is because we basically “expend” a lot of our weights early on in the algorithm, so when we
come closer to the optimum, we are not making as much progress as we would like. This essentially
motivates the idea of dual averaging; here we will try to balance the weights of the iterates by
taking the average of the subgradients before we update the iterate. This is the idea behind the
dual averaging method.

Algorithm: DUAL AVERAGING METHOD—SETUP

e Set the starting point 2o = 0 and a sequence of step sizes (Sx)r € N such that S is
well defined for all k& € N.

e For each k € N, do the following until convergence:
— Set xp11 € xo — B Z?:o si, where s; € Of(x;).

e Return the minimiser f(xy).

How then do we choose the new step size 8;7 Define for all £ € N* the quantity

k—1

By =l — %2+ ) fla) — fla¥),

1=0
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where 4, > 0 is a monotonic sequence of real numbers. We will examine the variation of this
quantity over the evaluation of the iterates and see if we gain any insights. Define Ag == Ey41 — Fk.
Then

Ap = Yirtllzesr — *)* = wellak — 2*|° + () — f(2¥)
= (Vo1 — WL + Ve lzreall® = wellzel® + 2vezr — 20417011, %)
+ 29k [ anll? = 29k41 (Trpr, 2n) + far — f(2))
= (W1 — W21 + eralzria | + wllzel® = 29641 (@hgr, 2
+ Tk — 2V 1%hg 1, 7 — ) + f(a) — f(27).
<0 by the definition of f

We would like for s = 2,z — 29p112k+1 € Of (1), so that we can use the intuitions we have
already built up from the subgradient inequality. First we find 7; consider the iterates xx11 and xy:

7wk+1 Zsz
5
/Bk 1

Subtracting the two, we get

1 1 1
—Tht1 — Tk = =Sk —> Vb = .
B "N B 28K—1

Returning to the expression for Ag, we have

Ap = (Ve — 1) |21 + Ve oesn 12+ e llzel? = 29%41 (@rg1, o)
+ 2verk — 2Vkp 1Ty, 2F — xp) + fag) — f(27)

1
*
< (Vra1 = w2 P+ —(ier e @il + vllowll® = 2917k (@rs1s o))
Yk S~~~
SVk+1
——
<71%+1
< (Va1 — ) ll2*)* + ,7” Vet 1Tht1 — VhTk ||

—Sk/Q

1
< (Yea1 — o)l 1% + — sk ll?,
(et =Wl 2+ ]

which is an interestingly simple reduction of the original problem, as it gives us a bound on how
much Fj can increase per round. We can now use this bound to telescope:

k k
By —E1 = ZEiH Z: (vit1 — va)llz*|* + 7” si |I”
- 7
k
L2
< Vel |* + T f-
i—1



Notice now that by Jensen’s inequality, we have

1 < LA "
e (f </<:+12> _f(m*)> s <Zk+1f<mi>—zz<;+1f(””*)>
1=0

=0 i=0

k
= fla) = f(&*) < Ega1.

=0

Now define 7}, = %H Z?:o x;. Then we can write

@) — fa) < Dt

k—+1
2 k
< By + el + 5 X0, %
= k+1
k

N l|lz*||? L? 1 _ 1
— + + — ith v, = =Vk.
k+1 ' 2Vk+1 Q(k-i—l);i RS

From calculus we know that

and so

i 11(;x*2+m1’1 a:uzz#n 1)
_O<\/E>'

So we must choose [ = \/ﬁ to achieve the optimal rate. This is the dual averaging method:

Algorithm: DUAL AVERAGING METHOD

e For each k € N, do the following until convergence:
— Set zg41 € —ﬁ Zf:o si, where s; € Of (x;).

e Return the minimiser f(xy).

In fact, we cannot do better than O(1/vk)—an improvement over the subgradient method of
Section 6.3—for this method.

The dual averaging method was presented 15 years ago by Nesterov [Nes09] and has many applications.
One particularly amazing fact about this method is that it doesn’t require much; we don’t need
tuning of the step size as we progress towards the optimum, and yet we have a reliable stopping
criterion (as is evident in the paper by Nesterov).

There are other variants of the dual averaging method such as dual averaging with a stochastic
objective and distributed dual averaging, but we do not discuss these here since their extensions are
rather natural in the context of the individual problems.

78



§10.3. Differentiability
§10.3.1. First-order differentiability

Let ' and F' be two normed vector spaces, {2 C E an open set, and f: {2 — F a function. Pick
x € €.

Definition 10.3 (Directional differentiability). The directional derivative of f at x in the direction

heF is
oot — i L)~ 1)

€ R,
t\0 t

Here we're requiring that the limit exists for all A € E and is finite. In order for this definition to
make any sense, we're implicitly saying that there must be some ¢ > 0 such that = + th € Q for all
t € (—e,¢), so that f(x + th) is well-defined.

Lemma 10.4. The directional derivative is degree-one positively homogeneous, i.e. f'(x,Ah) =
M/ (x, h) for all X = 0.
Proof. Just use the definition of the directional derivative:

f(xz+tAh) — f(z) M (xz+th) — Af(x)

= lim

f'(z, Ah) = lim

N0 t NG t
A\ im flx+th) — f(z)
t\0 t
= A\f'(z, h) 0

A stronger notion of differentiability is that of Gateaux differentiability:

Definition 10.5 (Gateaux differentiability). The function f is Gateaux differentiable at x if the
directional derivative f'(x,h) exists for all h € E and the mapping h — f'(x,h) is linear and
continuous. We denote by f'(x) this linear continuous mapping.

The “linear and continuous” specification is important here; linear maps need not be continuous in
infinite dimensions. In fact, Gateaux differentiability doesn’t imply continuity of the derivative:

Example 10.6. Consider f: R? — R defined by

_JE@?+y?) it #£0,
f(x)_{o if 2 =0,

It is easy to check that the Gateaux derivative of f at (0,0) is the zero linear map:

ty (42,2 2,2
f(tx,ty) — tex” +t 7
( ) y)t f(070) tx ( - Y ) y(w2 y2> 0.

However, f is not continuous at (0, 0). For instance, consider c(¢) = (%, ¢). Then c(g) — 0 as
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e — 0, but
1
f(cle)) = 634 (P =+
Then f(c(e)) — oo as € \( 0, and f(c(¢)) = —o0 as € 0. Thus f is not continuous at
(0,0).

An even stronger notion of differentiability is that of Fréchet differentiability:

Definition 10.7 (Fréchet differentiability). The function f is Fréchet differentiable at = if there
exists a bounded, linear, and continuous map L: E — F such that

f(z+h) = f(x) + Lh + o(||hl]),

where o(||h||) is a function such that o(||h||)/||h]] — 0 as h — 0.

We denote by f'(z) this linear map.

We write f € D(Q, F) to denote that f is Fréchet differentiable on Q with values in F (sometimes
we write f € D(Q) if F = R). Likewise, we write f € G1(Q, F) if f is Gateaux differentiable on
with values in F (and f € G}(Q) if F = R). We say that f € C}(Q) if f is Fréchet differentiable on
and f’ is continuous on Q. Clearly, for convex f, if f € D*(Q), then f € G1(Q2), and the differentials
coincide. The converse is also true:

Lemma 10.8. If f € GY(Q) and f is convez, then f € DY(Q).

Proof. The proof is left as an exercise. (See Appendix A for a proof.) O

Example 10.9. Consider the function f: R? — R defined by

x3/(x? 2y if (x
m_{ /@ +9?) i (2,9) # (0,0),

o otherwise.

It is easy to show that f is Gateaux differentiable at (0,0), but not Fréchet differentiable at
(0,0).

Recall the composition rule for (that is, which applies to) all Fréchet differentiable functions:

Proposition 10.10 (Composition rule). Let f: Q — F and g: F — G be Fréchet differentiable
functions. If f is Fréchet differentiable at x € Q and g is Fréchet differentiable at f(x), then go f
1s Fréchet differentiable at x and

(g0 f)(z) =g (f(x))o f(2).
Proof. The proof is left as an exercise. (See Appendix A for a proof.) O

We can supply a definition of the gradient of a function f at a point x:
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Definition 10.11 (Gradient). Let f:  — R be Fréchet differentiable at x € Q. The gradient of f
at x is the unique vector V f(x) € E such that

f'(z,h) = (Vf(x),h) VhekE.

§10.3.2. Second-order differentiability

Definition 10.12 (Second derivative). Let f: Q — F be Fréchet differentiable at x € Q. We say
that f is twice differentiable at x if the linear mapping S is Fréchet differentiable at x, where S is
defined as
S:E— L(E,F),
x> f'()

The second order derivative f" € L(E,L(E, F)).

Proposition 10.13 (Properties of the second derivative). 1. The second derivative f" is the di-
rectional derivative of x — f'(x)h in the direction k:

" T f'(x +th)h — f'(x)h
f(x)h = }{% . .

2. The function (h,k) — f"(x)(h,k) (i.e. the second derivative 8*f) is bilinear and symmetric.
Proof. The proof is left as an exercise. (See Appendix A for a proof.) O

Definition 10.14 (Hessian). Let f: Q — R be Fréchet differentiable at x € Q. The Hessian of f at
x is the unique bounded, symmetric, bilinear form V2 f(x) on E such that

f"(x)(h, k) = (V?f(z)h, k) Vh,k € E.
Proposition 10.15. Let f € convE and x € (dom f)°. If f is differentiable’ at x, then the

subdifferential 0f (x) = {V f(x)}. Conversely, if the subdifferential Of(x) is a singleton {z*}, then
f is differentiable at x and the gradient V f(x) = z*.

Proof. First we work the forward direction. Let y € E. Then

(VI(z),y—z)=f(2)(y —2) = f(x,y — ) Z%i\né f<$+t(y_tx))—f($)

< fy) = f(2),
so that

f@)+(Vf(x),y—z) < fly) = Vf(z)€df(z)

by the definition of the subdifferential. Now let 2* € df(x). Then for all d € E, Proposition 8.3
gives us

Pl d) > @t d) = fl@)d> (@ d) = f(@)(~d) > (2", ~d) = f(2)(d) < (", d).

SHere we mean Fréchet differentiable, and that will be our default meaning for “differentiable” from now on.
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Thus f/(z)d = (x*,d) for all d € E, so that 2* = V f(x).

For the converse, suppose that df(z) = {z*}. Then for all d € E, we have by the maximum formula
(Proposition 8.9) that
fla,d)> sup (wh,d) = (" d),
z{€0f(x)

and so f is Gateaux differentiable at . By Lemma 10.8, f is Fréchet differentiable at =, and the
gradient is V f(z) = x*. O

§10.4. Properties of convex functions with Lipschitz gradients

We say that f € CH1(Q) if f € C1(2) and there exists a constant L > 0 such that for all z,y € €,

1" (@) = f'W)ller < Lz - yls,

where L € L(E, F) is defined as

ILll,F = sup | Lz||p.
o<1

If F is Euclidean and F' = R, then
1) = FWler= sup [f(@)h—f(yhl= sup [(f(z)-[(y),h)|

IRl <1 [rllz<1
= [IVf(z) = Vi)l
where || - ||« is the dual norm of || - || (i.e. the support function of the unit ball of || - ||).

Example 10.16. We consider the following inclusions:

1. Is CHY(R) C C%Y(R) (the set of Lipschitz continuous functions)? The answer is no;
consider the function f: R — R defined by f(z) = z2.

2. Is C%Y(R) N CH(R) C CH1(R)? The answer is no; consider the function

1
f(z) = [P
1 o
f(x)
0.8 1

0.4 |

0.2+

X
5 -4 -3 -2 _1 1 2 3 4 5

The moral lesson here is that there is no connection between Lipschitz continuity at
different orders; the Lipschitz continuity of the objective is unrelated to the Lipschitz
continuity of the nth gradient.

82



§11. Lecture 11—19th April, 2024

§11.1. More properties of convex functions

Before we start going into analysing algorithms, we will look at some more properties of convex
functions that will be useful in this regard. Recall that we write C([a, b],R) to denote the set of
continuous functions from [a,b] to R and D([a,b],R) to denote the set of Fréchet differentiable
functions from [a, b] to R.

Proposition 11.1 (Mean value theorem). Suppose a # b. If f € C[[a,b], R] N D((a,b),R) is convex,
then there exists some x € (a,b) such that f(b) — f(a) = f'(x)(b — a).

Proof sketch. Take

Then g(a) = g(b) = 0. Since f is convex, g is non-negative. Now, apply Rolle’s theorem, which says
that 3z € (a,b) such that ¢'(z) = 0. The result is that

f<b>—£<a> —0 = f(b) - f(a) = f(2)(b—a),

as required. O
The next result is a property that holds for functions with Lipschitz continuous gradients.

Proposition 11.2. Let E, F' be normed vector spaces, let C C E be open convez, take f € D(E, F),
and pick any L > 0. Then the following are equivalent:

(i) For allz € C, || f'(z)| < L
(ii) For all z,y € C, || f(z) = f(y)ll < Lz —y].

Proof. First we show that the second condition implies the first. Indeed,

flz +th) — f(x)

f'(@)|| = sup ||f(z)-h||= sup |[lim
I = s 170 = sup iy T2
_ L _
= sup lim fle+th) - f(@) < sup limM
Jhl£1 10 ¢ <10 t
= L.

Now we show that the first condition implies the second. Fix z,y € C and take t € (0,1). Let
g(t) = f(x+t(y — x)). Then ¢'(t) = f'(z + t(y — z))(y — z). By the mean value theorem,

fly) = f(@) =g(1) — g(0) = ¢'(z) = flx +t(y — x))(y — x)
= fllex+tly—2)(y - ) f@)(y—a)+ f(x)(y —x)
|f'(x+tly — ) = f'(@)]| ly — =l + || F (@) ly — 2|
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These lead to the following corollary.

Corollary 11.3. Let f, C, and L be as above, and let ||-||, be the dual norm. Then ||V f(x)||, < L
for all x € C if and only if |f(y) — f(z)| < L||ly — z|| for all z,y € C.

Proof. Exercise. O
The following result will be important for us:

Lemma 11.4. If [ € C}J’l(Q) (i.e. f is continuously differentiable with Lipschitz continuous
gradient) with Q C E open and convez, then for all x,y € €,

70) — £@) — {f' @)y~ 2)| < 5 ly— P

Proof. We will prove this first by working in one dimension. Let g(t) := f(z 4+ t(y — x)). Then
g (t)=f(zr+tly—2x))(y —z). By the fundamental theorem of calculus,

1 1
F(y) — f(z) = g(1) — g(0) = /0 J(t)dt = /O fa+ by —2)(y — o) dt
1
:/0 <f’(:1:+t(y—x)),y—x> dt.
Thus we get

F) = F@) — ('@),y — )] = \ | sttty =) —0) — (V1) -2 dt]

1
[ Vst tty =) - V5@ - dt]

1
</O (Vf(@+ty — ) — Vi(z),y — )] dt
1
< /0 IV +tly —2)) — V@), - ly - 2] dt
1
</0 Lty — )| - ly — =] dt
1
N _ 2
— Lyl /0 Lt
= Zlly— =l

(Here we used the Cauchy-Schwarz inequality in the fourth line.) The general case follows by
applying the one-dimensional result to each coordinate. O

Our next result tugs more on this relationship between convexity and the derivative that we are
trying to establish.

Lemma 11.5. Let f € D(R). Then the following are equivalent:
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(i) f is convex.

(’i’i) For all t1,t9 € |R, iftl < to, then f/(t1> < f/(tg).

Proof. Consider the following figure:

X1 T2 I3

Note that f is convex if and only if, for all z; < x9 < x3, the secant line connecting (z1, f(x1)) and
(z3, f(z3)) lies below the graph of f:

f(z3) — f(x1) - f(z2) — f(21) < f(z3) — f(x2)

< X
I3 — I r2 — 21 I3 — T2

: (%)

Now we show that (x) implies that f'(z1) < f'(x2). Let t € (0,1). Then we have

flor+t(ap —a1)) = flan) _ fle) = flan) o flen +Haz —21)) = flan) _ fle2) = fl21)
t(CL‘Q — 151) = o — I t\0 t(ﬂ?g — .%‘1) = To — I

= f'(z1)(x2 — 1) < f(22) — f(21)
f(CUQ)—f(ﬂ?l) o
" = f'(x2).

T2 — X1

— f'(x1) <

The converse is straightforward from the definition of the derivative and the mean value theorem: if

J/(z1) < f'(22), then
flaz) = flz1)

To—m1 fl(xy +t(wg —x1)) < fl(22)

for some t € (0,1). Thus we obtain that f is convex. O

Lemma 11.6. Let f € D(E). Then the following are equivalent:

(i) f is convex.

(ii) For all x,y € R", f(y) = f(z) +(Vf(z),y —x).
(111) For all x,y € R", (Vf(y) — Vf(z),y —x) > 0.

Proof. We prove each implication in turn.

(i) = (ii) For all t € (0,1), we have

fl@ 4ty —x)) — f(=)
t

fla+ily—z) <tfly)+ 1A -0)f(z) =
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o fa sty =) — f@) _
t\0 t

= (Vf(2),y —x) < fly) - f(2).

(i) = (iii) Take x,y € R™. Then

fy) = f@) +(Vf(z),y —z) = f(z) = fly) +(VI(y),z—y)
= (Vf(z),y—x) > (Vf(y),y — ).

(i) = (i) Take g(t) .= f(x + t(y — x)), so that ¢'(t) = (Vf(x + t(y — x)),y — x). Then for ty > t1, we
have
1

) — o (1) =
g (t2) —g'(t1) Pa—

(Vf(z+t2(y —2)) = Vf(x+ta(y — 2)), (y — 2)(t2 — t2)) > 0.

This implies that g is convex, and so g(t) < tg(1) + (1 — t)g(0), so that f is convex. O

Lemma 11.7. Let f € DY(E). Then for all x,y € E and for all t € [0,1], the following are
equivalent:

(i) f € FE(E) = conv(E) NCL(E), where CE'(E) = {f € DY(E) : |V (2)]| < L}.
(ii) 0< f(y) — f(2) — (Vf(@)y— ) < &y — 2>

(iii) f(x) + (Vf(@).y — 2) + LIV ) — V@2 < f).

(iv) LIVS() - Vi@ < (Vf(2) - V). —y).

(v) 0 < (Vf(x) = Vi), —y) < Lz —y|*.

(vi) Flta+ (1= t)y) + S22V F(y) = V@2 < (1= 6)f(2) + tF(y):

(vid) 0 < (L= ) f(x) + tf(y) — F (L= t)a +ty) < L1 — 1) |2 - y]I*

Proof. Again we prove the implications in turn.
(i) = (ii) This follows from Lemma 11.4 and Lemma 11.6.

(ii) = (iii) We check that

< inf {<Vf<x>,x—z> S OREV RS R

= inf {(V 1)) 4 (V70) = VI @)z = )+ 5 - ol
— (Vf@)a =)+ i { (V) ~ TF@)z =) + 5 = ol
— (V12 =) = sup { (V) = Tf@)y =)+ 5 I~ =11

zelR

— f(ahs =)~ £ -sup { (FLOZTIE ) L]

zeE
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uel L

Vi) —Vf(x)
L

= (Vi) w ~ ) + 5 V() ~ V@)

— (Vf(eha =)~ £ -sup {(TLOZTHD ) L pge)

1 2

= (Vf()r—y)~ L

*

(ili) = (iv) We have

F(a) + (VS @)y — )+ 57 VI ) — VIR < £(w)

F) + (VI — ) + 52 IVF @) = VI < 5@,

Adding these two inequalities gives

(Vf(z)=Vi(y)y—z)+ % (IVF(y) = V@2 + IV f(z) = VE)IE) <O,

which simplifies to
LIV - V@I < (V) - Vi) -y
(iv) = (i) We apply Lemma 11.6 and Cauchy-Schwarz to get
LIV I ) - Vi@ < (VF) Vi)~ 3) < IVA@) - Viw)llle — ol < Lz~ ).
(i) = (v) We have both
:

0< fly) = flo) = (Vf(@),y—z) < 5 lly — 2|

N | o b

0< fl@) = fly) = (Viy),z—y) < = lz -y

Adding gives us
0 < (Vf(@) = V(y)z —y) < Lz —y|*.

(v) = (ii) Again we have

1
l6) = £@) = (V5 (@)y =) = [ Vo 4y = 2)) = V@), tly - )
1 1
< [ 5 lt=ol® ar =5 =l [ rar
Lo
= Dy,

(i) == (vii) Per usual we define z; = z + t(y — x), so that

F(&) < £+ (VF()w = 2) + 5 o — = (h
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F() < £l + VS )y = 2+ 5y = =l )

Then (1 —t) times (1) plus ¢ times (I) gives

(10 F@) +- S0) < S0 + <Vf<zt>, (1 1) ) + 1y - >> T
=0
+ 2y~ )
AV 201 —
< Sl tiy )+ C oy EE0E

This then implies that

2
t(1 =) [lz —ylI”

()g(1—t)f(x)+tf(y)_f((l_t)w‘i‘ty)gg

(vii) = (ii) The inequality in (vii) is equivalent to

fo) — flay < =N ZS@) Q208 e

Taking the limit as ¢ \, 0 gives us that
F) ~ @) < (VF@)y— ) + o Iy — 2]
(ifi) = (vi) Define z; := z + t(y — ). Then
F(@) > Fz0) + (Va0 = ) + 52 IV A @) = Vi) )

FW) > 1) + (V) — =) + 57 V)~ VI ()

Then (1 —t) times (&) plus ¢ times (<) gives

(=) f(z) +tf(y) = flz) + <Vf(zt), (1—1)(z — 2) + t(y — Zt)>

0
+ 95 (@) = VIR + 57 V) - VGOIE
H1— 1)

o7 VW) = V@I

2 flx+tly—x)) +

where the last inequality follows from the fact that alz|* + (1 — a)||y||* = a(1 — a)||z — y||*.
(vi) = (iii) The inequality in (vi) is equivalent to

fla+tly—2)) - f(z)

t + i) - V@2,

fy) = flz) =

Taking the limit as ¢t \, 0 gives us that

Fl) = () > (Vf()oy = ) + 5 IV H ) — VI
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The schematic for the implications is complete. O

Theorem 11.1. Let L > 0 and let 4 > 0. Then the following statements hold:
1. Iffe Fi’l(E), then f* is 1-strongly convex with respect to || - ||..

2. If f e conv,(E), then f* € .7:;’,11.

Proof. 1. Let y1,y2 € dom(9f*) and take vy € Of*(y1) and vy € Of*(y2). Then since f €
conv(E), we have by Corollary 8.6 that y; € 9f(v1) and y2 € df(v2). This then implies that,
by Proposition 10.15, y; = V f(v1) and y2 = V f(v2). Then by cocoercivity (Lemma 11.7(iv)),
we have that

1 2
(1 — 2,01 = v2) 2 7l — w2y

which, together with Theorem 9.2, implies that f* is %-strongly convex with respect to the
norm || - ||+

2. We have that, by Proposition 8.3 and Corollary 8.6,
Of*(«7) = argmin {f(y) — (=", )},
yerR
which is a singleton, and so f* € D. Now let y1,y2 € F and take

v = Vi),  v2=Vfi(y),
Y1 € (9f(7)1), Y2 € 8f(1)2).

Then by Theorem 9.2, we get (y1 — y2,v1 — v2) = pl|yr — ngz, and this gives us that

1 — vallsllvr — v2|l = (y1 — ya,v1 — va) = pllvr —v2||* = |ly1 — yall« = pljvr — va
* _ *
IV (y1) = V. *(w2)ll 2;
ly1 — vl 1

which implies that f* € .7:;’,11.
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§12. Lecture 12—26th April, 2024

§12.1. Convergence rate

Let (V,]|-]]) be a normed vector space and let * = {zy}ren denote a sequence in V. Assume

limg i =2 € V.

Definition 12.1 (Quotient factor). Let p € [1,+00). The quotient factor of the sequence x is
defined as

0 if xi = x* for all but finitely many k
[T |

[ Nk if o # a* for all but finitely many k
Tp— T

Qp(z) =

lim supy_, 1 oo

400 otherwise.
where im supy,_, 4 o pg = liMg s o0 SUP,>f fn-

Definition 12.2 (Root factor). Let p € [1,400). The root factor of the sequence x is defined as

[ imsup o i — 2V ifp=1
Ry(z) = ¢ .. Uk
limsupy oo i — 2 [V ifp > 1

*Hl/k

In the following table, we summarise the characterisations of a sequence based on its (quotient,

root) factor properties:

Factor property | Sequence characterisation
Qi1(x) =0 Q@-superlinear
Q1(z) €0,1) Q-linear

Qi(zx) =1 Q@-sublinear
Q2(x) =0 Q-superquadratic
Q2(z) € [0,00) | Q-quadratic
Q2(x) = +o00 Q-subquadratic
Ri(z)=0 R-superlinear
Ri(z) €10,1) R-linear
Ri(z)=1 R-sublinear
Ry(z) € [0,1) R-quadratic

We will now explore the properties of these factors. Let x = {x}ren be a sequence in V' and let
p € [1,400).

Proposition 12.3. R,(x) is independent of the choice of the norm ||-||, if V' is finite-dimensional.

Proof. Let ||-||; and ||-||; be two norms on V. Since V is finite-dimensional, there exist ¢1,¢c > 0
such that for all z € V, ¢1||z|| < ||z]|" < c2||z|. Now consider a positive sequence sy such that

i N\ 0 as k — +o0o. Then
1 HE
() lim sup ||z — x*||""*

limsup ||z — 2™ ||** < lim
C1 k—s+o00

k—+o00 k—o0
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o\ M
< lim [ — limsup ||z — 2™,
k—o0 \ €1 k—+o00

= 1 since a** — 1

and since p, is arbitrary, we have R,(z) is the same regardless of the choice of norm. O
Proposition 12.4. We have that Ri(z) < Q1(z) for all sequences x.

Proof. The case for Q1(z) = oo is trivial. So suppose Q1(z) < oo and let g = |z — x|
Furthermore let € > 0 and v = Q1(x) + €. Then there must exist some ky € N such that

k—k
€k S VEk—1 < ... <Y Vg,

for any k > ko. This implies that

1/k c
Ri(x) = limsup €]1€/k < limsup ’y(k’_ko)/kai/k = lim sup (yk_k%ko) = ~lim sup %
k——+o00 k——+o0 0 k——+o0 k—+oo Y0
€
= fylimsupﬁ =7=0Q1(z) e
k—+oco €ko
Since € > 0 is arbitrary, we have R;j(x) < Q1(x). O

Proposition 12.5. Ri(z) < 1 if and only if there exists some y € RN such that ||z, — z*|| < yr
and Q1(y) < 1.

Proof. The reverse direction is easy: since y is an upper bound for x and by Proposition 12.4, we have
Ri(z) < Ri(y) < Q1(y) < 1. For the forward direction, recall that lim sup,,_, o ||zx — 2*[|*/* < 1
implies that there exists some v € (0,1) such that ||z — 2*|| < 7" for all k € N. Let y, = v* for
very large k and y; = 1 for small k. Then y is an upper bound for z and Q1 (y) < 1. O

Proposition 12.6. Given a sequence satisfying p € RN, pr >0, and pu, \, 0 as k — 400, then
k
HE S kiw Zi:wzj wi for all k € N.

Proof. Clearly |k/2] < k/2 and so

k k k
_ < — | = < ;
<2+1> g, < <k {ZJ +1> /lk\;z i,

[k/2]
since py, > 0. Dividing by k£ + 2 gives the desired result. O
§12.2. The gradient method
Let (H,(-,-)) be a Hilbert space equipped with the norm |[|-|] = 1/(:,-). Let f: H — R be a

continuously differentiable function and let z* € dom f be a minimiser of f.

The gradient method is a first-order optimisation algorithm that iteratively updates the sequence
x = {xptren as Txy1 = xx — oV f(2r), where oy is the step size at iteration k; it is presented
below.
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Algorithm: GRADIENT METHOD

e Choose a starting point g € H and a sequence {ag }ren of step sizes.
e For £ =0,1,2,... until convergence:

— Compute the gradient V f(zy).

— Update the sequence as zy11 =z — apV f(xg).

The earliest use of this method dates back to the 19th century, when Cauchy (1847) proposed the
method for solving non-linear equations like

filz) == fu(z)=0— wiéngn f@)? 4+ fl)?

The method was later popularised by Rosenbrock (1960) and Fletcher and Reeves (1964) for
unconstrained optimisation problems. We present some convergence properties of the gradient
method below.

Proposition 12.7 (Sublinear convergence of the gradient method). If f € Ci’l, inf f > —o0, and
0 <e1 <ax <2/L— g9, then the gradient method gives a sequence x = {xy}ren such that

) 1
min 95l =0 (ﬂ) -

Proof. First we achieve a following bound for successive evaluations on the sequence x:

f(@rt1) < flaw) +(V f(), Tpr — zx) + g k41 — k]|
= F(ox) — o [V F@)P + 5o} IV 5 )P

= f(ox) — akg (z - ak) IV £ () ||

< fla) = Fere IV @)l

The first inequality follows from the Lipschitzness of f, as shown in Proposition 11.7(ii). The second
inequality follows from the choice of ay and the fact that e < 2/L — 9. The last inequality follows
from the fact that ag < 2/L — 9.

The above bound implies that
2

Jin IV f(za)|? < IV Flae)]? < Tees (f(xr) = f(2hs1))
2 k 9
S k+2 .:%;ﬂ Leqeg (Flwi) = flaisa))

4
< m (f (ka/QJ) - f(xk—i-l))

4 .
< T ()~ i 1w).



and taking the equare root of both sides gives

4 (f (J,‘Lk/QJ) —lim; 4 f(l‘z)) c
Leiea(k + 2) .

min V()] <

=U,...,

and after k = o (1/4/¢) iterations, we have ||V f(x;)|| < e for all 0 <i < k. O

We now obtain such a rate result for the gradient method applied on functions that belong to a
more restricted class.

Proposition 12.8. If f € FH there exists a* € E such that fl@*)=inf f =0, and 0 < g1 <
o < 2/L — e, then the gradient method gives a sequence © = {xy}ren such that f(zx) = o(3).

Proof. Given that f is convex, we have that by the (sub)gradient inequality that

F@") = flan) + (Vfan), 2" = an) = (V) an = ") > flor).
=

Since f € Ci’l, we have from the proof of the previous proposition that
L 2
Flonn) < o) = Fou (3 = o) VS0P,

and so

|1 — a1 = |z — x V f (zx) — 27|
= ||z — 2*||* = 200 (V f(@x), 21, — %) + R ||V f (1) |

< ok = 22 = 20 f () + 7 - 5 ((on) — S i)
L~ %%
<l =" = 2617 () + 7 - (@) — )

So we can write

) < o (o = 21 = e = 2°1) + £ () = Flon),

and summing over ¢ =0, ...,k gives
k 1 - k
*1(2 2 )
;f(:ci) < g (lwo —a"1) + ol ) = ;f(:cl) < .

Therefore f(xx) < 135 Zf:tkm flzi) < 75 sk flai) =0 (%)- u

As it turns out, if f is p-strongly convex as opposed to merely convex (and L-smooth of course),
then we have the following stronger lower bound.
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Proposition 12.9. If f € Si:lL, then for all x,y € E, we have

(V1) = Vi@ =) > e =l + =9 5@) = VI

Proof. We have (V/(z) — Vf(y),2 — y) > ulla |2 and |V f(z) — VI(»)]| < Lllz —y]. Construct
an auxiliary function ¢ = f — & |-||%, and note that: (1) ¢ is convex (clearly), (2) Vo = Vf — px
(by the chain rule), and (3) the following relation holds:

(Vo(z) = Vo(y),z —y) = (Vf(z) = V), z —y) — pllz —y|?
>0

< (L= —yl?,

by Cauchy-Schwarz. This implies that ¢ is (L — p)-smooth, and so ¢ € F }J_l - We distinguish cases
as follows, noting that p > L is not possible:

e Case I: = L. In this case, we have

(VF(@) = V@)x—y) = 5 (V@) ~ Vi) 2~ ) + 5 (V@) - Vi), - )

1
> Gle—l® + SZIViE@)-ViwP .

— ~~
by strong convexity by cocoercivity (Lemma 11.7(iv))

as desired.

e Case II: p < L. By the cocoercivity of ¢ € .7:;_1”, we know that

- IV0(a) ~ Vo)l

(Vf(@) =V I,z —y) = ple—y|*+ i3 i MIIVf(f'J) ~VIy) — - y)|?

(Vo(z) = Vo(y),z —y) >

2
(1 + szﬂ) (V@) - Vi()o—y) > (M + 5o M) e - yHQLiquf(x) Ol

T @) = Vi) =) >

L 1
e = ol IV = VIl

Multiplying through by é—;’j gives the desired result. O

Again, another result, before a break.

Proposition 12.10. If f € Sile, there exists x* € E such that f(z*) = inf f > —o0, and

0<er <ai < NJ%L, then xp converges Q-linearly under the gradient method.

Proof. By the update rule for the gradient method,

k41 = 2% = |z — axV f(zx) — 2|
= |l — 2" = 200 (V f (24), 2k — 27) + R |V f ()
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* ,LLL * (|2 *\ (|2 2 2
< T — X 2—20[ T — X — 2« C’ X — C’ Xz +Oé C’ X

L 2
<(1—%%/1L)tw—xﬂﬁ+ak@%—)HmewP
—_—

+ L
20ék L %
<(L— ”)wm—xw
i+ L

2
If ap = +L, then we have that 1 — 20‘1“:? = (%) , and so
K—1\?
fowss = a1 < (Bmq ) Nl = oI

where K = % € [1,400). Also, f(zg) < f(z*) + (Vf(z*),z — %) + 5|z, — 2*||%, and since
Vf(z*) =0, we have

. L i} L (K-1\* .
fla) = 1) < gl - < 5 (3q ) oo,

which implies that limsup,_, . 1Z==20 ¢ (0,1). O

[EP

Proposition 12.11. If f € C([a,b], E) N D((a,b), E), then there exists some x € (a,b) such that

1f(a) = fO)I < (b= a)|| f'(@)]-

Proof. Define g(t) = (f(b) — f(a), f(t)) € R, then there exists x € (a,b) such that g(b) — g(a) =
g (z)(b—a), and so

and so

1£®) = f@)? < [1£() = f@lf @) - (b —a) <= [If(b) = f@)l < (b—a)|l ()],
as desired. ]

Proposition 12.12. Iff € S L Y'ND2, there exists some x* € E such that f(z*) =inf f > —o0,
and 0 <e; <o <ea < L’ then xk converges Q-linearly under the gradient method.

Proof. We have (using Proposition 12.9 and for z; € (z*, z)) that

ks — a7 = llox =V f(ar) = (@ — oV ()]
= (I = eV F)(ax) = (I = ax V) (a")]
S (G ICONICTE ]

~X
< HI—akVQ zn)|| lwe — ¥ -
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Indeed, let g(t) = (I — 'V f)(z* + (x — 2*)t) € C([0,1], E) N D((0,1), E), then there exists some
t € (0,1) such that |lg(1) — g(0)|| < [lg'(¢)]|, and so

I = @V £)(x) = (I — V) @) < || = V2 ()| e — 27
where 2z, = 2* + (2 — 2*)t — z as k — +o00. We have, for f € ‘5;1/,1L7 that ul < V2f < LI, and so

(I = ax V2 ) (2)|| = max {|1 — agpl|, |1 — ax L]} < 1.

T folag) = |1 — poy|

/

Qg

SISE
=

+

h
==

filar) = |1 — Loy |

If ap, = 2/(p+ L), then we have that ||zg1 — 2| < ( - ii—i) |xr — z*||, as shown previously.
Also,

flaw) = fla") < <v f(),an x> + 2ok~
~——

=0
L (K—-1\* cio
S5 K11 |zo — ™17,
L : [wk41 — 2| :
which implies that limsup;,_,, ﬁ € (0,1). Thus zj converges Q-linearly. O
T — X

We now discuss an extension of this linear convergence rate for strongly convex functions. First we
state a famous inequality due to Polyak-Lojasiewicz.

Proposition 12.13 (Polyak-Lojasiewicz inequality). For strongly conver D' functions (with norm

||l = m) of the form
Fy) = fx) + (Vf(x),y —x) + g”y — 2|

where f: E — R is p-strongly conver with > 0 and x,y € E, we have that
1 x5 B . .
@\\Vf(w)!\Q > f@) = f@") = Gllz = 2" [P = IVF@)I* > 2u(f (@) - f2"),

where ¥ is the minimiser of f.
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Proposition 12.14. If f € Ci’l is non-constant, f* =inf f > —oo, there exists p > 0 for allz € B
such that |V f(z)||> = 2u(f(z) — f*), and 0 < &1 < oy < 2/L — &9, then f(zx) converges Q-linearly
and xy, converges R-linearly under the gradient method.

Proof. Once again,

Floinn) < FGox) + (VT )z — a) + 5 ok — ol
= (on) — x|V F @I + Sod IV 5 )P

- rlo) - g (2 - ) 190l

< flow) - ntan (3 - a0 ) (o) - 1)

This implies that

Fone) = 1< (10 (an (2 =) ) )t - 1

<1—plLeiea=:q€0,1)

and

|Tr+1 — 2kl = ar |V f(21) ]

¢uww—ﬂMH»%

5 (3 — )
WrEEE

2 (L ak)
<Ok

L2ey

where C' = \/(f(a:g) — f*)- ( b — %) Now let n > ¢ > 0 be integers. Then

n—1 n—1
lze =zl = D (@1 — ) || <D s —
=L =L
n—1 n—~{—1 . 1
<CY Vi=cVe ) d<eVd :
i=t i=0 1-va
Thus {x}ren is a Cauchy sequence, and so converges to some z* € E. Hence
|z — 2" < ¢ V¢ = lim ||z —2*|| =0.
1-— \/a k—+o0
The proof is completed by noting that f(x) — f* < ¢*(f(xo0) — f*). O

Two final results.
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Proposition 12.15 (Lojasiewicz, 1963). Let x* € R™, and let f: R" — R be analytic in a
neighbourhood of x* such that f(x*) = 0. Then there exists U € N(x*), ¢ >0, and ¥ € (0,1) such
that for all x € U, we have |V f(z)| = c|f(2)|”.

Polyak is the special case where 9 = % and U = R™:

Flonn) < o) = o (7 = ) IVF@0)l? < flan) = - flan)®.

If 9 € (0, %], then we get linear convergence using Polyak’s proof. If ¥ € (%, 1), then we get a
sublinear rate; we present a quick proof now. Assume f(zy) < ak™” (i.e. a sublinear rate). We will

prove the result by induction (noting that z — z — C2?? is increasing). We have

p 8
flap) <ak™ —C k72 = a(k +1)° <<k_£1) — CawM>

B
<ak+1)7° (<1 + ;) - cawk—(w—l)ﬁ)
<alk+1)7° (1 + 2% — CQQﬁk—(Qﬁ—l)B)
+25—C¢m>

—a%+1)ﬁ0 <a(k+1)775.

Here we have set 8 = (20 — 1)~!, and the result holds if 23 — Ca?” <0, i.e. 28 < Ca?’.

Proposition 12.16 (Kurdyka, 1998). Let f: R™ — R be analytic and X C R™ be bounded. Let v € R.
Then there exists p > 0 and a strictly increasing continuous analytic function ¢ : [0, p) — (0,00) € C*
with ¥ (0) = 0, such that for all x € X,

0<|f(z)—vl<p = [V®lf —vD(@)| <1,

Actually we can even take concave 1.
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§13. Lecture 13—03rd May, 2024

§13.1. The heavy ball method

When we apply the gradient method to a convex quadratic, one observes that there are many
oscillations when the quadratic is ill-conditioned. The heavy ball method is a modification of the
gradient method that mitigates these oscillations. This method is implied by the following ordinary
differential equation:

Z+(1—-p)t+Vf(x)=0.
Ignoring the first term, the term (1 — )& + V f(z) = 0 is like a gradient flow with a friction term.
The heavy ball method is a discretisation of this ODE in the following way:

Tht1—Th _ Th—Th—1

p— & 4 (1-B) LTI LV f(ay) =0,
« «

which simplifies to xg41 — 2k — (2 — 25—1) + (1 — ) (241 — zx) + aV f(xr) = 0. Thus we obtain
the following canonical multi-step form:

Tpy1 = 2 — aV f(ag) + B(rr — 2p—1),

where 5 € [0,1) is the momentum parameter that keeps a memory of the displacement in the
previous iteration. We then summarise the heavy ball method as follows:

Algorithm: HEAVY BALL METHOD

e Choose g € R", a >0, 5 € [0,1).
e For k=0,1,2,... do

— Tpy1 = xp — aV f(zr) + B(Tr — Tp-1).
— If |V f(zk)|l < e for sufficiently small ¢, stop.

There are many details we're glossing over, but we will focus on concrete results for the quadratic
case (as opposed to the more general (and, of course, more difficult) case proposed by Polyak for
functions f € SilL) We will focus on the quadratic case in this course.

Proposition 13.1. Let f(z) = 3(z — 2*)T A(z — 2*) where 0 < p < L are the smallest and largest
etgenvalues of A respectively. Take the parameters

7

B
_|._
-

o= 72 2 8=
= \/f+\/ﬁ , =

where Kk = % > 1 is the condition number of A. Then

k
||xkx||<\/§-(\/g+1 lo — 2],

for all k sufficiently large.
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Proof. This is a multi-step method—the update depends on the two previous steps as opposed to
the immediate past step, which is new for us—so we will try to reduce this to a single step system
by increasing the dimension of the state. For k € N* = {1,2,3,...}, we have

<xk+1 - m) _ (xk — o — aV f(wx) + Bluk — x“))

T — x* Tp_1 —T*

Tp_1 — X~

- (xk — adA(zy — %) + Blek — wp-1) = 5”*>

((1 — A+ BI) (g — zp1) — aA(zp1 — 2¥) — x>

Tp_1 —T*
(1+8)—aA —-pBI xp — ™
I 0 Tp_1—x%)"°

—aA ﬁ] :1:1—30 H

o (GO o
<"

+5 I—ad 51 H H :cl—z:)H

To — x*

—ad — k _
()G )] “
s ()] (2]

] — 2
peof <x0—$*>‘
=(VB+e)F-|lwo — ¥,

where \q, ..., \, are the eigenvalues of A and p is the spectral radius of the matrix. In (%), we used
Gelfand’s formula which is valid for every norm and which states that for any matrix M € R™*",

Taking norms then gives

Tt1 — XF
T — x*

N

1/k
Tim (M’fH — p(M) == sup{\ € C : det(M — \I) = 0}.
k—o0
The eigenvalues of the matrix <(1 +5 i — _0’8 ) are exactly the roots of the characteristic

polynomial X2 — (1 + 8 — a);)X + 8 = 0, whose determinant is equal to
(=D _,
(VL + /n)?

Thus the polynomial is of the form (x — z)(z — Z) = 0 where z € C, and the spectral radius is equal
to |z| = vzz = v/B. Since § € [0,1), we have /3 < 1 and the result follows. O

(1+B8—a))>—48=8-

§13.2. Nesterov’s accelerated gradient method

We will only focus on the case for convex functions (as opposed to the typical strongly convex case)
in this course. First we take a detour and revisit the gradient method from last time.
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1. Consider the continuous time version of the gradient method:
t+Vf(x)=0,

where f € F&! and * € argmin f # @ and z: [0,00) — E is C'. We will show that we can derive
a rate in continuous-time quickly using the idea of finding a Lyapunov function along which the
method is monotonic. Due to convexity, we can take the energy functional to be the distance to the
minimiser of f:

E(x) = f(x) = f@") +t(Vf(2), & )+ (z—a", & )
=—Vf(z) ==V f(x)

<f(x*)—f(z) since f is convex

< —t|Vf(z)|* <0,

and hence £(x(t)) < £(x(0)) for all ¢ > 0. (This is a Lyapunov function for the gradient method.)
Thus we can write

t(f(x(t) = f(27) < t(f(e(t) — f(=7) + % lz(t) —2*||* < % l(0) — "I,

>0
and hence 1
Fla(®) = (=) < 57 [12(0) — [

This is somewhat nice because, more or less, the entire difficulty relied on simply finding the energy
functional, and life was fairly straightforward from there.

2. Inspired by this—and despite the inescapable difficulty of doing acceleration—we consider a new
problem:

3

Here the term 3/t corresponds to a friction term decreasing with time (like we have in the model of
the motion of a particle in a fluid f) and the unit coefficient of the & term corresponds to the mass.
The energy functional is then

2

t
x4+ -z —a"

E(x) =t (f(z) - f(a")) +2 5

E(x) = 2t (F(z) — F(a) + £ (V f(z), &) + 4 <x + %x 2t it %x 43 >
—— ——

=3+ Li=—LVf(z)

=2t (f(x) — f(z*) + 2 (Vf(x),&) + 4 <x + %x — ¥, —;Vf(x)>

— 2% (f(z) = f(a) + 2 (V(2), &) + 4 <;x —;Vf($)> 4 <x o —;Vf(x)>
=0

=2t (f(x) = f(2") = (2" —2,Vf(2))) <O,
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since f is convex. Thus we obtain

if &(0) = 0.

3. Consider now the system

T = Yp-1 — SV (Ye-1)
n k—1 ( )
=xr+—— (v — xp—
Yk FT k k—1)s
Here the momentum/inertia is (k — 1)/(k + 1), which is a decreasing function in the variable £,
and converges to 1 as k — oo. Let us try to motivate the connection between this system and the

differential equation we saw in 2. We have the following compact form for this system:

k—1
k+2

Thp1 =Yk — sV f(yp) = o1 + (w, — 21—1) — sV f(yr),

and so we can write
Tpr1—xp k—1 xp—=x

k—1
Let zj = x(t) = x(k+v/s), and let t = \/sk. Then as s — 0, we have

z(t) 2 xyy 5= Tk
$(t + \/g) a m(t+\/§)/\/§ = Tk+1,

so that by a Taylor approximation we have

Tt1 — Tk _;U(t+\/§)—m(t) = lx s+ o(+/s
e s - (t)+2(t)\f+ (V/s)

Tk — Th-1 _ x(t) — z(t —/s)
Vs Vs

= (1) — (V5 +olV5)
Thus

it + Layys= "1 (fz(t) - Livae owg)) V)
- (1 - 3) - (@(t) FLEOVE+ ow;)) VRV F(a(t)) + o(v/5)

= (125 (300 + F0V5 +0(45) ) = VEVIa(0) +o(v5)

i) + %a’c(t) + V() =0,

We have managed to recover the differential equation we saw in 2. from the discrete system we
have in 3., hinting at a connection between the two. Let us explore that connection further.
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4. Now we try to use the analysis for the ordinary differential equation in developing analyses for
Nesterov’s accelerated gradient method. Consider again

T = Yp—1 — SV f(Yr—1)
E—1

Yk = Tk + P () — Tp—1),

for all £ € N* with zg = yg € R. Previously we saw the functional

2

t
z+ -z —z*

E(t) =t* (fl@(®) = f(@") + 2|z + 5

Can we somehow find a discrete version of this functional? Define
2

k42 k N
— —Xp—T

9 Yk B k

e e

=:zi

& = (k+1)%s (f(zx) — f(z")) +2

Let f € ]-"i’l and s < % We have, for all x,y € E, that

fly—sVy))

< fly) - % IV £ ()] since Vf is L-Lipschitz
Jy = Vi) < f@) + (Vf@).y - o) = SIVI@)F by convexity of f.

Now let zx = yx—1 — sV f(yx—1). We have

k —
<f(yk—1 — sV f(ye-1)) < f(zr-1) + (VI (WUk-1), Yh—1 — T—1) — 5 |Vf(yk—1)\|2> : I<:+;
b (s = sV ) € S+ T e = 27) = SIS oI ) g
k-1 2
flar) < mf(f’«"kfl) + mf(iﬂ*) + @,
where
2 k+1 k—1
w= <Vf(yk—1), % Yh—1 T Ty Tk UC*> - % IV £ (ye—1) |
2 *
= sy (e =l =l —2?)
This is because
2
o= 21 = s — D0 g ) o
2 2
s = o =2 (s = 0, =) ) + S o,
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and because

L kE2 ko
k= 9 Yk 9 k
k+2 E—1 k
=5 <$k + o n 2(5% - iﬂk—1)> -5 (Yu—1 — sV f(yr—1))
k+2 kE—1 k ks
=Tt (2 — Tp—1) — SYk-1+ ?vf(yk—l)
2k +1 k—1 k ks
=5 Tk + 5 Th=1 T 5 Ykl + ?Vf(yk—l)
2k +1 k-1 k ks
= (Yr—1 — sV f(yr—1)) + 5 Th-17 5 Yk-1F 5Vf(yk71)
k+1 k—1 s(k+1
= Ykl T Ty Tkl ( 5 )Vf(yk—1)
s(k+1
= Zp—1 — ( 5 )Vf(yk—l)-
Therefore we have obtained that
Flon) = £ < B (o) — F@T) + e - (F@) — £))
Tk z*) < E 1 Th_1 T 1 T T
2 *112 *112
e (o =P == 1P)

That is,

s(k+1)% (f(ar) = f(2") + 2|2k — 2" < s(k = 1)k +1) - (f(@r—1) = F(2")) +2[|25-1 — 27|
=&

= sk (f(wp—1) = f(a*)) = 2|21 — 2|

=&k

— s (f(zr—1) — f(z7)).

Hence,
&+ 5 (f(xp—1) — f(27)) < &1

k
Ex+sy (flw) = f(z) <& =5 (f(z0) = f(=*)) + 2|20 — =*||*.
=1

Putting things together,

k—1
s(k+1)% (fze) = f(2*) < E+5 Y fla) — f@*) < 2||zo — 2*||,
i=1
if yo = xg. Thus, )
f(zr) — f(2*) < skt 1)? o — 2|

Now we summarise Nesterov’s accelerated gradient method. We omit some other details regarding
the setup, but they all follow from our discussion above.
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Algorithm: NESTEROV’S ACCELERATED GRADIENT METHOD

e Choose yop € R", ap =1, x_1 = yo, and

lyo — =]l
IV f(yo) = V()

where z # yo, Vf(2) # Vf(y), and -] = /().
e For k=0,1,2,... do
— Find the smallest index 7 € N for which

F) = f (ye — 2 Vi (ue) =27 e [V F ()1

a1 =

— Set

ap =2 ay_1,
Tr =Yk — VI (Yr),
14 4/144a?
—
ap — 1

Ak+1

k41 =

Yktr1 = Tk + (g — Th—1)-

— If |V f(yr)|| < e for sufficiently small €, stop.

§13.3. More on the proximal operator

Now we continue our discussion from Section 8.4.

Proposition 13.2. The proximal operator p; is monotone and Lipschitz continuous.

Proof. Take the respective settings
=py(x) y2 = pr(x2)
g1 =21 —y1 €9f(y1) g2 = T2 — Y2 € Of (y2).
Since f is convex, it is monotone; i.e.
(Y1 —y2,91 —g2) =2 0
(y1 —y2, 21 —y1 — (22 —y2)) =0
(Y1 — y2, 21 — w2) =
(pf(21) —pf(@2), 21 — 22) >

ly1 — y2)”
2
pr(z1) = py(za)l”

and so py is (strictly) monotone. To show that ps is Lipschitz continuous, we write x; — x =
Y1 — Y2+ g1 — g2 and so

lz1 = z2]® = lly1 = v2ll* + llor — g2l* + 2 {1 — y2.91 — g2)
=0

105



> |lps(ar) = pr(e)|® + s (21) = py (a2)|I”

)

where f* is the convex conjugate of f. Thus p; is Lipschitz continuous with constant 1. O

Proposition 13.3. The Moreau envelope fe ]_—11,1‘ Also, Vf: Dpr-

Proof. Recall that f(z) = infyep o(z,y), where o(z,y) = f(y) + 3 ||z — y|I>. Recall also that

df(z) = {z* : (¢*,0) € dp(x,ys)}, where f(z) = o(z,y,). Then
1 2
Ou(a,) = 0((@) = F) +0 (31 ~+1) (@)
B 0 T—y
B <<9f(y)> i <y - w)

< Tr—y )
ofly) +y—=x)°
We then have that

07 () = {x : (%> © (aﬂy:);yﬁx - :s>} - {m : xgi*y_ ¢ fly) }

et
= {ps-(2)}. O

One of the big appeals of the proximal operator is this smoothing effect it has on functions, as the
following example shows.

Example 13.4. Consider the function f = |- |.

We compute both the proximal operator and Moreau envelope for this f as

pf(x) = sign(z) max{|z| — 1,0},
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Fla) = Fos(@) + 5 lps(@) — o> = Ipp(@)P + 5 ps(@) — ol = { 27|

s | 3a? if |2| < 1,
lz| — 5 if |z| > 1.

Proposition 13.5. For all v € E and for all X > 0, we have pys(z) + pr-1p+(Ax) = 2.

We will not prove this, but we will furnish an example.

Example 13.6. Consider an arbitrary norm ||-||,. This norm can be viewed as the support
function of the dual ball, i.e. |||, = op=,a), and so |-} = ((TB*(OJ))* = Ip(o,1)- Then
p>\71||,H; = pA_llB(O,l) = PB*(0,1)- But of course, p)\H”a(x) =T — )‘pB*(O,l)()‘x)'

Proposition 13.7. For any f, argmin f = arg min f
Proof. Proceeding directly gives
y €argmin f <= v =ps(r) <~ Vf(:z) =pp(2) =0 <= =z € arg min f,

since py + py+ = id and fE ]:11’1. O

§13.4. Proximal algorithms: proximal gradient descent

The proximal gradient method We will now get our first taste of proximal algorithms via the
proximal gradient method. Here we are concerned with minimising a composite function h = f + g,
where f € Ci’l(E), and g € conv E. The idea is to first minimise f via a gradient step, and then
minimise g via a proximal step:

1
T+l € argmin + |z — oV S (k) — 2| + akg(x) = pagg (@ — x V f(21)).
Consider the typical Taylor-type bounds:

L
f(xry1) < floe) +(Vf(or), vpr1 — 2) + 5 |2k — 2kl
Trt1) S G

9(wkt1) < g(xk) + (09(Th41)s Thy1 — T -

Adding these gives
L 2
h(@ra1) < haw) + (Vi (2r) + 09(@ht1), T — 2p) + 5 lzne — 2™

By Fermat’s rule, we have

X — X
0€app1 — (xp — arxVf(zp)) + axdg(rps1) <= 0¢€ H;ikk + Vf(xr) + 0g(wr41).

Now,

d(0,0h(xk11))? = d(0, Vf (w41) + 9g(wr+1))°
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< |V f(@ri1) = V(i) + VF(ar) + s for all s € Og(xx41)
2|V (@psr) — VI @)|? + 2|V f () + s> by the parallelogram law
< 2L [lwg i1 — akl|® + 2d(0, V f (21) + Og(xk11))>.

Here d(z, S) = infyeg ||z — y|| is the distance from z to the set S. Indeed,

(Vf(zr) +09(wi1), Tyl — Tk) = g <Vf($k) + 09(Tk+1), "Ek—i-;k_"nk>
2

_ay Tt1 — Tk

093

V(@) + 0g(wgy1) +

« 1
— 5 IV @) + 09 = 5 — llwwsr — ol

20y,
d(Ov ah(kaJrl))2 L ||33k+1 - »”Uk||2 1 2
< - - S - .
AL . ks = ol
Then 4(0, Oh( ))2
0, Oh(zk+1 1 L 1 2
h < h(ay) — o ((E2s) 21 — 2.
(Tr+1) < h(zg) T 5 ((2 + ) o > |zk+1 — 2l

Then we can choose aj := « small enough so that

d(0, 0h(wpr1))? < da (h(zg) — h(zpgr)) = D d(0,0h(2p41))” < 00,
k=0

and then

. ) 2/ ah(xp)
+ )2 < ) <
(k 1)i:11r’r.1}’rli+1d(0,8h(xz)) < dah(zg) = i:rrll,l.{l’kd(o,ah(.l‘,)) < 7

We can now summarise the proximal gradient method. In the algorithm, we have defined the
proximal mapping as py(z) = argmingecp 2% lly — JU||2 + f(y).

Algorithm: PROXIMAL GRADIENT METHOD

e Choose a starting point g € H and a sequence {ay }ren of step sizes.

e For £ =0,1,2,... until convergence:

T —pralz —aVf(z))
” )
— Update the sequence as zy = xp—1 — o - Goy (Th—1)-

— Compute the generalised gradient G (x) =

— If ||V f(zk)| < e for sufficiently small €, stop.
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8A. Omitted proofs

This section houses all the proofs that Prof. Josz omitted during the lectures. Most of them are my
work obtained while studying for the exams—so please do not treat them as gospel; in fact treat
them as the treacherous heresy of a charlatan—and I will explicitly state when they are not.

Proof of Proposition 2.7. 1. The fact that a set that contains all its convex combinations is
convex is immediate from the definition of convexity. We will prove the converse by induction
on the number of vectors m in the set S.

The validity of the statement is clear for £ = 1 since the set is a singleton and the only convex
combination is the vector itself. Now, suppose the statement holds for m = k; we will show
that it holds for m = k + 1. Let

5= A181 + 4+ Apy15k+1
be a convex combination of the elements in 5. Observe that

A A
= sy

SN SIS

is a convex combination of k elements in S, and so by the induction hypothesis, s’ € S. But

then
k+1 k+1
S—/\181+Z/\ ( k+1>\ ) )\181+Z)\S—/\181+(1—)\1)
z 2 =2

and since S is convex, s € S. This completes the proof.

2. Write K = {) ", tiz; : m € N*,t € Ap,,z; € P}. First we show that K C coP. Let s =
A181+ -+ + Apsm € K be an arbitrary element of K for some collection {si,...,s,} C P.
Now let C' be any convex set containing S. By part 1 above, C' contains all the convex
combinations of its elements, and so s € C. Since C' was arbitrary, s € co P, and so K C co P.

Now we to show that co P C K, all we need do is show that K is convex. Take z = ZZL ;T
and y = >, Biy; to be two arbitrary elements of K with /" oy = >./" f; = 1 and
xi,y; € P. Then for any X € [0, 1],

m m
M (1=Ny =2 i+ (1=N)>_ B
i=1 i=1
But then this is a convex combination of the elements of P, as x;,y; € P for all 7 and so
m
A i+ ( Zﬁz—z (Aai + (1= X)) =1,
i=1 i=1
and so Az + (1 — A\)y € K. This completes the proof. O
Proof of Corollary 4.12. 1If f is identically 400 or —oo, then every point of X is a minimum point

for f. If f takes the value —oo, all of these points are minimisers of f. Suppose now that f is not
identically +oo or —oo. Let {z, }nen be a sequence in X such that

i o) = Juf 50) = o
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Clearly such a sequence exists, as infyex f(x) € R. Without loss of generality, take f(z,) < 400 for
all n, and let = sup,,¢y f(x,) < +o00. Since f is coercive, the sublevel set {f < S} is compact
and therefore there is a subsequence {xy }ren of {xy, }nenw which converges to a point z € X. Since
f is lower semicontinuous, we obtain

o= inf f(y) < f(x) < liminf f(ay) = o,
yeX k—o0

and so f(z) = a. This completes the proof. O

Proof of Proposition 5.7. The proposition follows by setting f(z) = 0 in the definition of convexity
for x € P. O

Proof of Proposition 6.4. The implication (i) = (ii) is immediate from the definition of sublin-
earity, and the implications (ii) == (iii) and (iii) == (i) are immediate once we show that o is
sublinear if and only if epic is a convex cone in £ x R.

For the forward direction, suppose that ¢ is convex and positively homogeneous, so that epio is
convex. So we only need to verify that if (x,t) € epio then A(z,t) = (Az, At) € epio for all A > 0.
If A =0, then the result follows from the asumption that ¢(0) = 0 by sublinearity. Now consider
A > 0; since (x,t) € epio, we have that o(z) < t, and by the positive homogeneity criterion of o,
o(Ax) = Ao(x) < At, and so (Az, At) € epio.

Now the reverse direction: from the assumption that epio is a convex cone, ¢ is convex, and we only
need to verify that o is positively homogeneous. First we verify that for all A > 0, o(Ax) < Ao (x).
Since epio is a convex cone, and (z,0(x)) € epio, we have that (A\x,\o(z)) € epio, and so
o(Az) < Ao(z). Now for any particular A > 0 and Z € E, we we have that o (A\Z) < Ao(Z). But
then using the observation we just proved with A = 1/\ and # = AZ, we have that o(Z) < Ao (Xi),

and so 0(Z) = Ao (AT). Therefore o(z) = Ao (AT), and so o is positively homogeneous. O

Proof of Proposition 6.7. (i) We first show that op is sublinear. To start, we first check positive
homogeneity: for any x € E and A > 0,

op(Ax) =sup (\zx,p) :p € P = Asup(x,p) : p € P = \op(x).
Now we just need to check subadditivity. Let x1,xo € E; then for any p € P, we have that

Jp(l'l + .%'2) = Sup <$1 + .’IJ2,p> = Sup <.le1,p> + <$2,p>

peP peP
< sup (z1,p) + sup (2, p) = op(x1) + op(x2),
peP peEP

and since op is the supremum of linear functions (-, p), epiop is the intersection of closed
half-spaces and so it is closed, and by Proposition 6.4, op is a convex cone.

(ii) First we show the forward direction. Suppose that op, < op,, t.e. for all z € E, the set
sup (z,p1) : p1 € Py < sup (x,pa) : p2 € Py. If p; € G0 Py, then p; can be approximated by
convex combinations of points in P;. Since op, < op,, any convex combination of points in
P, that approximates p; has its support less than or equal to the support of points in P,
implying p; € €0 P». Thus, co P; C co P». The reverse direction is similar.
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(iii) Follows directly from the previous case. In particular c6 P, = ¢ P if co P; C ¢o P, and
€0 P, C¢o Py. In these cases, part (ii) above indicates that op, < op, and op, < op,, and so
op, =0p,. O

Proof of Proposition 6.9. We wish to show that for ¢« > 0 and f € convE with € E, the
subdifferential d(af)(z) = a-df(x). Indeed, for any y € E,

af(y) + (@ —y,a-0f(x) < af(y) + ale —y,0f(z)) = af (y) + (ax — ay, df (x))
=af(y) + -y, 0f(x)) = fy) + (x —y,0f(x)),

and so a - 0f(z) € d(af)(x). Conversely, for any y € E,

F) + (@ —y,0-0f(2)) < f(y) + olz —y,0f(2)) = af(y) + (x —y, 0 (x))

and so d(af)(x) C a-0f(x). Thus d(af)(z) = a-df(z). O

Proof of Proposition 6.10. We prove the fact for p = 2; the general case follows by induction. Let
f1, f2 € conv E and = € E, and define f = fi+ fa, so that dom f = dom (f1 + f2) = dom f; Ndom fs.
Now let z € dom fi Ndom fa, and let z* € 9f1(z) + df2(x). Then there exist z} € Jdfi(x) and
x5 € Jfa(x) such that * = 27 + 5. For any y € dom f; N dom f2, we have by the subgradient
inequality that

fi(y)
f2(y)

Hi(@) + (y —z,27),
fo(@) + {y — z,23),

VWV

and summing gives us that

H) + f2ly) 2 fi(@) + fo@) + {y — 2,27 + 25) = (fr + f2) (@) + (y — 2, 27).
Thus z* =z} + 25 € O(f1 + f2)(x) = Of(x), and so f1(x) + df2(x) C Of(z). For the equality case,

if (V=1 211 (dom f;) # 0, then since dom f = dom fi N dom fa, we have that ridom f # () and so
af(.%') =0f; (.’B) + afg(.%') ]

Proof of Proposition 6.11. Let = € dom(g o a), so that 2’ = Ax + b € doma is such that a(2’) =
a(Azx + b) < oo. Furthermore, let t € A*(da(z')), so that there is a d € F* such that t = A*(d)
with d € da(z"). With y € dom (g oa), we have that 3/ = Ay + b € doma and a(y’) < oo with
(goa)(y) =a(y'). Applying the subgradient inequality for a at 2’ with subgradient d gives

a(y') = a(@) + (y —2',d) = (goa)(y) > (goa)(@) + (Aly —2),d).
Noting that (A(y — x),d) = (y — x, A*(d)), and for any y € dom (g o a), we have that (goa)(y) >
(goa)(z) + (y —x, A*(d)), and so t = A*(d) € d(g o a)(x). Therefore A*(da(z’)) C d(goa)(x). O

Proof of Proposition 6.12. Convexity is straightforward: since each F; is convex and ¢ is both
convex and componentwise nondecreasing, we have for all x,y € E and A € [0, 1] that

m

g (Z AFy(z) + (1 - )\)E-(y)) <Y g (WFi(x) + (1 - N Fi(y))
i=1

=1
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< Z Ag(Fi(z)) + (1 = Ag(Fi(y)) = Ag(F(x)) + (1 = AN)g(F(y)),

so that g o F' is convex. The proof for the second part below is adapted from Theorem 4.3.1 of
Hiriart-Urruty and Lemaréchal’s Fundamentals of Convexr Analysis (1993). Indeed we want to show
that

d(go F)(z) = {Z%xf such that v € dg(F(z)), z; € 0F;(x), 1 <i < m} ,
i=1

for finite F(z) = (Fi(x),..., Fyn(x)) via support functions, and hence we need to establish the

convexity and compactness of S = {d7", vz} : v € dg(F(x)), zf € OF;(z), 1 <4 < m}. Obviously

S is closed and bounded because the subdifferentials (be they dg(F'(z)) or dF;(x), are compact by

Proposition 6.13), and so S is compact. It then remains to show that S is convex. Pick points in S
and form their convex combination thus:

m m m
x*:aZ'yixf—i—(l—a)Zéiyz Z avir; + (1 —a)dy;),
i=1 i=1 i=1

where v € 0g(F'(z)), xf € 0F;(x), § € 09(F(y)), and y} € 0F;(y), with a € [0, 1]. We need to show
that «* € S. Since g is convex, we have that

(Z aFy(z) + (1 —a)F, ) Z (1= a)g(Fi(y)),

and so av; + (1 — a)d; € dg(F;(x)) for all 7. Similarly, since F; is convex, we have that

(Z az; + (1 —a) yz> < Zan(CUz) + (1= a)Fi(yi),

and so oz} + (1 — a)y! € 0F;(z) for all i. Therefore z* € S, and so S is convex.

To show that S is the subdifferential of g o F', we need to show that for all z € E and z* € S, we
have

(%, y) < (go F)(y) — (go F)(x),

for all y € E. Since z* € S, we have that 2* = )" | vz} for some v € dg(F(z)) and z} € IF;(x).
Then for all y € I, we have that

m m
=> (vl y) = _ () )
=1 =1

m

<) Fily) — Fi(z) = 9(F(y)) — g(F(x)) = (g0 F)(y) — (90 F)(x),

=1

and so z* € 9(g o F')(z). Conversely, for all z € F and z* € d(g o F)(z), we have

(%, y) < (go F)(y) — (go F)(x),

for all y € E. Since g is convex, we have that

9(F(y)) — g(F(z)) < (=%, y),
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and so z* € 0g(F(x)). Similarly, since F; is convex, we have that

Fi(y) — Fi(x) < (z],y),

and so =} € 0F;(x). Therefore z* = >_" | v} for some v € dg(F(x)) and z} € JF;(z), and so
x* e S. Thus S =09(go F)(z). O

Proof of Proposition 6.15. Let z¢ € ridom f, and assume that f(z9) > —oo (otherwise the proof is
trivial). It suffices to only consider the case where xyp = 0 and f(z¢) = 0 (modulo replacing f by
x— f(x+x0) — f(x0)). In this situation, for every vector v € E, v € 9f(0) if and only if for all
x €dom f, (v,x) < f(x).

Let A = aff dom f. This vector space contains 0 and is therefore a subspace of the Euclidean space.
Furthermore, let C be the closure of epi f N (A x R), which is a closed convex set in A x R endowed
with the product ((z,t), (2/,t")) = (x,2’) + tt’. Observe that (0,0) = (zo, f(zo)) € C, and so we
can apply Proposition 5.1 in A x R. There is a nonzero vector @ € A x R such that for all z € C,
(a,z) < 0. Write o = (v,t) € AxR. For z = (x,s) € C, we have that (v,z)+ts < 0. Let € dom f;
in particular, f(z) < oo and for all s > f(z), (x,s) € C. Therefore for all z € dom f and for all
s = f(z), (v,x) +ts <0, and with s — oo, we get that ¢ < 0.

We now prove by contradiction that ¢ < 0. Suppose not; i.e. ¢ = 0. Then (v,z) < 0 for all
x € dom f, and as 0 € ridom f, there is a set B open in A such that 0 € B C dom f. Thus for
x € A, there is an € > 0 such that ez € B C dom f. By the inequality (v,ez) + ts < 0, we have
(v,ex) <0, and so (v,z) < 0. Similarly, (v, —z) < 0, and therefore (v,z) = 0 for all z € A. Since
v € A, we have (v,v) =0, and so v = 0; but s # 0 and so t # 0, a contradiction. Therefore t < 0,
and so with s = f(x), we have (v,z) +tf(x) <0, and so v € df(z), so that Jf(z) is nonempty.

To show that df(z) is compact, we need to show that df(z) is bounded. Let x € dom f and
v € df(z). Then for all y € dom f, (v,y) < f(y). In particular, for y = 0, we have (v,0) < f(0) =0,
and so v € B(0, ||v||). Therefore f(x) is bounded, and so compact. O

Proof of Proposition 6.16. Suppose that f is Lipschitz continuous with constant L, that E is open,
and take z € E. As z is an interior point of dom f, the subdifferential 0 f(z) is nonempty and thus
we can take z* € Of (z). Let 2 € E be a vector for which ||2'|| =1 and (zf,2*) = ||2*||. Since E
is open, we can choose sufficiently small € > 0 such that = 4+ ez € E. Then by the subgradient
inequality, f(z +ezt) < f(z) + <ﬂv*, ESUT>. Therefore,
ellell = (ot 2*) < fla +ea?) - f(2)
< Lz + ext — x| = Le,

and so ||z*|| < L. For the converse, suppose that ||z*|| < L for all #* € 9f(z) and « € E. Since f is
proper and convex, with x,y € ridom f and 2’ € df(z), y € Of ( ), the subgradient inequality gives

fy) = f +<y—$x>:>f() \<$_yax>
f@) = fy)+{z—y,y) = fly)—fla) <{y—=9).

Adding these two inequalities gives

[f@) = fW)I < (z—y.2" =) < |z —ylll2’ — ¢/l < Lllz =y,

and so f is Lipschitz continuous with constant L. O
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Proof of Proposition 6.17. For any x € E, the section ({z} x R) N (ﬂiel epi fi) is

(e} x R nepi f) = L} x (Y fle), +26) = L} x [sup f(o), +o0)
iel i€l el
= ({#} x R) Nepisup f;,
el
and so episup;c; fi = ;<7 epi fi- dJ

Proof of Proposition 6.21. Let (z,«) € epiy (fOg), so that (fdg)(x) < a. Then by the definition
of the infimal convolution, there exists some y € E such that f(y) 4+ g(x —y) < a. Now choose
any 3,7 € RU {oo} such that f(y) < 8, g(x —y) < v, and f+ v = a. Then (y,5) € epi, f
and (r —y,7) € epiy g, and so (z,o) = (y,8) + (x — y,7y) € epiy f + epiy g. For the reverse
inclusion, if (x,«) € epiy f + epiy g, then there exist (y,3) € epif and (z,7) € epig such that
(@, ) = (y,8) + (2,7)- Then o = B+ = f(y) +9(2) = f(y) + 9(z —y) = (fOyg)(x), and so
(z,a) € epiy (fOg), so that epiy (fOg) C epiy f + epiy g. Therefore epi, (f Og) = epi, f + epiy g.

For the second statement, define h(z,y) = f(y) + g(x — y). Since f, g are convex, h is convex, and
we can show that for any x € F, there exists y € E such that h(z,y) < co. Indeed pick any = € E
as well as a y € dom f, so that f(y) < co. Then since g(x — y) < oo as g is real valued, it must be
that h(z,y) = f(y) + g(x — y) < oo, and so h(x,y) < co. Therefore h is proper, and

(fOg)(x) = inf h(z,y) = inf {f(y) + g(z —y)}
yekE yeE
is convex, interpreted as a partial minimization of a convex function with respect to y. O

Proof of Proposition 7.7. It suffices to prove that for f: E — R, the following hold:
(1) f(z) = f**(x) for all z € E.
(2) if f is closed, proper, and convex, then f(x) = f**(z).

For part (i), we know that for all  and y, we have f*(y) > (x,y). So for any = € F,

f(@) = sup{{z,y) — [ (y)} = (x,y) — [ (y) = [ (2).

yer

Part (ii) is less straightforward; by part (i), we have that epi f C epi f**, and we need to show
that epi f** C epi f; towards this, it suffices to show that (z, f**(z)) € epi f for all x € E. Suppose
not. Since epi f is closed and convex, (z, f**(x)) can be strictly separated from epi f, and hence
(y,z) + bs < c < (y,z) +b- f**(x) for some y € E, z € R, b € R, and s € R with (z,s) € epi f.
Without loss of generality, assume b # 0 (otherwise, add (7 — 1) to (y, b) where § € dom f*), and so
we must have b < 0, since b > 0 leads to a contradiction for large s. Again without loss of generality,
assume b = —1 (otherwise, divide by —b). Then we have (y,z) — s < ¢ < (y,x) — f**(z). Taking
the supremum over z, we get that f*(y) + f**(z) < (x,y), which contradicts f(x) > (z,y) — f*(vy),
and hence (z, f**(x)) € epi f, as desired. Therefore epi f = epi f**, and so f = f**. O

Proof of Proposition 8.2. We require the following result—which we will not prove—to prove this
proposition:
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Theorem A.1 (Fenchel’s duality theorem). Let f,g: E — RU {oo} be proper convex functions. If
ridom f Nridom g # 0, then

inf {f(z) + 9()} = sup{—=f*(y) — 9" ()},
xe yekE

and the supremum of the dual problem (the right-hand side) is attained whenever the infimum of the
primal problem (the left-hand side) is finite.

With this theorem we can prove the proposition. Pick any y € E, and elaborate the conjugate
function

(f+9)"(y) = sup{(z,y) = (f + 9)(@)} = sup{(z,y) = f(z) — g()}

Te S

= — inf {f(2) + g(x) — (#.9)} = — inf {f(2) + h2)},

where h(z) = g(z) — (z,y). Since g is proper and convex, h is also proper and convex, and
furthermore, (ridom f Nridomh) = (ridom f) N E = ridom f # (). Therefore by Fenchel’s duality
theorem, we have

inf {f(2) + h(2)} = sup{—f(2) = " (=2)}.

zeE

Furthermore,

h*(=z) = sup{(z, —2) — h(z)} = sup{(z, —2) — g(2) + (z,y)}

zelR =€k
= sup{(@.y — )~ g(2)} = 9"(y ~ 2),

and consequently,

(f +9)"(y) = — inf {f(2) + h(z)} = —Sug{—f*(Z) —h*(=2)}
z z€
= Inf {f*(z) + 1*(=2)} = inf {f"(2) + g"(y - 2)}
= (/09" ),
and so (f +¢)* = f*Og". O
Proof of Proposition 8.7. For any nonzero direction d € E, f'(x,d) = max;co(y) fi(z,d). Without
loss of generality, assume I°(x) = {1,...,m} for some m € N (otherwise, reorder the indices). Then

by Proposition 8.9, f/(x,d) = SUPg+cafi(2) (77, d), and so f(x,d) = max;cro(y) SUP,* €/, () (xF,d).
Recalling that for ay,...,ar € R,

k
max{ai,...,ar} = sup Ztiai,
teAg i=1

we can expand f'(z,d) as

k
fl(w,d) = max sup (af,d)=sup{ Dy & sup (af,d)
i€l°(x) redf, (x) teAy | i=]  xredfi(x)
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k k
= sup sup (tiz;,d) p = sup (tix],d)
teEA {; .Z: Eafz(x) teEA ;
zF €D fi(x)
= sup (x*,d)
T*€Eco (Ule 8fz(x))

= Ooo (UL, 0fi(a)) (D)

where o (UL, 97:(2)) (d) is the support function of the convex hull of the subdifferentials of the
functions f; at . Now since z € (dom f)°, Proposition 8.9 gives us that f'(z,d) = ogp(z)(d) =
Teo (UL, 0 (I))(d). Now, it is clear from previous results we have seen that the 0f;(x) are convex,
nonempty, closed, and bounded, and so Ule Jfi(x) is also convex, nonempty, closed, and bounded.
Its convex hull co (Ule 0 fz(x)> is therefore also convex, nonempty, amd compact since FE is

finite-dimensional, and since oy (d) = o, (UL, or; (x))(d), it follows from Proposition 6.7(iii) that

0f (@) = co (US_, 0fi(w) ). 0

Proof of Proposition 8.9. Let x € ridom f and d € E, and let ¢t > 0. Then by the subgradient
inequality, f(z +td) — f(x) > (td,z*) for all z* € Jf(x). Therefore for all * € 0f(z),

fla+ tci) —J@) > (2*,d) = f'(x,d) = %{% o+ ti) — /@)

> (z*,d).

Taking the supremum over x* € f(z), we get f'(z,d) > f*(d), and so f'(x,d) = sup,«cof() (v*, d).

To prove the reverse inequality, let h(v) = f'(v,d); almost by definition, h is real valued and
nonnegative homogeneous, and dom df = E. In particular, h is subdifferentiable at d, and so we
can pick z* € Oh(d). Then for all z € ridom f and ¢t > 0, we have tf'(z,d) =t - h(x) = h(tzx) since
h is nonnegative homogeneous. By the subdifferential inequality,

t-h(z) = h(tx) = h(d) + (z*,tx — d) = f'(x,d) + (2", tz — d) .

Rearranging, we get t - (f'(z,d) — (z*,2z)) > (x*,d). Since this inequality holds for all ¢ > 0, the
term in parentheses must be nonnegative (otherwise large enough ¢ makes the inequality invalid),
and so f'(z,d) > (:c*, d). We already know that for any y € dom f, f(y) > f(z) + f'(z,y — ), and
so fl(x,y—x) = (z*,y — x), and so x* € Jf(x). Taking ¢t = 0 in the subgradient inequality for h, we
get that 0 > f'(z,d) — (z*,d), and so f'(z,d) < (z*,d). Consequently, f'(z,d) < sup,-cos(y) (2, d),
and so combining this with the previous fact, f'(z,d) = sup,-cys() (**, d). O

Proof of Lemma 9.10. If a =ty < t; < --- < t, = b is a partition of [a, b], then

f(te) — f(tr—1)

ty — tr—1

S(te—1) < fi(tro) < < fL(te) < fi(te),

for all 1 < k < n. Since

y A an(tk - tk—l)f(tk) — f(tkflx

tr —
k=1 k=1 k= k-1

=
—
<
S~—
|
~
~—~
S
S~—
I
=
—~
o~
>
N~—
~
—~
~
S
_
S—
I
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we have that
n n

FO) = fla) <D (k= teea) Fi(te1) <D (0 — te1) 2 (1)

k=1 k=1

Taking the limit as n — oo and the mesh of the partition goes to zero, we get that

b b
f@—ﬂ®§/ﬁ®ﬁ§/ﬂwﬁ

and from the other direction,

b b
f@—ﬂ@z/ﬂwwz/ﬁ@w
As fL(t) < h(t) < fi.(t) for all t € [a, b], we get the equality in Lemma 9.10. O

Proof of Lemma 10.8. Suppose by contradiction that f is not Fréchet differentiable. Then there
exists an g9 > 0 and a sequence {hy}ren with hx — 0 such that

|f(T + hy) — f(T) — (v, hy) |
[l '

Define t, = ||hg]| and let dp = hi/||hg]|. Then we have that ¢, — 0 as k — oo, and also that
||di|| = 1 for all £ € N. Thus {dj }ren is a bounded sequence, and so it has a convergent subsequence
{dk, }jen (by the Bolzano-Weierstrass theorem). Without loss of generality, suppose that dj. — d as
k — oco. Rewriting the inequality above, we get

|f(T+ hi) — f(T) — (v, h) |

€0 X

€0 &

|7l
_ @+ tedi) — f(T) — (v, trdy) |
73
_ @+ tedi) — f(T + trd) + f(T + trd) — f(T) — (v, ted) + (0, trd) — (v, i) |
123
|f(@+tyde) — f@+td)| | |f(@+td) — f(@) = (v, tpd) | | [ (v, ted) — (v, trdi) |
< I + e + i .

Now because T € [(dom f), it must be the case that f is locally Lipschitz continuous around Z,
and thus there exists an £ > 0 and a 6 > 0 such that |f(z) — f(y)| < {||x — y|| for all z,y € B(Z, ).
Applying this fact and the Cauchy-Schwarz inequality to the previous inequality, we get

- s tkdki @+ d)| N f(T + trd) _g”(x) — (v, trd) | I [|lv]] ||tkil — trdy|
k ’ k
JE ) 2@ =0 BD] | o ay).

= C|dp — d]| +

Now, using the Gateaux differentiability of f at T on the middle term, we can see that the final
term above goes to 0 as kK — oo. But that contradicts the fact that it was greater than gq for all
k € N, and so f must be Fréchet differentiable at . O
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Proof of Proposition 10.10. In some sufficiently small neighbourhood N; of a, we have the following
Taylor expansion:

fla+h) = f(a) + f'(a) - h+o([hll) = b+ f'(a) - h+ of(|[]),
where b = f(a) € F. Similarly, in some small neighbourhood M of b, we have the Taylor expansion

g(b+k) =g(b) +4'(b) - k + og(I]),

<G b,

one can restricth & € No C Ny such that k = f/(a) - h+o0(||h]|) € M2 has norm < (|| f'(a)|| + 1) |2
Should the case arise, further restrict h € N3 C Ny such that b+k € Ms has norm < (|| f/(a)||+1) || A]|-
Then we have that for h € N3,

(go f)la+h)=g(b+k)

where g(b) € G. Now since

1£(@) -+ op([IRID]| < (Hf’(a)H +

= g(b) +g'(b) - k + og (|| %))
b)+g'(b) - (f'(a) - o+ of(|[R])) + og([IEI)
b) +4'(f(a)) - f'(a) - h+g'(b) - op(|IR]]) + og(IIK])
f(@) +d'(f(a)) - f'(a) - h+ p(h),
where ¢(h) = ¢'(f(a)) - o¢(||h]]) + og(||k||) is well-defined for h € N3; we need to show that when

divided by ||k, the quotient tends to zero. But this follows nicely, because ||k|| < (||f'(a)|| + 1) ||A]l,
and so p(h) is the sum of two o(||h||) terms and thus is o(||h]|) itself. Therefore (g o f)'(a) =

g'(f(a))- f'(a). O

(
9(
g(
g(

Proof of Proposition 10.13. 1. Since f is twice differentiable at x, we have that

fz +th) = f(z) + f'(x)tk + %f”(:z)tk:Z + o(t),

and so
F'(@ + th)h — f(x)h
t
Taking the limit as ¢ \ 0, we get that

= f"(x)hk + o(1).

e = i 22+ R )
N0 t ’

as desired.

2. For h,k € E, fix some dummy variable a € E that is the evaluation of some function in A and
k. Consider the map

F:R—F
t— fla+th+tk)— f(a+th) — fla+tk) + f(a),

and likewise the ancilliary map

g:R—F
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s+ f(a+ sh+tk) — f(a+ sh).

Because 0°f(a) exists, there exists a neighbourhood Nj of a such that df(x) exists for all
x € Nj. Hence f is differentiable on Nj, and it follows that there exists a neighbourhood
Nz of 0 such that g is differentiable on N3. By the mean value theorem for vector-valued
functions, we have

1
P = 9(t) = 9(0) = [ oa(or)(0) a0
and by the chain rule, we have the derived map

dg(0): R — F
s f(a+ Oh + th)(ht) — f (a + OR)(hO).

Hence

9g(0t)(t) = Of (a + Oth + tk)(ht) — df (a + 6th)(ht)
= tdf(a + Oth + tk)h — tdf(a + Oth)h
=t (8f (a + Oth + tk) — df (a + Oth)) h.

Because 0f is differentiable at a, we have, for all x € E,
0f(x) = 8f(a) +8°f(a)(z — a) + |lx — al| - r(x),
where r: E— L(E, F) is continuous at a and r(a) = 0. Therefore

Of (a+ Oth +tk) = f (a) + 0> f(a)(0th + tk) + ||0th + tk|| - r(a + Oth + tk)
Of (a+ 0th) = 8f(a) + 0%f(a)(0th) + ||0th]| - r(a + Oth),

and consequently

Of(a+ Oth +tk) — 0f (a + 0th) = (0 f(a)(0th + tk) — 0 f(a)(6th))
+ ||0th + tk| - r(a + 0th + tk) — ||6th]|| - 7(a + Oth)
= 0*f(a)(tk) + ||0th + tk| - 7(a + Oth + tk)
— ||6th)| - r(a + 6th)
= t0f(a)(k) + ||0th + tk| - 7(a + Oth + tk)
— ||6th]| - r(a + Oth).

Therefore
1
F(t):/ t (t0*f(a)(k) + ||0th + tk|| - 7(a + Oth + tk) — ||0th]| - r(a + 0th)) df
0
1 1
:t282f(a)(k)+t/ Hoth+tku-r(a+0th+tk)(h)d9—t/ |0th]| - 7(a + 0th)(h) d6.
0 0

Let M = ||h]| + ||k||. For all 8 € [0, 1], we have

[10th + tk|| - r(a + 0th + tk)(R)|| = ||0th + tkl| - |r(a + Oth + tk)(h)]|
< (10t AL+ el IEND - [lr(a + 0th + tk)|[ - [[All
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([E[ 1R+ [ - llr(a + 0th + tE)[| - [A]
(M|t| + MJt|) - ||r(a+ Oth + tk)|| - M
= 2M2|t] - ||r(a + Oth + tk)||.

NN

It follows then that

(|| 16th + k] - r(a + 6th + tk)(B)|[ _ (68 + tk] - r(a + 6th + th) ()]
150 t 50 ]
2 . .
<t ZM10L-lir(a+ 0t + th) | - M
t—0 \t’

= 2M?lim ||r(a + Oth + tk)| = 0,
t—0

since, for all 6 € [0, 1], we have 0t — 0, a + 0th + tk — a as t — 0 and since r is continuous at
a and r(a) = 0. So we have that

[ 0th + 2] - 7(a -+ 0th + k) (h)

= O7
t—0 t

and it follows that for all 6 > 0, there is some € > 0 such that for all ¢ € (—¢,¢) and 0 € [0, 1],
we have

|0th + tk| - r(a + Oth + tk)(h)

) 1
H 10th + tk| - (a + Oth + tk)(R) H PN / H o < 4.
t 0 t

Hence

‘ /1 |0th + tkl| - r(a + Oth + tk)(h) dgH <4

0 t ,
and consequently
1 .
hm/ |6th + k| - r(a+ Oth + th)(h) ) o
t—0 0 t

With pretty much the same argument, we can show that

1 .
lim/ [0tk - r(a+6th) (k)
0

t—0 t

As such, we have that

A0 202 f(a)(k) +t [, |0th + tk| - r(a + Oth + tk)(h) A8 — t [ ||6th]| - r(a + 6th)(h) 48
m =

t—0 2 12
1
a2 ) |0th + tk|| - r(a + 0th + tk)(h)
= %g%a f(a)(k)(h) + %g%/o " de
1 .
B lim/ |0th|| - r(a 4 0th)(h) 10
= 0 f(a)(k)(h).
Now consider the map
g R—F
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s+ fla+th+sk)— f(a+ sk).

With a similar reasoning as above, we get that

and so 02f(a)(h)(k) = 8?f(a)(k)(h). Since h,k € E were arbitrary, we have that 9%f(a) is

symmetric. Bilinearity follows from the linearity of the derivative. O
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