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Nota bene:

« This was a great course, and Prof. de Jong’s lectures really conveyed a lot of intuition, much of which I cannot
capture in these notes. For example, I couldn’t possibly include all the many diagrams that he used to illustrate
connections between geometry and algebraic objects we studied. Please use your imagination to fill in the

gaps!

« These notes are not a substitute for the course material, and likely contain several errors as (i) I am but a lowly
undergraduate, and (ii) it hasn’t been checked by another pair of eyes.

« While sections of the notes were written live in class, much of the the content was written after the fact.



§1 Lecture 01—22nd January, 2025

Course outline. This is a course on schemes. The goal of the course is to establish the existence of the
Picard variety or Jacobian of a projective and smooth curve and to deduce the properties of the Picard
group of a curve from this, using some of the geometry of abelian varieties. There will be many important
problem sets and a final exam. The main texts of the course are [GD67, Aut24, Har77].

Algebraic geometry? The basic idea of Grothendieck is that every commutative ring deserves to be thought
of as a ring of functions on some geometric object, and that the study of these objects is the study of the
geometry of the ring. The objects are called schemes, and the study of schemes is called algebraic geometry
(sort of).

§1.1 Introduction

Definition 1.1 (Jacobian). Let C' C R™ be a parametrically defined curve given by a smooth map

VI = RY e a(t) = (@), (),
where I is an open interval in R. The Jacobian matrix J of the curve C at a point ty € I is the matrix

T

() L) - Lw)|

dy _ [dm

J t = — = _
) =3 = | ar

which represents the rate of change of the curve at the point to. We call Jac C' the Jacobian of the curve C.

Our first goal is to construct the Jacobian of a curve C. As we will see, Jac C is related to the group of
isomorphism classes of invertible modules (line bundles) on C; that is, it is related to the Picard group

PicC of C.

Definition 1.2 (Picard group). Let C be a smooth projective curve over a field k. The Picard group Pic C is
the group of isomorphism classes of invertible sheaves (or line bundles) on C' under the tensor product. More
precisely:

« elements of Pic C are equivalence classes of divisors modulo linear equivalence (here a divisor D on C'
is a formal finite sum ZpEC ny - p, wheren,, € Z, p is a point of C, and almost all n,, are zero, and two
divisors are linearly equivalent if their difference is the divisor of a rational function on C');

« the group operation is given by the addition of divisors (that is, for [D1],[D2] € PicC, we have
[D1] + [D2] = [D1 + Ds)), the identity element is the class of the zero divisor [0], and the inverse of a
divisor [D] is [—D].

o the group structure is compatible with the tensor product of line bundles, i.e. for L1, Lo € PicC, we
have L1 ® Ly = Ls if and only if [L1] + [L2] = [L3].

Note that Pic C can be viewed in three equivalent ways: first, as the group of divisors modulo linear
equivalence; second, as the group of isomorphism classes of line bundles under the tensor product; and
third, as the first Cech cohomology group H'(C, Og).!

Definition 1.4. A projective curve C over a field k is a projective variety of dimension 1 over k, specifically:

"Recall the Cech cohomology group:



« C is a zero set of homogeneous polynomials f1, ..., fm € k[Xo,..., Xn];
« C C P"™(k) is irreducible and reduced, where P™ (k) is the n-dimensional projective space over k;
« the dimension of C' is 1.
Example 1.5. 1. The projective line P!, i.e. the one-point compactification of the affine line A'
is the simplest example of a projective curve.

2. Elliptic curves are projective curves of genus 1. They can be defined as the zero set of a cubic
polynomial in P2,

3. Fermat’s curves are projective curves defined by the equation X" + Y™ = Z" in P2. They are
examples of projective curves of genus g > 1.

Definition 1.6 (Scheme). A scheme is a locally ringed space X such that for all x € X, there exists an open
U C X containing x, where U is an affine scheme.

Definition 1.7. A locally ringed space is a ringed space (X, Ox) such that for every point x € X, the stalk
Ox 4 is a local ring, while a ringed space is a pair (X, Ox ), where X is a topological space and Ox is a sheaf
of rings on X.

For example, if F" is a presheaf of abelian grops on a topological space, then Flx is an abelian group according
to the rule
(U, 3) + (u/7 3/) = (u N ula S|uﬂu’) + Sl‘uﬁu"

Now, we can define the sheaf of rings Ox on a locally ringed space X as follows:

Definition 1.8 (Sheaf of rings). Let X be a topological space. A presheaf of rings F on X consists of the
following data:

« For each open set U C X, aring F(U).

« For each inclusion of opens V' C U C X, a restriction (or restriction map) pyyv : F(U) — F (V) such
that: (i) pu,u = idF ) for every open U, and (ii) if W C 'V C U are opens, then py,w © pu,v = pu,w -

The presheaf F is called a sheaf of rings if it satisfies, in addition, the following two axioms for any open cover

{Ui}ier of an open setU C X:

Definition 1.3 (Cech cohomology). Let X be a scheme (or any topological space) and F a sheaf of abelian groups on X . Fix a finite
open cover st = {U,; }icr of X, and form the Cech complex

n+1
= k
' F) = I FWun--nUL),  (0igeing =y (=D'eyy = o luggnenus,,,-
i0seenrin € k=0

The n-th Cech cohomology group of F with respect to il is
m@ﬂ:m@Wuﬂﬁmﬂmm/mWOHmﬂﬁﬁuﬂy

The full Cech cohomology group is then
H"(X,F)=1lim H" (4, F)
v

where the direct limit is taken over all finite open covers Ll of X.



(a) (Locality.) If s,t € F(U) are two sections such that

=1

SUi

p, inF(U;) foralli,

then s =t in F(U).
(b) (Gluing.) If for each i € I there is a section s; € F(U;) satisfying

84

UnU; Sj‘ UiNU; in 7(U; NU;) foralli, j,

then there exists a unique section s € F(U) such that S‘U_ = s; in F(U;) for every i.
In other words, a sheaf of rings is a presheaf of rings satisfying the usual locality and gluing axioms.

Definition 1.9 (Affine scheme). A locally ringed space (X, Ox) is called an affine scheme if there exists a
commutative ring A such that
(X, OX) = (SPGCAa OSpeCA)a
as locally ringed spaces, where Spec A is the set of prime ideals of A with the Zariski topology and Ospec 4 is
the sheaf of rings defined by
a

Ospecalp) = Ay = {F € Alb ¢},

where p is a prime ideal of A.
Let f : A — B be a ring homomorphism. Then there is an induced map
f*:SpecB — SpecA, q — fYq).
To see f* is continuous, note that for any a € A,
(f)71(D(a)) = D(f(a)) C SpecB,
so the inverse image of a basic open D(a) C Spec A is the basic open D(f(a)) C Spec B.

In particular, if B = Ay is the localization of A at the multiplicative set {1, f, f 2 ...}, then the canonical
map ¢ : A — Ay induces

" : Spec (Ay) — Spec (A), p— pNA.

One checks that .*(Spec (Af)) = D(f) C Spec (A) and that t* : Spec (Ay) — D(f) is a homeomorphism
(with inverse sending p C A not containing f to the extended ideal p Ay C Ay).

Lemma 1.10. Let f, g € A. Then the following are equivalent:
1. D(f) € D(g) in Spec A;
2. The element g is a unit in the localization Ay;
3. There exists an A-algebra homomorphism Ay — Ay (extending A — Ay);

4. There exists a unique A-algebra homomorphism Ay — Ay.

Proof. We prove each implication in turn.



(1) = (2) Assume D(f) C D(g) and let us show that g is invertible in A;. Suppose the contrary: g is not a

2 = ©)

6) = (¢

unit in Ay. Then there exists a prime ideal p C Ay with g € p. Contraction gives a prime ideal
q:=pNAC A Because f is inverted in Ay, f ¢ p, hence f ¢ q; whence g € D(f). Butg € p
implies g € q,s0 q ¢ D(g). Thus q € D(f) \ D(g), contradicting D(f) C D(g). Therefore g must
be a unit in Ay.

If g is a unit in Ay, the universal property of localization applies: given an A-algebra B in which
the image of g is invertible, there is a (unique) A-algebra map A, — B. Taking B = A shows the
existence of an A-algebra homomorphism A, — Ay.

Localization enjoys a universal property with uniqueness: any A-algebra map ¢ : A, — B is
determined by its value on A and by the requirement that ©(g) be a unit. Hence the map of (3) is
already unique.

(4) = (1) Assume there is a unique A-algebra homomorphism v : A; — Ay. Suppose D(f) € D(g); then

there exists q € Spec A with f ¢ qbut g € q. Set p := qAs C Ay; it is prime and still contains the
image of g, so g := g/1 is not a unit in the residue field A;/p. Composing the canonical projection
Ay — Ay /p with the (unique) map A; — Ay would yield an A-algebra map

Ag — Ag/p

in which g maps to a non-unit—contradicting the defining property of A,. Hence such q cannot exist
and we must have D(f) C D(g). O

§2 Lecture 02—27th January, 2025

§2.1

Morphisms of schemes

Definition 2.1 (Morphism of ringed spaces). A morphism of ringed spaces f: (X,0x) — (Y,Oy) isa
pair (f, f*) consisting of a continuous map f: X — Y and a continuous homomorphism f*: Oy — f.Ox
of sheaves of rings such that for every open set U C Y, the map flﬁj Oy(U) — Ox(f~Y(U)) is a ring

homomorphism.
Here, f.Ox is a pushforward on sheaves of sets/groups/abelian groups/rings, defined by the following
rules:

1. Given a presheaf F on X, then f..F is given by Y D V open — (f.F)(V) :== F(f~L(V)).

2.

For inclusions Y D V; D V5, then given the restriction map res|g of S, we obtain the map

FFV) ———— F(f7 ()
ves|y. z res|z
[ F(Vo) == F(f'(\))

Check that the sheaf condition for f,F, in the case that F is a sheaf, is satisfied; say V' = J; V; where {V}



is an open cover of Y. Then, we obtain the equaliser diagrams

—>Hf* :in* )(VinV;)
V))—>H}‘(f_ :&H}' \vinvy)) :H}'(f_l(Vi)ﬂf_l(Vj)),

with pair of maps across the sequence equal to one another.
Remark 2.1. For any x € X, there is a map of stalks

can: (foF)f(z) = Fa
defined by the map of equivalence classes

[(V.S)] = [(F71V,S)],  [f(z) €V CYopen S € LF(V)=F(fH(V)),ze fTH(V)].

Definition 2.2. If (X, Ox) and (Y, Oy) are locally ringed spaces, then we say a ( f, f*) as above is a morphism
of locally ringed spaces if for every x € X, the map of stalks

i can
OY,f(a:) f*> (f*OX)f(a:) — OX,l‘

is a local homomorphism of local rings.

Definition 2.3. Alocal ring R is a ring with a unique maximal ideal. We write m for that maximal ideal, and

k(R) = R/m for the residue field induced by the maximal ideal m.

For (X, Ox) locally ringed, all z € X, m; C Ox, is the unique maximal ideal of the stalk Ox ;, and
ke = Ox /my is the residue field at z.

Definition 2.4. A homomorphism of locally ringed spaces ¢: (R, mp) — (S, mg) is called local if it sends
the maximal ideal of R into the maximal ideal of S; equivalently, if (mgr) C mg <= ¢ !(mg) C mg, or
fi(m m) r(z) C My forallx € X.

For these, we get the induced maps

R(f (7)) —— ()

b,

Ox, f(z) ——> Ox
U U

Definition 2.5 (Morphism of schemes). A morphism of schemes is a morphism of locally ringed spaces,
where a morphism of locally ringed spaces is a morphism of ringed spaces such that for every x € X, the
morphism (f, f*): (X,O0x) — (Y, Oy) induces a local ring map Oy, f(z) = Ox -



Theorem 2.1. Let A, B be rings. Then

Morgen ((Spec(A), OSpec(A))v (Spec(B), OSpec(B))) = Moarg(Ba A)a

where Morsy, is the set of morphisms of schemes, and Morgy, is the set of ring morphisms, given by the mapping
from (f, f*) to f* or the global sections fﬁ(OSpec(B)) = Ogpec(4)> Where Jik Ospec(B) = [+Ospec(a) is the

map of sheaves of rings.

In particular, the functor Spec: CRing®® — Sch is contravariant; a ring homomorphism ¢: A — B
gives a scheme morphism

Spec(B) U Spec(A),  ps o7 (),

where =1 (p) is the preimage of the prime ideal p under the ring homomorphism (. So we can have that
Homgcn (Spec(B), Spec(A)) = HomcRring(A, B). How does this correspondence work? Consider the
forward direction from rings to schemes. Given ¢: A — B, set f = Spec ¢. On sheaves, one has

fﬁ: OSpec(A) - f*OSpeC(B)’

obtained by localising ¢ on the basic opens D(a) C Spec(A), where a € A is a nonzero-divisor. For the
reverse, given a scheme morphism f: Spec(B) — Spec(A) with f#: Ospec(a) = [+Ospec(B)> We may
take global sections

f4(Spec A
A =T(Spec A, Ospee(n)) 2, D(Spec (B), fuOspec()) = I(Spec (B), Ogpec(s)) = B

where the last equality follows from the fact that Og,ec(p) is a sheaf of rings on Spec(B), and hence the
global sections are just the ring B. (Recall that the global sections of a sheaf F on a topological space X is
givenby I'( X, F) = F(X) = {s € F(U) with U = X}, where U is an open set of X.)

Take, now, f* on sections over D(1) = Spec(B), where this is more concretely observed as a map:

fﬁ : OSpec(B)(SpeC(B)) - (f*OSpec(A))(SpeC(B)) = OSpec(A)(f_l(SpeC(B))) = OSpec(A)(SpeC(A))7
B morphism of rings A

Going through this and letting ¢ : B — A be a ring homomorphism, we can take f by Spec(y) =: f where

f: Spec(A) — Spec(B),
P (p) ={beB:pb) e}

Let’s define f* on open sets of the form D(g) C Spec(B), for g € Spec(B), where we have the map

Bg = OSpec(B) (D(g)) f_u> (Spec(w)*OSpec(A)) (D(g)) = OSpec(A) (f_l(D(g))) = OSpec(A) (D(f(g)))

—

S
S
—~

=
~—

Example 2.6. Take A, = Spec(R[z1,...,2,]) as an affine n-space over R a ring. To define f*, we



consider the sequence

0 — Oy (D(x1) U ... UD(2n)) = @D Ouy, (D(x:)) = @D Onp, (D(ix;))
i=1 i,j=1
0 — Rlx1,...,zy] %@R[xl,...,x;ﬂ,...,xn] — @ R[xl,...,x;tl,...,a,";d,...,xn].
i=1 i,j=1

Here, if f; € R[z1,...,zy][1/2;] and f; — f; = 0 in the ring R[z, 1/(x;z;)], then writing it out, we
find that if f; = f; for all 7, j, we have no denominators!

Remark 2.2. If (X, Ox) is a scheme and U C X is open, then (U, Ox|y) is a scheme, where Ox | is the
restriction of the sheaf Ox to U.

Sonow U = D(x1)U...U D(xy,) C A} has the property Oy (U) = R[z1, ..., xy]. So if U were affine,
then U = A%, but it isn’t; indeed U # A, because the origin is not contained in U. At that origin
with 1 = ... = 2, = 0, which is a closed subset. To find a point in there we want a prime ideal
(x1,...,2,) C p C R[x1,...,xy] such that p is prime and p N R = (0). This can be found if R is not the
zero ring. Pick m C R a maximal ideal, and use p = (1, ...,%,) + mR[zy, ..., z,] with R[z]/p = R/m.
Thus U is not affine, but it is a scheme. The point z = (0, ...,0) is a point of U, and the stalk Oy, is a
local ring with maximal ideal

My = (T1,...,2y) + MR[x1,...,2,) C R[z1,..., 2],

where m is a maximal ideal of R. The residue field at z is kK, = R/m, which is the same as the residue field
at the point z in A%,

Now let A be a ring and M an A-module.

Fact 2.7. There exists a unique (up to unique isomorphism) shean of Ospec(a)-modules which comes with
an identification of Ay = Ogpec(a)(D(f))-modules via the map

~ @~

My — M(D(f)), for all f € A nonzero-divisor
such that if D(f) C D(g), then
My ———— M(D(/f))

res ’ —
M

My — M(D(g))
with My > x /g™ — u" - x/1 € My for someu € Ay.
Recall that D(g) D D(f) means that there exists a unique A-algebra map

Ay — Ay, Ay > grrunitu € Ay,

10



§3 Lecture 03—29th January, 2025

Definition 3.1. Let (X, Ox) be a scheme. An Ox-module F is called quasi-coherent if for every open affine
U C X, then we have

U= (SpeC(A)v OSpec(A))7
the restriction F |y is isomorphic to the sheafﬁfor some A-module M.
Theorem 3.1. Let A be a ring. We have an equivalence of categories
Mod 4 = MOdQCoh(Spec(A)),

where Mod 4 is the category of A-modules, and Modqcon(spec(a)) IS the category of quasi-coherent Ogpec(a)-
modules.

There are other types of modules on a ringed space (X, O), such as:
« finite locally free O-modules, which are locally isomorphic to O™ for some n € N;
« flat O-modules, which are locally isomorphic to O;
« invertible O-modules, which are locally isomorphic to O and locally free of rank 1;
+ modules of finite type;

« modules of finite presentation.

§3.1 Ox-modules and their operations

Let (X, Ox) be a ringed space.
Definition 3.2. An Ox-module is a sheaf of abelian groups F together with a morphism of sheaves of rings
Ox x F = F, (s,f)—s-f,

such that for every open U C X the induced map Ox (U) x F(U) — F(U) equips F(U) with the structure
of an Ox (U)-module.

Essentially, an O x-module over a ringed space is a sheaf such that for any open U C X, F(U) is an
Ox (U)-module, where the restriction maps S: F(U) — F (V) are compatible with the restriction maps
Ox(U) = Ox(V), i.e. the restriction of f’s for f: Ox(U) — Ox(V) is compatible via our above map
(Ox x F)(U) — F(U).

We say that Mod(X) = Mod(Qx) is the category of O x-modules; it is abelian, has all products, all limits
and colimits, and is a Grothendieck abelian category. In fact, it has enough injectives.

Definition 3.3 (Locally free sheaves). Given r > 0, an Ox-module F is locally free of rank r if there exists
an open cover {U; }icr of X with F|y, = OX@: foralli € 1.

For r = 1 we call F an invertible sheaf or a line bundle. For F,G € Mod(X), define

Homop(F,G)(U) = {¢: Flu = G|v as Oy-module maps} ,

11



where Oy is the structure sheaf of U. The restriction is given by ¢ — ¢|y for V' C U open. One may
check the sheaf axioms directly and obtain the following:

Proposition 3.4. Homp (F, G) is a sheaf of abelian groups.

Consider ¢1|y,nv, = w2|v,nv, and take U = Uy U Uz and 9 € Homp (F,G)(Us). For every W C U
open, we want to explicitly construct a unique map ¢: F(W) — G(W) via the following diagram:

F(W) - G(W)
FWNU) x FWNUs) A GW NUL) x G(W NUs)

I

Q(Wﬂ Ui N UQ)

Lo

]:.(W UL N UQ) WNUNUy m‘WOUmUQ

Now let us examine the construction of 7 ®¢, . First consider the presheaf of O x-modules X D U —
F(U) @04 ) G(U). There’s a problem; this is not a sheaf. To fix this, we sheafify.

Denote its sheafification by F @0, G = (U — F(U) @0 @) G(U))A
Lemma 3.5. For every v € X, there is a natural isomorphism (F Qo G)z = Fi ®0x, Ga-
Observe that ' ®p, Ox = F and

Homyoq(0)(F ®ox G, H) = Biloy (F x G,H) = Homyjeq(0 ) (F, Homo (G, H)),

where Bilp, (F x G, H) is the sheaf of bilinear maps from F x G to H. In particular, the Yoneda-style
adjunction
F ®oy (—) 1HHomp, (—, —)

holds in the sheaf-theoretic setting just as it does for modules over a ring; the verification is straightforward.

Lemma 3.6. Let (X, Ox) be locally ringed and let F be an O x -module. Then the following are equivalent:
1. there exists G with F @0, G = Ox;
2. F islocally free of rank 1.

When they hold, G is unique up to unique isomorphism and is given by G = Homop, (F,Ox) =: F".

This lemma can be proved via a nice corollary (one of many, of course) of Nakayama’s lemma; we leave it
as an exercise. In any case, the lesson is that the set of isomorphism classes of invertible sheaves forms an
abelian group under the operation ®o, , which is associative and commutative. We also emphasize that
sheaves of modules over a ringed space form an abelian category (i.e. enriched over Ab and has a zero
object, all binary bi-products, all kernels and cokernels, and all monomorphisms and epimorphisms are
(co)normal; that is, monomorphisms are kernels of some morphism and epimorphisms are cokernels of
some morphism).
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Example 3.7. We can check that (’);‘?’” R0 (’)g’és - O?E(HS) for any 7, s > 0, and furthermore,
Homop, (OF",0%°) Og(m)‘ In particular, Homo, (0%, Ox) = OF".

Remark 3.1. If X is a scheme, then localy free modules of finite rank are quasi-coherent. In fact, even finitely
presented O x-modules are quasi-coherent. In general, however, the converse is not true; for example, the
sheaf of sections of a locally free sheaf of infinite rank is not quasi-coherent.

Definition 3.8. If (X, Ox) is a locally ringed space, we say that f € Mod(Qx) is invertible if it satisfies the
equivalent conditions of Lemma 3.6.

§3.2 The Picard group and affine computations

Recall the fundamental group for our course:

Definition 3.9. The Picard group of X a locally ringed space (X, Ox) is the group of isomorphism classes of
invertible O x -modules, denoted Pic(X ), with addition [L1] + [L2] := [L£1 ® L], neutral element [Ox|, and
inverse [L]"~1 = [L£V].

Let X = Spec A. Via M +— M, quasi-coherent sheaves correspond to A-modules.
Lemma 3.10. For an A-module M, the following are equivalent:
(i) M is invertible;

(ii) thereexist f1,..., f, € A generating the unitideal (1) = (f1,..., fr) and isomorphisms of A y,-modules
My = Ay, foralli =1,...,r.

More generally, M is locally free of rank n if (ii) holds with My, = Aj‘?i" foralli=1,...,r.

Consequently, Pic(A) := Pic(Spec(A)) is canonically isomorphic to the group of isomorphism classes of
rank-1 projective A-modules under the operation of tensor product.

Example 3.11. Some key examples:

« Fields / PIDs / UFDs: If A is a field or a principal ideal domain (hence a unique factorization
domain), then every rank-1 projective A-module is free, so Pic(A) = 0.

« Dedekind domains: If A is a Dedekind domain, then Pic(A) identifies with the ideal class
group of A, and does so canonically.

- Projective line: Over a field , Pic(P}) & Z vian [O”’i (n)} , where [O"’i (n)} is the sheaf
of sections of the line bundle Op1 (n).

Let X be a scheme. For a commutative ring R set X (R) = Morsc,(Spec(R), X). Given the map

¢ : R1 — Ry, pre-composition with Spec ¢ yields X (R;) ofpece, x (R2), making X (—) a contravariant
functor X (—): Rings®® — Sets. The functor X + X (—) embeds Sch fully and faithfully into Set?ines;
thus a scheme is determined by its functor of points. For X = Spec A one has a natural bijection by the
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relation X (R) = Homgings(A, R). Finally, for a ring R,

{(a,b) € R?: aR+ bR = R}

Py(R) = :
z(R) (a,b) ~ (ca,cb) for c € R*

Equivalently (after dualising), this is the set of rank-1 locally free submodules of R®2. A few special cases:
« If R = k is a field, then we recover the classical projective line [P,lg over k.

« If Ris a DVR, an R-point records a line in the generic fibre and its extension to the special fibre.
Concretely, we pick a K-line / C K? (where K = Frac R) and the data of the R-quotient says how
that line spreads out over Spec(R).

But let us take our heads above the weeds and try to examine the moral lesson of all of this, which is
the following beautiful idea: The functor-of-points perspective expresses geometric properties in purely
algebraic terms, crucial for descent, deformation theory, and moduli problems.

Remark 3.2. 1. Locally free sheaves of finite rank are quasi-coherent; of finite presentation they are
often called vector bundles.

2. The internal Hom and tensor endow Mod (X ) with a closed symmetric monoidal structure.

§4 Lecture 04—03rd February, 2025

First, a clarification from last time. Let (X, Ox ) be a ringed space. If 7 and G are sheaves of O x-modules,
we define the presheaf of Ox-modules F ®,0, G by F @05 G(U) == F(U) @ () 9(U) with the
obvious restriction maps.

Definition 4.1. The tensor product of F and G is the sheaf of O x -modules:

F @0y G = (F 0y 6.

The following is not hard to show.

Fact 4.2. (F ®oy G)z = Fz @0y, Gz forallz € X.

§4.1 Gluing

Many different kinds of mathematical objects can be glued together: sets, topological spaces, sheaves,
(smooth) manifolds, C'*°-manifolds, ringed spaces, locally-ringed spaces, and, in particular, schemes. We
begin with the basic example of gluing two topological spaces.

Let X,Y be topological spaces. Let U C X and V' C Y be open subsets and suppose we are given a
homeomorphism ¢: U — V.

Theorem 4.1. There exists a unique (up to unique isomorphism) topological space M and open embeddings
a: X — M and B:Y — M, whose images we denote by M, and My respectively, such that

M = M; U Mo, U=a (M nNM), V =71 (My N My),
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and the following diagram commutes:

u—2 v

m |aiv

My N Moy

Proof. Take the disjoint union X U Y and impose the equivalence relation generated by
x~yifandonlyifx € U,y € V, and p(x) = y.

Denote the resulting quotient space by M = (X LUY")/ ~. A subset W C M is declared open iff its inverse
image in each of X and Y is open. With this topology, the natural maps

a: X — M, 6:Y - M

are continuous open embeddings, and we put M; = «(X) and My = B(Y). For any space T let
Morop(—, T') be the set of continuous maps from — to 7'. Restricting along U and pre-composing with ¢
give maps

Mormop (X, T) — Morrop (U, T'), Morrop (Y, T') = Morro,(V, T).

It is not too hard to check directly that

MOI‘TOP(M, T) = MOrTop(X, T) XMorTop(U,T) MOI‘TOP(Y, T), (*)
and, conversely,

MOI“TOp(T,M) = {T: T UTQ,flt T — X,f22 T —Y:
filnien, = ¢ o folnnm, fi(TiNT2) CU, fo(ThNTz) C V}
Property (%) is the universal mapping property that characterises M; hence M is unique up to unique
isomorphism. O
Let us now discuss the issue of gluing sheaves. Let X be a topological space covered by open sets
X = U;er Ui Suppose we are given:
1. Local data. For every ¢ € I a sheaf F; (of sets / groups / rings / ...) on Uj.

2. Transition isomorphisms. For each pair ¢, j € I an isomorphism ¢;; : ]:i|UiﬂUj = ]:j‘UmUj such
that the cocycle condition holds, namely that for all ¢, j, & € I the following diagram commutes:

r $ii U;NU;NU, r
Hu,nU;nU;, Jusnu;nuy,
vik U;NU;NU
Pik
U;NU;NU
F
k U;NU;NU

Note that if i = j = k, then this gives ¢;; = id and indeed ¢;; 0 ;i = pj;. If i = k, then we get ¢;; = (pj_il’
and if j = k, then we get ¢;; = ¢j;".
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Proposition 4.3 (Gluing sheaves). Under the above data there exists a unique sheaf 7 on X together with
isomorphisms

wz./—"‘UZ;]:Z, iEI,
such that; = p;j 0; on Uy N Uj foralli,j € 1.

Construction (abelian-valued case). For an open set U C X put

FU)=ker | [[FRUnU) = [[ RUNUND;) |,
el i,j€l

where the two arrows send (s;) to (SOij(Sz“UmUmUj)) and (Sj‘UmUmUj) respectively. The moral lesson is
this: the gluing of ringed or locally-ringed spaces (and hence of schemes) is obtained by first gluing the
underlying spaces and then gluing their structure sheaves via the above proposition. O

§4.2 A coherent construction of the projective line

Start with two copies of the affine line over a commutative ring R:
A}{x = Spec R[z], /A}%,y = Spec R[y].

Inside each affine line sits the multiplicative group scheme G,,, g = Spec R[t, '], realised as the principal
open subsets

D(x) C Spec Rx], D(y) C Spec R[y],
where x # 0 (respectively y # 0) in the first (respectively second) affine line. Note that
D(x) = Spec R[z, z71], D(y) = Spec R[y,y 1.
Define a ring isomorphism
6: Rlz,z '] = Ry, y~ 1], O(z) =y~ L, sof(z"1) =y.

Passing to spectra gives an isomorphism of schemes
6% : Spec Rlz, 271 = Spec Ry, y 1,

or equivalently D(x) =+ D(y), so that we may adopt the graphical view

Spec R[] Dopen Spec Rz, 3:*1] ﬁ Spec Rly, yil] Copen Spec Rly].
We can now glue the two affine lines along the common open subscheme via 6*:
P} = (Spec R[x] Up: (Spec R[y])).
In particular, P} is obtained by identifying D(z) C Spec R[z] with D(y) C Spec R[y] via z <+ y~!, or
equivalently 271 < y.
For any ring A and element f € A, localisation induces

Spec Ay — Spec A,

which is an open immersion identifying Spec Ay with (D(f), Ospec a|p(y)). Applying this to A = R[z]
(respectively A = R[y]) and f = x (respectively f = y) realises the above open embeddings.
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Example 4.4. For flavour, consider the case R = C.
« Generic point. (0) C C[z] and (0) C C[y] glue to a single generic point of P{.
« Closed points. For every a € C*,
(z—a) CClz] ¢— (y—a™") C Cly},

given one closed point of P{. for each @ € C*. An additional closed point comes from the
ideal (') on the y-patch, corresponding to the “point at infinity” on the x-patch.

§5 Lecture 05—05th February, 2025

Ponder upon the following guiding question: what functor does P! represent?

§5.1 Pullback of sheaves

Let f: X — Y be a continuous map of topological spaces. Consider the morphisms f,: Sh(X) — Sh(Y),
the direct image functor on sheaves of sets; of sheaves on X to sheaves on Y, and f,.: Ab(X) — Ab(Y),
the same functor regarded on sheaves of abelian groups; of abelian groups on X to abelian groups on Y.

Definition 5.1. There exists a unique functor f;1: Sh(Y) — Sh(X) / f;1: Ab(Y) — Ab(X) which is
left-adjoint to f, i.e. such that for any sheaf g on'Y and F on X the following holds:

Morgh(yy (g, foF) = Morgyx)(f g, F),

Mor ap(y) (9, f+F) = Morapx)(f g, F).

Construction. For a presheaf g on Y, set

U~ colim g(V),
fU)cvey
V open

for U C X open and g(V/) is the section on V/, and then sheafify this presheaf to obtain a sheaf f ~1g on X.
A good note for remembering this is the following:

For every inclusion of opens U C X,V C Y open with f(U) C V, we are given a restriction morphism
g(V) — (f~19)(U) compatible with further restrictions, and in particular f~!g is universal with respect
to this property.

Fact 5.2. The construction f~'g is compatible with the restriction to open subsets, i.e. for any open subset

UC X andV CY open with f(U) C V, we have fflg(V)‘U = ffl(g(V)‘f(U)).

Here, under a sheafification of this construction (f, f#): (X, Ox) — (Y, Oy), we obtain a map of gluings
of these sections from “downstairs”:

4 0y = f.0x,  f*: 1Oy — Ox.
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Fact 5.3. Forz € X, the natural map g,y — (f~19). given by

class of images of (f~1(V),im(t)) where

’ class of images of (V) ‘ 1 the image is of ¢ in fixed (f~1g)(f~1(V))

is an isomorphism of stalks.

Here, adjointness gives exactness properties, but actually, f —1 is exact (i.e. also left-exact); indeed,
1. fi«: Ab(X) — Ab(Y) is left exact, and
2. f~1: Sh(X) — Sh(Y) is right exact.

Remark 5.1. The functor f~1 is also defined for sheaves of rings.

Let (f, f1): (X,0x) — (Y, Oy) be a morphism of ringed spaces. Then f,: Mod(Ox) — Mod(Oy),
F — f«F gives us the maps

fﬁ 7id
Oy x fuF —— f.Ox x f F = f«(Ox x F)
f+ adjointness
implies commutes with products

f«f (mult. on F) 1T,
which determines an Oy -module structure on f,F induced by f#: Oy — f.Ox.
Definition 5.4. For a morphism of ringed spaces, the functor f. has a left-adjoint
f: Mod(Oy) = Mod(Ox), g~ flg®;10, Ox,
which is called the pullback of Oy -modules along f.
The above is enough to wait and state the following formula:
Proposition 5.5. We have the formula
ffg=f"1g ®f-10, Ox = (modules over A) @ 4 B = B-modules over A,

where:

« f~'Oy is a sheaf of rings on X,

« multiplication on g pulls back to an f 'Oy -module structure on f~1g,

« the morphism of sheaves of rings f*: f~'Oy — Ox turns the tensor product above into an O x -module
structure on f~lg ®¢-10, Ox.

Proof. Define a presheaf H*™ on X by HP*(U) = f~'g(U) ® 410, (1) Ox(U), for U C X open, and
sheafify to obtain H = (HP™)*. Because sheafification is exact, each section of H is locally represented by
tensors of sections of f~'g and Ox. The map f* makes H an O x-module; the right tensor factor already
is, and the structure extends uniquely to the sheafification. For ringed spaces this is the only additional
data required; we now verify that H is left adjoint to the push-forward f..

Now let F be any Ox-module. We exhibit a natural bijection ®, r: Home, (H, F) — Home, (g, f«F)
and then verify functoriality. Because sheafification is left exact and HP™ — H is the universal map from
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a presheaf to a sheaf, morphisms out of H are in bijection with morphisms out of HP*® that satisfy the
sheaf condition. For each open U C X,

Home ¢y (HP(U), F(U)) = Homo 17y (f'9(U) @ p-10, 11y Ox (U), F(U)).
Using the tensor adjunction over the ring f~'Oy (U), we have

Homo, (1 (f ' 9(U) @10y 1) Ox (U), F(U)) = Hom-10, 1r) (f ' g(U), F(U)).

These isomorphisms are compatible with restrictions, so they sheafify to a bijection of global Hom-sets
Homo, (H,F) = Hom-10, (f g, F). (1)

For sheaves of f~!Oy-modules, we can verify the following: the inverse-image functor f~! is left adjoint
to the push-forward of f on the underlying sites as

Homf_1oy(f71g,./7) = HOInOy(Q? f*F) (2)

(Quick proof sketch: same as for abelian sheaves. f~!g is the sheaf associated to the presheaf U
ling Uy g(V), and evaluation gives the bijection

Hom; 10, (f7'9,F) = lim Homo, ) (9(V), F(V))
Faocv

which is the same as Homo, (g, f+F) by the definition of f,.) Composing (1) and (2) gives ®, the desired
natural bijection. Naturality in g and F follows both the tensor ad (f !, f.) adjunctions are natural. Hence
H is left adjoint to f..

Left-adjoints, when the exist, are unique up to unique isomorphism, and by definition the pull-back f*
is the left-adjoint to the push-forward f.. Therefore, for every Oy-module g, we have the isomorphism
ffg=H=flg9® #-10, Ox and this isomorphism is functorial in g. O

Example 5.6. Consider A, B commutative rings and the special case A — B. If Y = Spec A,
X = Spec B, and f is induced by a ring morphism A — B, taking global sections turns the above
into the familiar M +— M ®4 B, with B-linear maps on the right corresponding to A-linear maps
on the left; precisely the adjunction (— ® 4 B, Resac ). This is one way to understand the pullback
of sheaves of modules along a morphism of schemes.

Fact 5.7. It holds that (f9)s = gf(x) OO0y |5(a) Ox z for any sheaf g on'Y and any point x € X.
Definition 5.8 (Flat morphisms of ringed spaces). A morphism (f, f*) is flat iff the functor f* is exact;
equivalently iff each local homomorphism Oy, t(,) & Ox . is flat (as a ring map) forallx € X.
Fact 5.9. It is not too hard to verify the following:

« [0y =0k,

o if Ipg is an invertible module, then f*Ipr = Iy,

o [*(91 ®0y 92) = f*1 ®oy [*g2, that is, (M ®4 M') @4 B = (M ®4 B)®@p (M’ ®4 B).
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What’s the upshot? If (f, f*): (X, O0x) — (Y, Oy) is a morphism of locally ringed spaces, then f* defines
a homomorphism of abelian groups Pic (Y') — Pic (X), furnishing a contravariant functor

Sch — Ab, X > Pic(X)

from the category of schemes to the category of abelian groups.

§5.2 Facts about push, pull, and quasicoherence

1. Let f: Spec A — Spec B be a morphism of affine schemes conversely to ¢: B — A.
a) Both f, and f* preserve quasicoherence, i.e. for any A-module M, we have
Je (QCOh(OSpeC(A))) = QCOh(OSpeC(B))a
and similarly for f*.

b) We have the commutative diagram

QCOh (OSPGC(A)) equivilence Mody
1| fe / T /—®B,¢A restrict along ¢
QCoh (OSPQC(B)) equivilence Modg

where “restriction along ¢” means: view an A-module M as the B-module Mp with b - x =
o(b)-xforbe B,z € M.

2. For any morphism of schemes, f* preserves quasi-coherent modules.

3. In general, f, need not preserve quasi-cohererence, but it does if f is reasonable (i.e. quasi-compact
and quasi-separated).

Scholium 5.10. Given a morphism f: X — Y of schemes and g € Mod(Y'), there is a map
teD(Y.g) =g(Y) = f9(X) =T(X, fg) = (f g @10, Ox)(X)
— [T 9(X) @10, () Ox(X) + g(Y) @0y (v) Ox (X),
where t — g(Y) ®0, (v) Ox(X) completes the diagram.

Now let us return to the primitive P5. Here, P} is a scheme; it has an invertible module O(1) and global
sections Ty, T1 € I'(PL, O(1)) which generate O(1). Considerthe contravariant functor

F': Sch — Sets,
X — {triples (£, so, s1)} / isomorphism.

For this functor, this sends maps

XLy oY) = F(X), (L.50,51) = (F*L. 50, [*51),

where f*L is the pullback of the line bundle £ along f and f*s; are the sections pulled back along f.
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Example 5.11. What is F'(Spec C)? We have

V, s0,81) : V 1-dim. C-vector space; sg, s1 € V, (so, 1) # (0,0)}
isomorphism of vector spaces

~ {(20,21) € ©\ {0}}
C* ’

F(SpecC) = lt

where C* acts on (zq, z1) by scalar multiplication. This is exactly P!(C), the complex projective line.

Theorem 5.1 (Representability). The functor F': Sch — Set is representable by P, in the following manner:
for any scheme X, the map

Morge (X, PL) — F(X)
[ (froQ), [Ty, [*T1)

is a bijection.

§6 Lecture 06—10th February, 2025

§6.1 Representable functors

Definition 6.1 (Representable functor). If F': Sch — Sets is a contravariant functor, then we say that (M, §)
represents F' if M is a scheme, £ € F'(M ), and for all schemes T' € Ob(Sch), the map

MorSch(TaM) _>F(T)> fi—>F(f)(£)
is bijective, where M is a module scheme, and £ is a universal element.
Consider the contravariant functor

F': Sch — Sets,
X + {triples (L, so, s1)} / isomorphism.

where £ denotes an invertible O x-module and sg, s; € I'(X, £) generate £. Note that I'(X, F') = F(X).

Theorem 6.1. (P3, (O(1), Ty, T1)) represents F': Sch — Sets.

Example 6.2. Consider the contravariant functor G: Sch — Sets defined according to X +—
(X, 0x) = Ox(X). We can show that (A}, x) represents G, where z € I'(Spec Z[z], Ospeczia]) =
Z|x]. The morphism f: Spec Z[x] — SpecZ is given by the map

Morsch (Spec Z[z], Spec Z) — G(Spec Z), g 9" (%) = 9" (Ospec 7[) (%)) = Ospecz (g™ ()).
This map is bijective, as it sends a morphism g to the pullback of the section z. Thus, we have a

bijection
Morgen (Spec Z[z], Spec Z) = Ospecz(SpecZ) = Z.
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Heuristic for Theorem 6.1. Why is this theorem true? We construct the inverse of the map Mor (X, PL) —
F(X). Let (L, sg, s1) be a triple for X. Then X = Xy U X1, where

X, := {open subset where s; generates L, i.e., Ox, — L£/X; is an isomorphism}.
As such, we can write

51|x, = fo © 50| x0, for fo € Ox,(Xo)
solx, = f1os1|x,, for f1 € Ox,(X1),

and notice that fo|x,nx, = filx,nx, = 1, where X = X U X has projections

X() c X > X1
f{l f Jf{’

Ay (@) <
Then, we have to check f*(O(1),Ty,T1) = (L, so,s1). Exercise: Tidy up the proof and complete the
details! O

NS
>
Nb—'
—~
8
L
S—

§6.2 The representability criteria

Now we look to reformulate the gluing lemma from earlier in terms of functor. We present the following
criteria for the representability of a functor F': Sch — Sets from the category of schemes to the category
of sets.

Proposition 6.3. Let F': Sch — Sets be a contravariant functor on the category of schemes with values in
the category of sets such that

1. F satisfies the sheaf property for the Zariski topology;
2. there exists a set I, and for each i € I, a subfunctor F; C F' such that
a) each Fj is representable,
b) each F; — F is representable by open immersions,
c) the collection { F} };c is a Zariski-covering of F'.
Then F' is representable.

The proof is by construction and tracking through all the definitions; it follows from gluing.

Definition 6.4. We say that F is satisfying the sheaf property iff for all schemes T € Ob(Sch) and open
coverings T' = {J;c; Ui, the sequences F(T)) — [[;c; F'(Ui) = [1; je; F(Ui N Uj) are an equaliser.

In particular, F' satisfies the sheaf property for the Zariski topology if for every scheme 7" and every open
covering T' = | J;<; Ui, and for any collection of elements &; € F'(U;) such that &;|y,nu, = &;|v;nu;, there
exists a unique £ € F'(T) such that &|yy, = &; foralli € I.

Recall that F; C F': Sch — Sets is a subfunctor means that for all schemes X, we're given a subset
F;(X) € F(X) such that for all morphisms f: X’ — X, F(f) sends F;(X) to F;(X'), that is,
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U
F(X) <= - == K(X)

Definition 6.5. We say that a subfunctor H C F': Sch — Sets of contravariant functors is representable by
open immersions if and only if for all schemes T and £ € F(T'), there exists open Us C T such that for all
morphisms of schemes F': T' — T, we have

F(f)(§) € HT') <= f(T") C Uk,

T/

aix

Ug —— T

¢ € F(T) and a), b) above together imply that F; N Fj is represented by an open of the scheme representing
F;. For the representability criterion (2), this means that for all schemes 7" and for every £ € F(T'), there is
an open covering T' = | J;; T; such that F'(T; — T')(§) € F;(T;) foralli € I.

§6.3 Grassmannians

Pick integers k,n with 0 < k < n, and consider the contravariant functor F': Sch — Sets defined by
F(X)={0%" — ¢ : s finite locally free of rank k} / = .

Let I = {subsets of {1,...,n} of cardinality k} > {i1,...,ix}. Then,

/_\

F(X) D Fi(X) = { maps g s.t. O — O%" i

where the j-th basis element — the ¢-th basis element. Checking the representability conditions imply that
we get G(k,n)/Z and (’)g?k n) 5 (@) where () is a universal object. More precisely, the functor above G(k, n)

associates to a scheme S the set G(k, n)(S) of isomorphism classes of surjections ¢: OF" — Q where Q
is a finite locally free Og-module of rank n — k. In principle, this loosely parameterises k-dimensional
subspaces of A™. (Need to verify all the details precisely!)

Theorem 6.2. Let 0 < k < n. Then the functor G(k,n): Sch — Sets is representable by a scheme.

The proof is not too hard but a bit involved, see details in the Stacks Project. But that scheme is called the
Grassmannian over Z denoted by G(k,n), and its base change to a scheme S, the Grassmannian over S is
denoted by G(k,n)s.

Remark 6.1. We'll find that Fj is representable by Algn_k); k=1,n—1 gives [P%_1 as a representer for F;.

Lemma 6.6. Let n > 1. There is a canonical isomorphism G(n,n + 1) = P7.
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Proof. The scheme P represents the functor which assigns to a scheme S the set of isomorphism classes
of pairs (L, (so, ..., Sn)) consisting of an invertible module £ and an (n + 1)-tuple of global sections
generating L. Given such a pair we obtain a quotient

0?(n+1) = L, (ho, RN hn) — hoso + ... + hnsp.

Conversely, given an element ¢: O?(m—l) — @ of G(n,n + 1)(S), we obtain such a pair, namely

(Q, (g(e1),...,q(ent1))). Here, e; are the standard generating sections of the free module Og(nﬂ);

check all the details! O

Let S be a base scheme or R a base ring. Set Sch/S to be the category of schemes over S, with objects as
pairs (X, X % §) and morphisms (X, p) — (X’,p'). Then there is f such that

x . x

RN

is commutative.

§6.4 Fibre products of schemes

Definition 6.7. Given morphisms of schemes X Iy Sandy % S, the fibre product is the scheme that
represents the contravariant functor T' + Mor(T', X') Xnjor(r,5) Mor (T, X).

Given any solid diagram of morphisms of schemes

there exists a unique dotted arrow for which this diagram commutes. Suppose that X = Spec A and
Y = Spec B with S = Spec R; the affine scheme Spec (A ®pr B) is the fibre product X xg Y in the
category of locally ringed spaces and hence schemes. That is:

Lemma 6.8. Take X L+ S andY % S to be morphisms of schemes with the same target. Then X xXgY is
affine if X, Y, S are affine.

X xgY isgiven by
Spec(A ®g B) —— Spec(B)

| !

Spec(A) ——— Spec(R)
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since our test scheme is affine, 7' = Spec ) so we get that

Mor (T, Spec (A ®r B)) = Hom(A ®@g B, ) = Hom(A, Q) Xgom(r,0) Hom(B,Q)
= Mor(T', X') Xnor(1,5) Mor(T,Y).

In general, we can choose the right affine open covers:

Lemma 6.9. Let X L SandY 2 S be morphisms of schemes with the same target. Let S = | J,.; U; be
any affine open covering of S. For eachi € I, let f~*(U;) = Ujey, Vj be an affine open covering of f~H(Uy)
and let g1 (U;) = Urex, Wk be an affine open covering of g1 (U;). Then

xxsv=UUJ U Vixv, Wi
i€l jed; keK;

is an affine open covering of X xg Y.

§7 Lecture 07—12th February, 2025

§7.1 More on morphisms of schemes

Now we introduce several types of morphisms of schemes; much of the detail here can be found in [GD67].

Definition 7.1 (Affine morphisms). We say that a morphism f: X — Y of schemes is affine if and only if
forall V C'Y which is affine open, the open subscheme f~*(V') C X is affine.

In essense, for every open affine subscheme “downstairs,” we have another “upstairs,” that is, we have

Uc f~4V)c X, where X L Yisa morphism of schemes, and we have U — Y an affine morphism of
schemes.

Definition 7.2 (Affine finite morphisms). We say that a morphism f: X — Y of schemes is affine finite if
and only if f is affine and for any open affine V. C Y, the morphism f~*(V) — V corresponds to a finite
ring-map R — S, i.e, S is finitely generated as an R-module.

We have the corresponding picture Spec S = f~(V) C X and Spec R = V C Y, with maps Spec S —

Spec R, f~1(V) S affine, V, X EN Y, and we have a finite ring-map R — S.

Now we introduce closed immersions. f: X — Y is a closed immersion if and only if f is affine and for
every open V C Y, the morphisms f~!(V) — V corresponds to a surjective ring-map R — S. More
precisely:

Definition 7.3 (Closed immersions). Let f: X — Z be a morphism of locally ringed spaces. We say that f is
a closed immersion if

1. the map f is a homeomorphism of Z onto a closed subset of X,
2. the map Ox — f. Oy is surjective; let I denote the kernel of this map, and

3. the Ox-module I is locally generated by sections.
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We say that a morphism of schemes f: X — Y is a closed immersion if it is a closed immersion of locally
ringed spaces.

We can do essentially the same for open immersions.

Definition 7.4 (Open immersions). Let f: X — Y be a morphism of locally ringed spaces. We say that f is
an open immersion if

1. the map f is a homeomorphism of X onto an open subset of Y,
2. the map f~'Oy — Ox is an isomorphism.

We say that a morphism of schemes f: X — Y is an open immersion if it is an open immersion of locally
ringed spaces.

For open immersions f, f(X) C Y isopenand f: X — (f(X),Oy|s(x)) is an isomorphism. Another
way to think about this is as “isomorphisms onto open subschemes.”

Remark 7.1. Sometimes we say for some example ring morphism
[Fg[xl, L ,.’Bn] — [FQ[(L‘l, R ,mn}/(x%,xg + ac7)
imposes an inclusion map of Spec with flipped arrows <.

Definition 7.5 (Finite type). We say that a morphism f: X — 'Y of schemes is a morphism of finite type iff
f is locally of finite type, i.e., for every point x € X, there exist open affine neighbourhoods U = Spec(S) of x
andV = Spec(R) of f(x) such that f(U) C V and the induced ring map R — S makes S a finitely generated
R-algebra, and f is quasi-compact, i.e., the preimage of any quasi-compact open subset is quasi-compact.

Definition 7.6 (Immersion). We say that a morphism f: X — Y of schemes is an immersion if there exist
open V. C Y such that f(X) C V and the induced morphism f: X — V is a closed immersion.

Example 7.7 (Affine case). If R — S is finite, fiite type, respectively surjective, then Spec S —
Spec R is affine, quasi-compact, and is finite and of finite type, respectively being a closed immersion.
For example, take R[X] <+ R[X]/(X'%9); this is a closed immersion Spec (R[X]/(X1%0))
Spec (R[X]) =: Ak 3 0, where (X)/(X!%°) C Spec (R[X]/(X1%)) is the unique maximal ideal.

There can be many closed immersions i: Z — Y with i(Z) being a closed subset of X.
Example 7.8. Consider the real line R with its zero-point being doubled:

[Rl —@— ° 01

[ J 09
R ——

which is a non-Hausdorff topological space developed by identifying R; \ {0} ~ Ro \ {0}. This
is a classic example from topology of a non-Hausdorff space; the example we develop in algebraic
geometry is A, with the zero-point doubled, i.e., we take two copies of A} and glue G,,, g C Ak by
the identity. This will give us an example of of something called a non-separated scheme.
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Recall that a topological space X is Hausdorff if and only if the diagonal morphism A(X) C X x X is
closed.

Lemma 7.9. Let f: X — S be a morphism of schemes. The diagonal morphism is analogous to the topological
case, and is developed by

Ar=A X — X X —> .
f x/si X oy xs X, x~ (z,7)

This is an immersion.

Example 7.10. Note that
Aﬂli X Spec (C) Aﬂlj = Spec (C[.’L‘] Q®c C[x]) = Spec (C[xthD = A(%N

with A% | T | A}: X Spec (€) Aql:. Note that this is not bijective!
PT1ls|Pr2

Proof of Lemma 7.9. Assume S is affine, and choose an affine open covering X = | J._; U;. Set

el
V= U AUi/S(Ui) Copen X xg X
i€l
and A(X) C V (check the functoriality of the diagonal morphism). Then U; x g Uj is affine, and the map
Aly,: Uy = U; x s U; corresponds to the ring map
Ox (U;) = Ox(U;) @04 Ox (Us),

which is surjective, since Ox (U;) is a flat Og(U;)-module. Thus, Ay, /g is an open immersion, and hence
Ax/s is an open immersion. The general case follows from the fact that the diagonal morphism is a
morphism of schemes, and hence the image of an open immersion is an open subscheme. O

Definition 7.11 (Separated morphisms). A morphism f: X — S of schemes is said to be separated (over S)
if the diagonal morphism Ax: X — X x g X is a closed immersion iff A(X) is a closed subset of X x g X.

Likewise we can talk about separated schemes:

Definition 7.12 (Separated schemes). A scheme X is said to be separated iff the unique morphism X —
Spec (Z) is separated as a morphism.

Note that Spec (Z) is the final object in the category of schemes.

Remark 7.2. If X is a scheme over a ring R, then X is separated iff X is separated over Spec (R).

Proof. If X is a separated scheme, then for any scheme Y, any morphism f: X — Y is separated, since
f can be factored as I'y: X — X x7 Y, the graph morphism, followed by the projection X xz Y =Y/,
which is separated by the universal property of the product. The first morphism is an immersion, hence
separated; the second is a base change of the separated morphism X — Spec (Z). So f is a composition of
separated morphisms, hence separated. O

Now let k be a field. We will construct the affine line with a doubled origin, denoted X, by gluing two
copies of the affine line Al. There are five steps needed for our construction of this scheme:
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1. Let X = Spec (k[z]) and X = Spec (k[y]), so that both X and X; are isomorphic to A}.
2. Let Uy be the open subscheme of X defined by x # 0; this is Uy = D(z) = Spec (k[z,z7]).
3. Let U; be the open subscheme of X defined by y # 0; this is U; = D(y) = Spec (k[y,y!]).

4. Both Ujp and U; are isomorphic to the multiplicative group scheme G ,,,. We define a gluing
isomorphism ¢: Uy — Uy which corresponds to a k-algebra isomorphism ¢*: k[y, y '] — k[z, 27 !]
given by ¢*(y) = .

5. The scheme X is defined as the gluing of X and X along the open subschemes Uy and U; via the
isomorphism ¢.

Let Op € X be the origin defined by the maximal ideal (), and let O; € X; be the origin defined by
the maximal ideal (y). Under the canonical inclusions my: X9 — X and m1: X; — X, their images
Py = m(Og) and P; = 71(01) are two distinct points in X, as they are not part of the open sets Uj and
U, that are identified; these are the “doubled origins” of X.

As we saw above, a scheme X over a base scheme S (here S = Spec (k)) is separated if the diagonal
morphism A: X — X Xj X is a closed immersion. A necessary and sufficient condition for this is that its
image A(X) is a closed subset of X xj X in the Zariski topology. We will prove that X is not separated
by showing that A(X) is not closed; that is, by finding a point that is in the closure of A(X) but not in
A(X). The product space X xj, X is covered by four open affine subschemes, namely X x Xo, Xo X X1,
X1 X Xo, and X1 X X1. We will focus on the image of the diagonal within the open X X X1, which
we know to be isomorphic to the affine plane over k:

Xo xx X1 = Spec (k[z]) x Spec (k[y]) = Spec (k[z] @4 k[y]) = Spec (k[z, y]) = A3.

A point lies in the intersection A(X) N (X xx X1) if it is the image of some point P € X that has
preimages in both Xy and X7, so P must be in the image of the identified opens Uy, U;. So let P € X
be a point corresponding to some p € Uy C Xy and g = ¢(p) € Uy C X;. The point p corresponds to a
maximal ideal (z — a) C k[z] for some 0 # a € k, and ¢ corresponds to a maximal ideal (y — b) C k[y]
due to the isomorphism ¢*(y) = .

The image of P under the diagonal map is A(P) = (P, P); in the chart X X X, this point is represented
by the pair (p, ¢), and in the coordinates of A2, this corresponds to the point (a, a), since ¢ = ¢(p) implies
b = a. Thus the intersection A(X) N (X X X1) is the set S = {(a,a) € A? : a € k,a # 0}, which is the
liney = zin A% minus the origin. Now consider the closure of S in the Zariski topology of A%. The smallest
closed set containing S is the entire line L = V' (y — z), which includes the point (0, 0) and is defined by
y==x,and S = L = {(a,a) € A} : a € k}. Thus the point (0,0) in A? = X Xy X; corresponds to the
pair of origins (Op, O1), and hence (Pp, P1) € X X X is in the closure of A(X) but not in A(X) itself.
But as we established during the construction of X, the origins Og and O; are not identified by the gluing
isomorphism ¢, so the point (P, P;) is not in A(X). Thus, we have found a point in the closure of A(X)
that is not in A(X), which shows that A(X) is not closed. Consequently, X is not a separated scheme.

§8 Lecture 08—17th February, 2025

§8.1 Even more on morphisms of schemes

Definition 8.1 (Proper morphism). A morphism of schemes f : X — Y is called proper iff it is:
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(i) of finite type (locally of finite type and quasi-compact),
(ii) separated (Ax g is a closed immersion), and

(iii) universally closed (see below).

Recall from elementary topology that a continuous map of topological spaces is called proper iff it is
separated and universally closed; this is commonly used when X and Y are locally compact Hausdorff
spaces, in which case for the above it is equivalent to “f is closed and the fibres of f are compact”.

Often we will want to think of a proper map f: X — Y as a family of compact spaces X, := f~1(y) for
y € Y. So we may say that f is a proper family of schemes over Y.

Definition 8.2 (Closed morphisms). A morphism of schemes f : X — Y is called closed iff the associated
continuous map | f| : | X| — |Y'| on underlying topological spaces is a closed map.

It can be interesting to find a connected scheme such that | X | has a nontrivial topological covering. For
example, the affine line Ai is not contractible, but its composition with two other lines is contractible. This
can be taken around along a path to connectedness, e.g. k[x, y]/(zy(x + y — 1)) has a nontrivial covering
given by

A

which is contained in the affine line A}C.

Definition 8.3 (Universally closed morphisms). A morphism of schemes f : X — Y is called universally
closed iff for all morphisms g: Y' — Y, the projection f’ in the map

Yxy X — X

7| s

Y/TY

is closed. The morphism f': Y' xy X — Y’ is called the basis (or base) change of f along g.

Definition 8.4 (H-projective morphisms). We say that a morphism f: X — S of schemes is H-projective
(where H stands for [Papa] Hartshorne) if there exists a diagram of schemes with commutes:

X —— P%
\l
S

wherei: X — P is a closed immersion.
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Here, Pg represents a functor in Sch/S = P} Xgpec (z) S, where we glue (n + 1) copies of A along the
open subschemes to construct the projective space.

Definition 8.5 (Locally projective morphisms). The morphism f: X — S islocally projective iff there exists
an open cover S = |J, U; such that for each i, f~Y(U;) — U is H-projective, where f~1(U;) 3 X is the
preimage of U; 2 S under f.

We present the following facts without proof, but they are important to keep in mind.

Fact 8.6. 1. Locally projective implies proper. (This is kind of like a “completeness” statement for P} for k
algebraically closed; can also be viewed as a compactness statement.)

2. (Chow’s lemma.) If S is affine and f: X — S is a proper morphism, then there exists a commutative
diagram

s

X XI5 X
N
S

where T is proper and surjective, and f' is H-projective (hence also projective).

§8.2 Varieties

Definition 8.7 (Variety). Let k be a field. A variety over k is a scheme X over k such that
1. X — Spec (k) is of finite type over k,
2. X is separated, i.e. the structure morphism X — Spec (k) is a separated morphism,

3. X isintegral, i.e. X is irreducible and reduced, and

4. (optional.) X is geometrically reduced and irreducible, i.e. the base change X Xgpec (k) Spec (k) is
reduced and irreducible for all algebraic closures k of k.

The last condition is optional because it is too strong for many applications. The definition of a variety
can be understood in terms of an affine open cover. For a scheme X to be a variety over k, it must admit
a finite open cover X = (J!_; U; where (i) each U; is an affine scheme Spec (A4;) over k of finite type,
and (ii) each ring A; is a finitely generated k-algebra that is also an integral domain, (iii) the intersection
U; N Uj is affine for all 4, j, and (iv) the separatedness condition is equivalent to the condition that for any
U; = Spec (A;) and U; = Spec (A;), the intersection U; N U; = Spec (A;;), and the ring homomorphism
A; ® Aj — A;j is surjective.

Example 8.8 (A variety that is not geometrically irreducible). Consider the affine scheme given by
X = Spec (R[z,y]/(z% + y?)) over the field k = R; it is integral and geometrically connected. The
ring A = R[z,y]/(2? + y?) is an integral domain as the polynomial 22 + y? is irreducible over R,
and since A is a finitely generated R-algebra and an integral domain, X is an affine variety over R.
However, X is not geometrically irreducible. Consider the base change to R = C, the algebraic
closure of R:

X Xgpec (k) Spec (C) = Spec (Clz, y]/(z* +3?)) = Spec (Clz, y)/((z — iy)(z + iy))),
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and the ring C[z, y]/((z — iy)(z + iy)) is not an integral domain because it has zero divisors (the
images of z — iy and x + iy are non-zero elements that multiply to zero). Thus X is not a variety
under definitions that require geometric irreducibility.

Example 8.9 (The projective line). The projective line P}, over a field k is constructed by gluing
two copies of A} along their open subscheme A} \ {0}. Let the first copy be U; = Spec (k[z])
and the second copy be Uy = Spec (k[y]). We identify the open subscheme D(z) C U; with
the open subscheme D(y) C Us; here D(x) = Spec (k[z,2~!]) and D(y) = Spec (k[y,y]).
The identification is made via the isomorphism of their coordinate rings given by the k-algebra
isomorphism ¢: k[x,z~!] — k[y,y~!] defined by ¢(z) = y~'. In a more standard notation where
we use the same variable for the second chart, we glue Spec (k[z]) and Spec (k[z~!]) along the
common open set Spec (k[x, z71]).

There are many examples of varieties, such as the affine space A}, the projective space P}, etc.

Definition 8.10 (Types of varieties). Let k be a field and X a variety over k. Then:

1. X is an affine variety if X is an affine scheme iff X is isomorphic to a closed subscheme of A} for some
n > 0.

2. X is a projective variety if the structure morphism X — Spec (k) is H-projective iff X is isomorphic to
a closed subscheme of P} for somen > 0.

3. X is a quasi-projective variety if the structure morphism X — Spec (k) is quasi-projective iff X is
isomorphic to a locally closed subscheme of P} for somen > 0.

4. X is a smooth variety if X is a variety over k and the structure morphism X — Spec (k) is smooth.

5. X is a proper variety if X is a variety over k and the structure morphism X — Spec (k) is proper.

Definition 8.11. A variety X over a field k has dimension d if any of the following equivalent conditions hold:
1. The Krull dimension of X is d.
2. Given any closed x € X, the Krull dimension of the local ring Ox ; is d.

3. For any nonempty affine open U = Spec (A), we have that the transcendence degree trdeg,, (frac(A))
is d, where the field of fractions frac(A) is independent of the choice of U.

In this way a curve is a variety of dimension 1, a surface is a variety of dimension 2, a threefold is a variety
of dimension 3, and so on.

Remark 8.1. A variety of dimension 0 has Krull dimension 0 = sup{ht(p) : p € Spec(A)}, where ht(p)
is the height of the prime ideal p in the ring A, tells us that X = Spec (K) where K is a field and K
is finitely generated as a k-algebra. This means that X is a finite scheme over k. Recall that Hilbert’s
nullstellensatz implies that K is a finite extension of k; conversely, if K/k is a finite extension of fields,
then X = Spec (K) is a variety of dimension 0 over k. Thus, varieties of dimension 0 are finite schemes
over k.
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Example 8.12. We can show that:

1. Over R, there are exactly two 0-dimensional varieties modulo isomorphism: Spec (R) and

Spec (C).

2. If k is algebraically closed, then the only 0-dimensional variety is Spec (k). The curves are A}c,
P4, or opens in these.

3. X = Spec (Clx,y]/(y?> — (x —t1)--- (z — t,))) is a curve and not isomorphic to an open of
AL or |qu:, where t1, ..., t, are distinct points in C and n > 3.

§9 Lecture 09—19th February, 2025

We start with a survey of today’s lecture. Let X = P} = ALUA! be the projective line over k an algebraically
closed field. What are the points of X? There is a generic point 1) € P}, with {n} = |PL| (where the bar
denotes the closure in the Zariski topology); for every a € k U {oo}, there is a closed point p,, € I]DllC whose
x-coordinate is @ and

o € k ¢ po € Al = Spec (k[z]) corresponds to  (z — a) C k[z],
00 ¢ poo € Spec (k[z71])  correspondsto  (z71) C k[z 7).

A Weil divisor on X is a formal Z-linear combination of closed points of X, i.e. a finite sum of the form

N
D:Zni[pai], n; € Z,pa; € X, € kU {o0},
i=1

and the Weil divisor group Div(X) is the group of Weil divisors on X. Given the function field k(X) of X
(which we will define later), for f € k(X)* we can take its divisor (of zeros and poles) div(f) € Div(X),
which is

div(f) = Z (order of vanishing of f at py)[pa]-

ackU{oo}

The group of Weil divisors Div(X) is a free abelian group on the closed points of X; indeed, we have
div(fg) = div(f) + div(g), as well as the group homomorphism

div : k(X)* — Div(P}),
f = div(f).

We can define the cokernel C1(P}.) which is the group of Weil divisors modulo the set of principal Weil
divisors. For C1(P},), we see [pa] = [po] = [pso] for all a € k U {c0}. Since for any f we see the degree
deg(div(f)) = 0 (the degree of a Weil divisor is the sum of its integer coefficients), we can conclude that

CiP}) =z,  Clar)={0}.

Our goal will be to define Div(X ') and C1(X) for a general scheme X, and construct a group homomorphism
Pic (X) — CI(X) which is an isomorphism for projective schemes.
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§9.1 Topological foundations for schemes

First we will establish a precise topological vocabulary; only then can we start to define divisors in the
language of schemes.

Definition 9.1 (Irreducible space). A topological space X is irreducible if it is nonempty and if, with
X =27Z1UZyand Zy,Zy C X closed, we have Z; = X or Zy = X. In other words, the only closed subsets of
X are X itself and the empty set.

Geometrically, an irreducible space corresponds to an “atomic” type of space. For example, the affine line A,li
is irreducible, but the variety defined by xy = 0 in A? is not, as it is the union of the axes. This topological
property is intrinsically linked to the existence of a special point in the space.

Definition 9.2 (Generic point). A generic point of an irreducible space X is a pointn € X such that the
closure of {n} is X itself, i.e., {n} = X. The generic point is unique up to homeomorphism.

So any property true at a generic point is true on a dense open subset of the space. The following easy fact
is intuitively obvious:

Fact 9.3. A generic point can only exist in an irreducible space.

Proof. We prove one direction. If 1 a generic point exists, then X = m; if this were reducible, say
X = Z; U Z, for proper closed Z7, Zs, then n must belong to one of them, say Z;. But then its closure
must also be contained in Z1, so X = {n} C Zi, contradicting the assumption that Z; is proper. Hence X
must be irreducible. O

The uniqueness of the generic point (up to homeomorphism) makes much of the theory we subsequently
present coherent.

Definition 9.4 (Sober space). A topological space X is sober if every non-empty irreducible closed subset
Z C X is the closure of a unique generic point.

A fundamental fact in the theory of schemes is that the underlying topological space of a scheme is sober.
Fact 9.5. If X is a scheme, then | X | is a sober topological space.

Indeed, this property establishes one of the cornerstones of the modern perspective, a canonical bijection
between the points of a scheme and its irreducible subvarieties:
set of points of X < irreducible closed subsets of | X,
= {x},
generic point of Z <~ Z € | X| irreducible closed.
This bijection is a kind of “scheme-topology dictionary”. Much of classical AG focused on closed points
(corresponding to maximal ideals in the coordinate ring), but the theory of schemes include non-closed

points that correspond to prime ideals that are not necessarily maximal. A non-closed point z algebraically
represents the entire subvariety {x}; the sober property guarantees that this correspondence is well-defined.

This dictionary allow a topological definition of the dimension of subvarieties:
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Definition 9.6 (Codimension). Given 2 € X corresponding to Z = {x}, we have

dim(Ox ) =sup{n:3Z2 =2y C Z C --- C Z, irreducible closed subsets of X'} ,

=sup{n:x e T Xy o e T T, X9y, Ty € X |
where © <~ y means x € {y}. This number dim(Ox ) is called the codimension of Z in X.

For a scheme X and a point 2 € X, the codimension of the subvariety {z} is equal to the Krull dimension
of the local ring Ox ;.

Example 9.7. A generic point 7 € X corresponds to the irreducible closed subset Z = {n} = X;
the only chain starting at X is the trivial chain of length 0, so dim(Ox ;) = 0. Closed points on a
curve have codimension 1.

§9.2 Integral schemes and the field of rational functions

To develop the theory of divisors, we need to work on spaces where taking fractions of functions is
well-defined.

Definition 9.8 (Reduced scheme). A scheme X is reduced if for every point v € X, the local ring Ox ,
is reduced, i.e., Ox , has no non-zero nilpotent elements; equivalently, if the ring of sections Ox (U) has no
nilpotent elements for every open U C X.

Integral schemes are the direct scheme-theoretic analogues of irreducible varieties in classical AG.
Definition 9.9 (Integral scheme). A scheme X is integral if and only if it is irreducible and reduced.

On an integral scheme, the notion of a rational function can be given a global and intrinsic meaning captured
by the stalk of the structure sheaf at a generic point.

Lemma 9.10. Let X be integral with generic point 7).
(i) Ox,y, is a field,

(ii) for any given nonempty affine open set U = Spec (A) C X, we have Ox ,, = Frac(A), the field of
fractions of A,

(iii) for any invertible O x module L, the stalk L, is a 1-dimensional vector space over Ox ;.

Proof sketch of Lemma 9.10(i). An element of the stalk Ox ,, is represented by a germ (U, f), where U is an
open neighbourhood of 7 and f € Ox (U). Since 7 is the generic point, it is contained in every non-empty
open subset of X; to show that Oy ,, is a field, we must find a multiplicative inverse for any non-zero
element, each of which corresponds to a function that is not identically zero on any open set. Since X
is integral, Ox (U) is an integral domain for any open U, so f is not a divisor of zero. On the open set
U = {x € U : fp # 0}, the function f is invertible. Since X is irreducible, Uy is a non-empty (and
therefore dense) open set, and the germ of 1/ f at 1) provides the required inverse in the stalk Oy ,,. [
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Definition 9.11. In the situation of Lemma 9.10, O x ,, is called the function field or field of rational functions
of X, denoted by k(X ). The elements of k(X) are called rational functions on X. An element s € L, is called
a meromorphic or rational section of L.

This definition precisely captures the geometric intuition required here. The stalk Oy, is the direct limit
of rings Ox (U) over all non-empty open sets U C X (and the elements of Ox ,, are equivalence classes
of functions that are defined on dense open subsets of X); this process algebraically “glues together” all
possible local representations of rational functions (i.e. fractions of regular functions on open sets) into a
single coherent field for the entire scheme X.

§9.3 Weil divisors, divisors on projective and affine space, and Pic

Otherwise stated, we will typically take X to denote a Noetherian, integral, separated scheme that is regular
in codimension 1 (hence its local ring a discrete valuation ring for any codimension 1 subvariety).

Definition 9.12 (Weil divisor). Let X be integral and Noetherian. A Weil divisor on X is a formal Z-linear
combination of closed points of X, i.e., a finite sum of the form

N
i=1
wheren; € Z and Z; C X are irreducible closed subsets of X of codimension 1.

A prime Weil divisor on X is an integral closed subscheme Z C X of codimension 1. On a curve like P},
prime divisors are simply the closed points.

Remark 9.1. In the definition above, if dim(X) = 1, then Z irreducible and closed with codimension 1
means that Z = {p} for some closed point p € X.

Definition 9.13. Let X be an integral scheme. We say that X is normal iff

(i) for any U = Spec (A) C X nonempty affine open, the domain A is normal, i.e. A is integrally closed
in its fraction field,

(ii) forallx € X, the local ring Ox , is a normal domain.

Note that both conditions can be shown to be equivalent.
It is not hard to prove the following fact:

Fact 9.14. A 1-dimensional normal local domain is a discrete valuation ring, i.e. R is a domain and if
K = Frac(R) then there exists a (unique) v: K* — Z such that (i) v(xy) = v(x) + v(y), (i) v(z + y) >
min{v(z),v(y)}, and (iii)) R = {0} U {z € K* : v(z) > 0}.

Definition 9.15. A uniformiser is an element m € R such that v(m) = 1. In this case 7 is a generator of the
maximal idealm = {x € R : v(x) > 1}, and every ideal m" is principal, generated by ©" forn > 0.

Now let X be a normal, integral, Noetherian scheme, f € k(X)* a non-zero rational function on X, and
Z C X closed irreducible of codimension 1, and § € Z a generic point of Z. By the above we get that Ox ¢
is a discrete valuation ring and k(X') = Frac(Ox ¢) is its field of fractions, and furthermore we have by
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description DV
ve: k(X)* > Z, f=ve(f)

the discrete valuation corresponding to Ox ¢ C k(X).

Definition 9.16. v¢(f) =: ordz(f) is called the vanishing order of f along Z at &, and —v¢(f) is the pole
order of f along Z at€.

This integer is positive if f has a zero along Z, negative if it has a pole, and zero otherwise.

Definition 9.17. The principal divisor associated to a non-zero rational function f € k(X)* is the Weil
divisor
div(f) = > ve(f)[2),
£CzcX
Z irreducible closed of codim 1

where the sum is over all prime Weil divisors Z of codimension 1 in X.

On a Noetherian scheme, the sum above is guaranteed to be finite. The fundamental property ve(fg) =
ve(f) + ve(g) of the vanishing order ensures that the map

div: k(X)* — Div(X), f = div(f)
is a group homomorphism. The kernel of this map is the group of principal rational functions.

Definition 9.18. The Weil divisor class group is

_ Div(X)

CUX) = G

where Prin(X) = {div(f) : f € k(X)*} is the subgroup of principal Weil divisors.

We say that two divisors Dy and D3 are linearly equivalent (i.e. D1 ~ Ds) if D1 — Do € Prin(X). In this
way the class group is therefore the group of linear equivalence classes of Weil divisors on X.

Example 9.19 (Points of the projective line). The projective line P, = Proj(k[Xo, X1]) can be
described by its standard affine cover. Let Uy = {[X( : Xi] : Xo # 0} = Spec (k[z]) where
r=X1/Xoand Uy = {[Xp: X1] : X1 # 0} = Spec (k[z~!]) where 2~! = X/ X (here we focus
on the overlap). The points of [P,lc are:

« the generic point 7) corresponding to the zero ideal (0) in k[z]; its closure is P} itself,

- the closed points, which are the prime divisors of P}. For each a € k, we have the point p,
corresponding to the maximal ideal (z — o) C k[z]. There is also the point at infinity peo,
which in the U; chart corresponds to the maximal ideal (z~!) C k[z~1].

Here the function field k(P}) = k(x), the field of rational functions in a single variable . Now we
define the degree:

Definition 9.20 (Divisor degree). For a divisor D = > n;[Z;] on P}, the degree of D is the integer
sum of the coefficients, deg(D) = Y n; € Z; this defines a group homomorphism deg: Div(P}) — Z.
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Now let f(x) € k(x)* be a non-zero rational function which can be written as

T)=c- H:il(if — ;)™
s = e

where c € k*, a;, B; € k, and n;, m; € Z. The order of vanishing of f at the point p, is straight-

forward from the exponents, and to compute the order of vanishing at p.,, we can rewrite, for

w = m_l,

ng

f(wil) =C- 1_[;;1(1071 — ai)ni =c- U)*Zm+zmj . 1_[;1:1(1 — Oéi’w) .
Loy (w=t = ;)™ [[=1 (1 = Bjw)™

The order of vanishing at p is then — )" n; + ) m;, and the principal divisor of f is

m l
div(f) =Y nilpa] — Y mjlps,] + (— > ni+ ij) [Poo)-
i=1 J=1

The degree of this divisor is deg(div(f)) = >, n; — 2221 mj+ (=D n;+ > m;) =0.

What is the moral lesson here? Any rational function on a projective (compact-like) variety must
have the same number of zeros and poles, counted with multiplicity; in fact, this is an algebraic
manifestation of compactness.

Since every principal divisor has degree zero, the degree map is trivial on Prin(P}) and thus descends
to a well-defined homomorphism deg: C1(P}) — Z.

Claim 9.21. This map is an isomorphism.

Proof. First we show that deg is surjective. The divisor D = [po] is a single point, and its degree is
1. Since the image of the homomorphism is a subgroup of Z containing 1, it must be all of Z. For
injectivity, suppose deg(D) = 0 for some divisor D = > n;[pa;] — m[poc).- We must show that D
is principal. Indeed, since deg(D) = 0, we have > n; = m. Now consider the rational function
f(z) =TI~ (x — a;)™. This function has degree m — > n; = 0, so it is a well-defined element of
k(P})*. Its divisor is precisely div(f) = 3" ni[pa;] — m[peo] = D, hence D is principal, the kernel
of the degree map is trivial, and deg is injective. Thus deg: Cl(lP,lg) — Z is an isomorphism. O

So we have completed the proof that C1(P}) & Z.

The situation for the affine line is simpler:

Example 9.22. The ring of regular functions for the affine line is the polynomial ring k[z], which is
a principal ideal domain; the prime divisors correspond to the closed points p, for a € k, which in
turn correspond to the maximal ideals (z — o) C k[z]. The group of Weil divisors Div(A}) can be
identified with the group of fractional ideals of k[z], and the subgroup of principal divisors Prin(A},)
corresponds to the subgroup of principal fractional ideals. Since k[z] is a PID, every ideal (ergo every
fractional ideal too) is principal.

What this means then is that the two groups Div(A}) and Prin(A}) are equal, hence

_ Div(a;)  Div(A)
~ Prin(Al)  Div(Al)

CI(A}) = {0}.
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Now we want to construct a homomorphism

Pic (X) — CI(X)
L C1 (,C)

How? One idea: pick a nonzero rational section s (so 0 # s € I'(X, £)) of £ and take

c1(L) = class of Z (vanishing order of s along Z)[Z] € C1(X).

cX
Z irred., closed, codim. 1

Now what does “non-zero rational section” mean? Well, 0 # s € £,, which is a 1-dimensional vector
space over the field of rational functions k(X ); any other choice, s’ say, is of the form s’ = f - s for some
f € k(X)*, and we have
dive(s') = dive(f - s) = div(f) + dive(s).

So for classes in C1(X ), how might we define the order of vanishing of s along Z? We can choose an open
U C X suchthat U N Z # () and L|y = Op - sy (which does not vanish or have a pole on U) for some
generator sy € L(U) of L|y. Thus s = fysy for some fiy € k(X)*, and we can set the order of vanishing
of s along Z to be the order of vanishing of f;; along Z N U at the generic point § of Z.

§10 Lecture 10—24th February, 2025

§10.1 A useful canonical map

Last time, we said that for X Noetherian, integral (iff reduced and irreducible), normal scheme, we have
the canonical map
. Weil divisor group Div(X)
c1: Pic(X) — Cl(X) = -
v Pl = A0 =TT () e k(X))
L > the class of a Weil divisor of the form div.(s) = Z ve(s)[Z],
tezcX

where § € Z is a generic point of Z, Z is irreducible closed of codimension 1, where 0 # s € L, is the
stalk of £ at a generic point 1 of X (a one-dimensional vector space) also a rational section of £ along Z,
and vg(s) is the vanishing order of s along Z. The v¢(s) is gotten by choosing a trivialisation of £ in an
open neighbourhood of {, viewing s as a rational function f¢ via this trivialisation, and then taking the
vanishing order of f¢ along Z (as we have defined previously).
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Let’s do an example! It is really quite simple if we do examples!

Example 10.1. Take k field, X = P}, (which is a normal scheme since we have an affine open cover
whose pieces are the affine line—with respect to the polynomial ring in one variable—which is a
normal domain, hence normal scheme; this scheme is also Noetherian and integral), £ = O(1) (with
two sections Ty, T1), and s = T} viewed as a rational section (recall that if we take a global section
of £ then we get the section of a stalk at any point, because the global section is certainly a section
in the neighbourhood of the points and we have already defined things as equivalence classes of
neighbourhood and section). Then 7 generates L at all points except at the point we called py in an
earlier lecture (recall p (€ Spec (k[z]) = A}, C P}) corresponds to the maximal ideal (z) in k[z]),
and T corresponds to # € k[z] on the affine open Al = Spec (k[z]) via the usual trivialisation
O(l)|A11€ = Oy So it vanishes at po with order 1, and

c1(O(1)) = class of 1 - [po] in C1(P}) = Z.
So we have the map

Pic(X) 2 7
O(1) — 1.

Lemma 10.2. For X normal as usual, the map c; : Pic (X) — Cl(X) is injective.

The above lemma is left as an easy exercise; as a hint, Prof. de Jong remarked that it is related to the
following fact from commutative algebra:

Fact 10.3. For A a normal domain, we have

A= (N A,

o height 1

Theorem 10.1. If in the above situation Ox , is a unique factorisation domain (for example a field or DVR)
forallz € X, then our map c1: Pic (X) — CI(X) is bijective.

Recall that the polynomial ring is a PID, so every localisation is a PID; they’re always UFDs, et cetera. So
this is an isomorphism for that case.

Proof idea of Theorem 10.1. Pick Z irreducible, closed, codimension 1. We want to show that [Z] is in the
image of ¢y, i.e. to show the surjectivity of the map. Let Z C Ox be the ideal sheaf of Z containing
functions which vanish on Z. To do this, we must show two things:

(1) Z is an invertible O x-module.
@) «(Z) = -[Z].

For (1), we use that for all z € Z, the Z, C Ox is a height-1 prime ideal, and in a unique factorisation
domain, these height 1 primes are principal, and hence 7 is generated by one element (which is kind of what
we expect for an invertible module). Therefore the stalks are all free of rank 1, and hence 7 is an invertible
Ox module. For (2), we have a minus sign, so we make a section that has a pole and cannot be a global
section. So we use that s € Z,, = Ox , 3 1 <~ s. Then we can readily compute that divz(s) = —[Z]. O
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This may be a bit confusing, but the situation is clarified by observing that we have the maps 1 — x, with

kx] S1= (x) C k[z] 5 1 4> 1/ > k[x], so we have a rational section of the module, as 1 is an element
of the stalk of the quasicoherent module associated to that at the unit point and with some more thinking
we can see that that’s how we get the minus sign. Another way to think about it is by easily taking the dual:

1 — OX
HomoX(Z, Ox) — HomoX(OX,OX) = 0x — 1,

by taking the global section 1 which gives us an explicit section of the dual of Z.

The upshot of this theorem which will be impressed upon us later is that if X is a normal curve (over a
field k), then Pic (X)) = C1(X). (Observe that if the curve has points of codimension 0 in which case the
stalk is a field, and if it has points of codimension 1 on a normal then it’s a DVR; thus the theorem applies.)

A good way to detect if a curve is normal is to ask if it is smooth.

§10.2 Smooth morphisms

For some geometric intuition, this is what a smooth vs non-smooth morphism looks like:

smooth not smooth

It takes a lot of work to say this precisely; there are many different definitions of the smoothness of a
morphism of schemes:

Definition 10.4 (Smoothness). We say that f: X — S a morphism of schemes is smooth if:
[GD67] it is locally of finite presentation and formally smooth;
[Har77] it is locally of finite presentation and fibres are smooth;

[Aut24] it is locally of finite presentation (and a direct definition in terms of modules of differentials).
Recall that:

Definition 10.5 (Locally of finite presentation). A morphism of schemes f: X — S is of finite presentation
at x € X if there exists an affine open neighbourhood Spec (A) = U C X of = and affine open Spec (R) =
V C S with f(U) C V such that the induced ring map R — A is of finite presentation. We say that f is
locally of finite presentation if it is of finite presentation at every point in X.

Proposition 10.6. All the definitions in Definition 10.4 are equivalent.

The above proposition is a non-trivial exercise in commutative algebra which we will not discuss too much.
There is an issue, however:
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Example 10.7. X = Spec (k[z,y]/(f)) is smooth over k, if and only if

of of
(#50050) #

So for instance take f = xy, and so we want the vanishing locus

V(zy,y,z) # 0,

and that’s interesting. If we have f = zy — 1, then V(2y — 1, y, z) = (), which is smooth.
But what if we have

z(l+x)—yz=0
MNOX:{ z(l+2)—y(l+y) =0
z(1+2)—(1+2z)(1+y)=0.

We can readily check that dim(X) = 1. What will our smoothness condition here be? Consider the
matrix of partials
1+2z 1+z —(1+y)
J(z,y,2)=| -2 —-1-2y —(1+=z)
—y x 1+ 22

Then this scheme is smooth iff rank(.J(z,y, z)) > 2 on each point of Z. (Make sure you understand
this!)

The algebraic frustration we have here is this: if the dimension is 0, then we want the rank to be three;
so just looking at the equations, we don’t know what the dimension is. But there isn’t a trivial way of
algebraically saying what the condition is for the equations; it is a little bit more interesting than this matrix
has a particular rank, et cetera.

Definition 10.8. Let k be a field. We say a k-algebra A = k[z1,...,x,]|/(f1,. .., fm) is smooth at a prime
p C Aiff

rank (M) + (the dimension of a small enough open neighbourhood of p in Spec (A)) = n,

where we have the maps

M = (52 € Mat( i, Ko ,]) = Mat(n x m, 4) = Mat(n x m (0)) 3 3.

which send M — M.

Remark 10.1. We always have < n.

Alternative criterion avoiding dimensions. We can find an integer ¢ > 0 and a ¢ X ¢ minor of
M of nonzero determinant such that if f; ,..., f;, correspond to this minor, then f; ,..., f;. gener-
ate the ideal (f1,...,fm)s C k[z1,...,7,]5 where ¢ C k[zy,...,2,] corresponds to p C A =

k[ml,...,xn]/(fl,... ;fm)
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Example 10.9. Suppose we wanted to compute the singular points of V (z¥ + xy?) C AZ. The
singular locus is V (z%y + 292, 2zy + y?, 22 + 227), so the points are exactly those with z = y = 0
and none other.

Example 10.10 (The case of regular but not smooth morphism). Now we do another example. The
standard example here is with k = F,(¢) for p odd, and examine k[z,y]/(y*> — (2P — t)). For the
question of smoothness, observe

of o
V(£ 5 o) =V e+ r0.2) = Vet - 20,

and so the maximal ideal in k[x, y] is a point.
So the curve in this example has exactly one non-smooth point. Consider the localisation

P —t=y-y> (klr,y]/(y* — 2P + ) (y,ar—t) 2 (Y, ¥ —t)(y,op—¢) = maximal ideal m

hence 2P — t € m?, hence m = (y), which implies that this local ring is a DVR (hence regular local).

The above example looks a bit made up, but recall from differential topology that we have

Theorem 10.2 (Sard’s theorem, informal). Given a C* map f: M — N for M, N manifolds, then the
critical locus has measure zero, and in fact most “general” fibres are smooth in C°°-world.

This is also true in AG in characteristic zero. But in characteristic p, there is no analogue of Sard’s theorem
in AG. It is not too hard to come up with fun examples here.

Example 10.11. Consider

Y = Spec (F2[ag, a1, az, as]) + IP?Q[ ag] 2 {aoX2 + a1 X? + ap X2 + a3 X2 = 0} = X.

ap,a1,a2,

Now X is smooth over Fo, and Y is smooth over Fo, but every geometric fibre of X — Y is
everywhere not smooth (in fact it is a plane doubled along the line Xo = X; = 0).

§11 Lecture 11—26th February, 2025

Two guiding philosophies for us:

« The power of the relative viewpoint. In “modern” AG, the fundamental notion is that of a smooth
morphism (as opposed to a smooth variety), which isn’t primarily about the intrinsic geometry of X
or S, but more about how the fibres f~!(s) form a smoothly varying family as the point s travels
along S. In this way we have an AG-analogue of a submersion between smooth manifolds, a map
whose fibres are themselves smooth manifolds.

« The functor of points perspective. Here, instead of constructing a geometric object directly
and then studying its properties, we begin by defining the properties an object should have; this is
said more formally by defining a contravariant functor Sch — Sets which encapsulates a “moduli
problem,” e.g. “What are the families of n points on X a scheme?” So we try to determine if this
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functor is representable. The Hilbert scheme is the quintessential example of this approach.

§11.1 More smoothness

Definition 11.1 (Smooth morphism). A morphism f: X — S of schemes is smooth if the following equivalent
conditions hold:

(i) for any affine opens U C X,V C S such that f(U) C V, the ring map f*: Og(V) — Ox(U) is
smooth;

(ii) there exists an affine open covering S = J,; V; and for each i an affine open cover f ~(V;) = Uje, Uij
such that for each i and j, the ring map Og(V;) — Ox (Uj;) is smooth.

What does it mean, however, for a ring map to be smooth?

Definition 11.2. A ring map A — B is smooth if B = Alxy,...,x,]|/J as an A-algebra, where J is a
finitely generated ideal and

J)J* % @ B - da;
=1

classof f € J C Alz1,...,%n) de:Z%dxi
i=1 "

is injective’ and coker(d) is a finite locally free B-module.

Remark 11.1. This is equivalent to the second condition we discussed last time in the case that A =k isa

field.

The module J/J? is the conormal module of the closed immersion Spec (B) < A", and it captures the
first-order infinitesimal data of how Spec (B) sits inside the affine space over Spec (A). The B-module
structure on .J/.J? arises from the A[x;]-module structure, as multiplication by any .J-element acts as
zero. The map d is the universal derivation restricted to J given by d(f) = >""" ,(9f/0x;) ® 1, which is
well-defined on the quotient .J/J?. Finally the target module @ B - d; is simply B ® 4[] 9}4[%] /4 the
pullback of the module of relative Kahler differentials of the polynomial ring.

Observe that the condition on the map d is equivalent to the relative cotangent sequence
0= J/J* % B @y Yypya = Uga — 0

being exact and splitting as a sequence of B-modules; the cokernel of d is, by definition, the module of
relative differentials Q}g /A" Requiring that this cokernel be projective (recall that for finitely generated
modules over a local ring, projective is equivalent to free) implies that, locally, the fibres of the morphism
have a well-behaved tangent space.

Definition 11.3 (Formal smoothness). We say that a morphism of schemes X — S is formally smooth if for

*Think about how this is a B-module homomorphism.
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every solid commutative diagram
X e Spec(R/I)

S <+——— Spec(R)

where R is a ring and I C R is an ideal of square zero, there exists a dotted arrow making the diagram
commute.

Example 11.4 (Non-lifting example). Now we give an example showing that a singular scheme is
generally not smooth over its base field. Let k be a field, and consider the morphism f: X — S
where X = Spec (k[z,y]|/(zy)) and S = Spec (k). The scheme X is the union of two lines in the
affine plane meeting at the origin.

Let T = Spec (k[t]/(t?)) and Ty = Spec (k[t]/(t?)). The canonical projection k[t]/(t3) — k[t]/(t?)
defines a closed immersion i: Ty < T and the kernel is the ideal I = (t?)/(t3) C k[t]/(¢?). Since
(t?)2 = 0in k[t] /(t3), I is a square-zero ideal.

We need a map from 7y to X; on the level of rings, this is a k-algebra homomorphism
bo: klz,y]/(vy) — k[t]/(t?). Let us first set, for fun, ¢o(z) = t and ¢o(y) = t; this is a valid
homomorphism because ¢o(zy) = ¢o(x)do(y) = t2, which is zero in the ring k[t]/(t?). So we
now ask if there exists a lift ¢: k[z,y]/(xy) — E[t]/(t3). Such a map ¢ must reduce to ¢y modulo
(t?), ie. ¢(x) =t + at? and ¢(y) = t + bt? for constants a, b € k. For this ¢ to be a well-defined
homomorphism from k[x, y]/(xy), the image of xy must be zero. So let us compute this image:

d(zy) = o(x)p(y) = (t + at®)(t + bt?) = t2 + (a + b)t3 + abt?,

and since terms of order ¢3 and higher are zero in k[t]/(?), we have ¢(zy) = t2. So this is the

situation:
T—=t, y—=t

klz, y]/(zy) k[t]/(£%)

k k[t]/(£)

Thus ¢(xy) # 0, so there is no a, b choice that can make ¢ a valid ring homomorphism, and ¢g
cannot be lifted. What we have just shown is that the morphism f: X — S is not formally smooth.

The algebraic and geometric definitions of smoothness are bridged by the following theorem:

Theorem 11.1. Assume S Noetherian and f is locally of finite type. Then f is smooth if and only if it is
formally smooth.

This is due to Grothendieck; there is a more general version of this theorem which does not require S' to be
Noetherian, but we will not present it here.
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§11.2 The Hilbert scheme of points

Definition 11.5. Let f: X — S be a morphism of schemes. For n > 0, the Hilbert functor of n points over X

is the contravariant functor
Hilb'y g+ (Sch/S)PP — Sets

which assignes to each S-scheme T the set

7 s X xgT
Hilby o (T') = x| pra] closed subschemes s.t. w: Z — T is finite locally free of degree n

T ——T
idp

As we will see, the Hilbert scheme of points can parameterise 0-dimensional subschemes. We will typically
refer to an element of this set as a family of n points of X parameterised by T'.

Definition 11.6. A morphismm: W — V is finite locally free of degree n if it is affine and for all Spec (A) C
V affine open, we have f~'(Spec (A)) = Spec (B) and the ring map 7*: A — B turns B into an A-module
which is finite locally free of rank n.

This construction is indeed a functor because the defining properties of the subscheme Z are stable under
base change. If g: 7" — T is a morphism of S-schemes, and Z C X X g T is a family over T, then the
pullback Z' = Z xp T' C X xg T is a family over 7", and the projection 7’: Z' — T" is also finite and
locally free of degree n:

(=)xrT’
J— 3 X xgT IxpT ——3 X xgT'
T ————="1T T/ - T/

Remark 11.2 (Finite locally free requirement). 1. The morphism 7: Z — T is affine, and for any affine
open Spec (A) C T, its preimage 7! (Spec (A4)) = Spec (B) is such that B is a finitely generated
A-module; geometrically, this ensures that the fibres of 7 are 0-dimensional, i.e. they only consist of
a finite point set.

2. The pushforward sheaf 7,07 is a locally free O7-module of rank n; recall from commutative algebra
that this is an important flatness condition (think about why!).

As we continue our discussion, we will want to ponder about the question of representability for this

functor. As a precursor for our subsequent discussions, we will spend the rest of class proving the following

Proposition 11.7. The functor Hilb}, /i 1 represented by A}’
k
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To prove this we will look to demonstrate a natural isomorphism of functors Hilb}}, / o (—) = Homy(—, A7).
k

Let X = AL = Spec (k[z]) and S = Spec (k); by the Yoneda lemma it suffices to evaluate the functor on

an arbitrary affine k-scheme 7' = Spec (A4). A T-point of Hilby}, Ik is a closed subscheme Z C AI%; X T =
k

Spec (Alz]) such that the projection 7: Z — T is finite and locally free of degree n.

e Ai XSpec k Spec A

Spec A Spec A

Since Z is a closed subscheme of an affine scheme, 7 is itself affine, say Z = Spec (B). The inclusion
Z — Spec (A[z]) corresponds to a surjective ring map ¢: A[r] — B, and the condition that 7 be finite
and locally free degree n means that B, viewed as an A-module via the composition A — A[zx] — B, isa
locally free A-module of rank n. Since A is the ring of global sections of the affine scheme 7', this is the
same as saying B is a projective A-module of rank n.

e Alx]

B

A

Claim 11.8. The map p: A[z] — B induces an A-module isomorphism from the free A-module with basis
{1,z,...,2" 1} to B.

If Claim 11.8 is true, then we can uniquely write

—¢(2") = cop(1) + crp(@) + ... + cor9(2" )

for unique coefficients co, . . ., ¢,—1 € A. This implies that the polynomial P(z) = 2" +¢, 12" ' +...4¢p
is in the kernel of ¢. Since B = A[z]/(P(x)) as an A-module and both are generated by one element as
Alz]-algebras, they must be isomorphic as A[z]-algebras, so B = A[z]/(z" + ¢p_12™ 1 + ... + co).

But what have we just done? We have shown that a family of n points on A}, parameterised by 7' = Spec (A)
is uniquely determined by the choice of n elements (cy,...,c,—1) in the ring A; this is precisely the
data of a morphism of schemes Spec (A) — A}, where A} = Spec (k[ao, ..., an—1]), given on rings
by a; — c¢;. All that remains then is to prove Claim 11.8, and we would have established the bijection
Hilbzi/k(Spec (A)) = Homy(Spec (A), A}) which in turn proves Proposition 11.7 thanks to Yoneda.

Proof of Claim 11.8. Let M be the free A-module A-1® A- 2@ ...® A- 2" L. The map ¢ induces an
A-module homomorphism ®: M — B, and we will show that this is an isomorphism. Both M and B are
projective A-modules of rank n, and by a consequence of Nakayama’s lemma, it is sufficient to check that
this map becomes an isomorphism after tensoring with the residue field x(p) = A,/pA,, for every prime
ideal p C A.

Let p be a prime ideal of A. The base change of our family Z over Spec (k(p)) is the scheme Z, =
Z x7 Spec (k(p)), which is a closed subscheme of Ai(p), and the coordinate ring of Z,, is B, = B ®4 £(p).
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Furtheremore, the condition that B is a rank n projective A-module implies that B), is a x(p)-vector space
of dimension n. So observe now that the ring x(p)[z] is a principal ideal domain and so the ideal of Z,, in
#(p)[x] must be principal, generated by some polynomial f(z). Since dim,,,(B,) = n, the polynomial
f(z) is of degree n and can be chosen to be monic, ergo B, = k(p)[z]/(f(x)).

In the quotient ring x(p)[x]/(f(z)), the images of {1, x,...,2" 1} form a (p)-basis, hence the map
O ®4 k(p): M @4 K(p) = B®a Kk(p) is an isomorphism of x(p)-vector spaces. Since this holds for every
prime ideal p C A, the original map M — B must be an isomorphism of A-modules, and we are done. []

Scholium 11.9 (Hilbert scheme of points on a smooth surface). The case where X = S is a smooth
surface is a celebrated example in the theory; associated with the Hilbert scheme is the Hilbert-Chow
morphism 7: Hilb"(S) — Sym"(S) which sends a 0-dimensional subscheme Z to its support cycle
> length(Ozy)[p]. Here the target Sym"(S) = S™ /S, is the n-th symmetric product of S formed by
quotienting the n-fold product S™ by the permutation action of the symmetric group.

Sym" is typically a singular variety with singularities at points corresponding to unordered sets where
multiple points collide.

Theorem 11.2 (Fogarty, Grothendieck). If'S is a smooth complex surface, then Hilb™ (.S is a smooth irreducible
scheme of dimension 2n; furthermore the Hilbert-Chow morphism 7: Hilb"(S) — Sym"(S) is a crepant
resolution of singularities.

This is a big result in low-dimensional geometry. The smoothness of the ambient surface S mposes a
remarkable regularity on the parameter space of its 0-dimensional subschemes, and in fact for n = 2, the
symmetric product Sym?(S) has singularities along its diagonal A where pairs of points colide; the Hilbert
scheme Hilb?(S) is precisely the blow-up of Sym?(S) along this diagonal. Geometrically, this means that
Hilb?(S) resolves the singularity by keeping track not only of the point of collision but also the “direction”
of the collision, which corresponds to a tangent direction in 7},S; this extra data separates the points that
would be identified in the symmetric product, resulting in a smooth space.

§12 Lecture 12—03rd March, 2025

§12.1 The problem of parameterising collections of points

Now we focus on the question of how to create a geometric object that parameterises collections of
points. Recall from last time that the Hilbert scheme of points, denoted Hilb} Ik is a space/scheme that
parameterises collections of n points with scheme structure; this “scheme structure” is a crucial addition
that captures more geometric information than just a simple set of points.

To build intuition, let us go back up to sets. Let X be a set.

+ (Ordered tuples.) The set of ordered n-tuples of elements from X is the standard Cartesian product
X"=X x X x---x X (n times).

+ (Unordered tuples and multisets.) The symmetric group on n letters, S, acts on X" by permut-
ing the coefficients: for ¢ € S,, and (x1,...,2,) € X", we have the action o - (z1,...,2,) =
(To(1)s -+ To(n)). To disregard this order, we take the quotient X" /S, i.e. the n-th symmetric
product of X, denoted X (n),
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The elements of X (™ are orbits of n-tuples under the action of S,; each such orbit is uniquely
determined by the elements it contains and their multiplicities, so we can think of the elements of
X () as multisets of cardinality n with support in X.

Example 12.1. 1. The collection {a,a,a,b,b} is a multiset of cardinality 5 = 3 + 2; a has
multiplicity 3 and b has multiplicity 2.

2. The prime factorisation of an integer provides a multiset of prime factors, e.g. 120 = 23 - 3! . 51
corresponds to the multiset {2,2,2,3,5}.

3. The roots of a polynomial over an algebraically closed field form a multiset. For instance,

f(x) = 23(2? — 3) has the multiset of roots {0, 0,0, v/3, —/3}.

The multiset allows us to capture the “fatness” of points. Algebraically, the multiplicity of a point in a
multiset will correspond to the length of the local ring of a subscheme at that point. In the language of
schemes, the situation with a multiset with a repeated element suggests that two points can occupy the
same location; in the language of schemes, this is captured by non-reduced schemes. For instance, in
A2 = Spec (k[z,y]), the ideal m = (z,y) defines the origin. The ideal m? = (22, zy, y?) also has the origin
as its support, but the quotient ring k[z, y] /m? is a 3-dimensional k-vector space, corresponding to a “fat
point” of length 3. The Hilbert scheme will provide a way to distinguish between these different types
of “fatness” (e.g. ideals like (22, y) versus (, y?)), while the symmetric product only remembers the total
length at a point.

Remark 12.1 (Topology). If X is a topological space, then X" has the product topology, and there is a
unique “quotient” topology on X () such that the projection map X" — X (" is continuous and open.

So far so good.

§12.2 The symmetric product of schemes

Now we construct the symmetric product in the category of schemes; throughout this lecture, all schemes
are over a fixed field k, and morphisms are over k. So given a scheme X over k, we define the n-th fold
product X™ = X Xgpec (k) X XSpec (k) *** XSpec (k) X (1 times).

Example 12.2. We have (A})" = A?. Good thing:

X" (k) = X™(Spec (k)) = Morgpec (k) (Spec (k), X™)
= MorSpec (k) (Spec (k)7 X) XSpec (k) " XSpec (k) MorSpec (k) (Spec (k)) X)
= X(k) XSpec (k) " X Spec (k) X(k) - X(k)n

There are two problems though:
« the points of X™ are not the same as the n-tuples of points of X, in general;
« same with closed points (in general).

The following fact is the fix:
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Fact 12.3 (Noether, probably). Ifk = k, and X is of finite type over k, then by the Hilbert Nullstellensatz,
X (k) gives the closed points of X.

In this case we do have
closed points of X" = (closed points of X)".

Now we will try to define X(™) = X" /S, in the category of schemes. A few initial problems:
« What does it mean (as a categorical notion or explicit construction) to take the quotient?
« How do we guarantee existence?
« Is there a functor of points description of X (™? (The answer is no!)

Now to the construction. For a general quasi-projective scheme X, the quotient X" /S, is constructed by
gluing. First we find an S,,-invariant open affine cover {U; },c; of X", and then take the affine quotient
Spec (O(U;)%n) for each i € I, and then glue these quotients along their intersections. (Note that such a
cover exists for quasi-projective schemes because any finite set of points, such as an 5),-orbit, is contained
within an affine open subset.) The resulting scheme is denoted X (") and is called the symmetric product of
X.

Our replacement is Hilb'y, Ik which works well because it is a functor, like we defined last time:

Hilb% .+ (Sch/k)°PP — Sets
k — {Z C X closed subscheme s.t. Z = Spec (B) and dimg(B) = n}.

From our discussion last time, we know that if k¥ = k and X = A} = Spec (k[z]), then we have the

correspondences
=k
(closed points of A},)" <— Hilbzl/k(k) B=RA/DS onic [ € k[x] of degree n
k
factmtion cardinality n multisets with support in k.

Note that the Weil divisors of degree n on A,lg are
k(™ = (closed points of A})"™ = cardinality n multisets with support in k.

The central result that establishes the Hilbert scheme as a well-defined geometric object is the following:

Theorem 12.1 (Grothendieck, 1960s). The functor Hilb'y /i, is represented by a scheme, denoted Hilb’y Ik if X
is H-projective over k (or if X is quasi-projective, affine, quasi-affine). This scheme is called the Hilbert scheme
of n points on X.

The above theorem says that there is a scheme Hilb'y, /k whose functor of points is isomorphic to Hilb’, Ik

Zuniv — Hilb'y 6 X X

|

Hilb%
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Theorem 12.2. If X is a smooth curve over k = k, then Hilb’ . (k) = X (k)™), which gives the degreen
Weil divisors on X.

Let’s try to understand Hilb'y, (k) again. By definition,
Hilb% ;. (k) = {Z = Spec (B) < X with dimy(B) = n}.

For a k-algebra B with dimy(B) = n, we have B = By X - -+ X B,, where B; are Artinian local. Thus we
can write

Z = Spec (B) = Spec (By) U ---USpec (B,) - X

where Spec (B;) are closed subschemes of X and dimy(B;) = n;. In some sense, this gives a multiset of
points x1, . .., z, in X with multiplicities z; equal to length(B;).

Be careful! If (finite) [k (z;) : k] > 1, then z; counts itself as having degree d; = [k(z;) : k], in which case
n =Y (multiplicity of z;) - d;.

Remark 12.2. If k = k, then x(x;) = k and the multiplicity of z; is dimg(B;) = n;.

i

Example 12.4. 1. (Simplest example.) If we have n pairwise distinct morphisms Spec (k) X
over k, then
Z = Spec (k) U ---USpec (k) = X

is an element of Hilb'y , (k), where the multiplicity of each z; is 1.

2. (Tangent vector.) Let X = [l\i, consider:

Z(a,b) = X = Ai

[ |
Spec (k:[s]) — Spec (k:[x,y])

where k[¢] is the ring of dual numbers, €2 = 0, and p(¢) = (a + ¢, b). So we have the line
given by (bx — ay, 2,32, zy), a line with bz — ay = 0 as

line in kx @ ky = lines through 0 € k? = (k% \ {0})/k* = Py (k) < Hilb% ;. (k).

(Note that Z(, 1) = Z(cq,cp) for ¢ € k*, so thisis a P-worth of points.)

§13 Lecture 13—05th March, 2025

§13.1 Representability of the Hilbert functor

Throughout this lecture, we will focus on sketching a proof of the following theorem:

Theorem 13.1. Hilb’y /i IS representable if X is a projective scheme over k and n > 0.
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Recall that the Hilbert functor Hilb'y, /k is defined as follows:

Hilb'y ).+ (Sch/k)*PP — Sets
ki {Z C X Xgpec (k) T closed immersion s.t. Z flat over 7', dim(Z) = n}

The proof proceeds by reducing the problem from a general projective scheme X to the simpler case where
X is an affine scheme.

The first key property is that the functor F' = Hilb’y Jk satisfies the sheaf condition for Zariski coverings.
For this we will need some gluing of closed subschemes to see this! Thus if we have a covering of a scheme
T by open sets {T; }ics, and we have elements in F'(7}) that agree on the intersections 7; N T, then we
can glue these elements together to obtain a unique element in F'(T").

If U C X is an open subscheme, then we get a subfunctor Fy; C F' defined by
Fy(T)={Z € F(T): Z CU Xgpec (k) Ts Z C X Xgpec (k) T'}-

These functors Fy are open in F; the crucial claim is that F' is covered by the open subfunctors Fy,
wherethe U are affine open subschemes of X.

Claim 13.1. For subschemes Fy; C F, the following holds:

F = U Fy.

UCX affine open

(Note that this is not literally an equality of sets.) This claim is true because X is projective, and thus a finite
set of points of X lie in a common affine open of X. Therefore it suffices to prove that F' is representable
when X is affine. We can see that P} = Proj(k[xo,...,zn]) D Dy (f).

Spec(R)
V(1)

V(f)

Now X = Spec (A) affine. Let W C A be a subset with n elements as a subfunctor of F, and F' O Fyy
where

Fw(T)={Z € F(T),Z C X Xgpec (k) T closed subscheme
such that the elements of W give a basis of Oz over OT}.

For an affine test scheme 7" = Spec (R), this set Fyy (Spec (R)) consists of quotient R-algebras B of A®j, R
such that:
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1. B is free R-module of rank n,
2. The images of the elements of W in B form a basis of B as an R-module.

Again, the collection of subfunctors { Fyy } for all finite subsets W C A forms an open covering of F’; in
this way it is enough to show that Fjy is representable, and then we can glue the representable functors
Fyy to obtain a representable functor F'.

Fact 13.2. If F': (Sch/k)°PP — Sets is a functor which satisfies the sheaf property for Zariski coverings, and
if there exists a k-algebra A and a functorial bijection

F(Spec (R)) = Homy_14(A, R)
for all k-algebras R, then F is representable by Spec (A).

This fact is from scheme theory, and it is a consequence of the Yoneda lemma.

So to show Fyy is representable, we need to construct a k-algebra A that represents it. Observe that an
element of Fyy(Spec (R)) is an R-algebra structure on a free R-module of rank n; let this module be
B = Re; @ --- ® Rey,. For any pair of basis vectors ¢;, ¢;, their product must be a linear combination of

the basis vectors, i.e.,
n
e — (t)
e -€ej = Cij et
t=1

for some CZ(-;) € R. The n? elements cgt-) are the structure constants of the algebra B; giving these constants

is equivalent to defining the multiplication on B.

For the multiplication to be associative, we need to impose the relations
ei- (e ex) = (€ €5) - ek
for all i, j, k. Expanding both sides using the structure constants gives us a system
¢ ¢ ¢ t
t K] t t s t

and equating the coefficients of e, gives the associativity relations
t s __ s t
E CijCu = E CitCir-
t t

)

These relations can be expressed in terms of a polynomial ring k[c; j |, where the relations are given by the

above equations.

Now we then try to construct a universal object that parameterises all such associative algebras. Let C’Z-(;)

be the n? formal variables over k, and form the polynomial ring k[Ci(;-) : 1 <4, j,t < nl. Let! be the ideal
generated by the polynomial relations corresponding to associativity:

= <Z cloy) -S> oY) 1 <igis < n> :
t t
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and define the k-algebra A = k:[C’Z(;)] /I. This algebra A is the representing object for our functor; a
(®)

homomorphism A — R corresponds to choosing elements ¢,/ € R that satisfy the associativity relations,

and this is exactly the data needed to define an associative algebra structure on the free R-module of rank
n. Thus we have a functorial bijection

Fy (Spec (R)) = Homy_a14(A, R).

Therefore, by the fact stated above, Fyy is representable by Spec (A). Since F' is covered by the open
subfunctors Fyy, we can glue these representable functors to obtain a representable functor F', which is the
Hilbert functor Hilb'y Ik

§14 Lecture 14—10th March, 2025

§14.1 Proj construction and why

Earlier we said P} is the scheme representing a functor P} = Proj(k[xo, .. ., z,]); we will look to construct
this.

Let S be a graded ring, and write

S=@ 5> =P S,

n>0 n>0

where €, Sy is the direct sum decomposition as an abelian group, and S, is the irrelevant ideal of S
(i.e., the ideal generated by all homogeneous elements of positive degree, whose vanishing locus in the
affine scheme Spec (.5) corresponds to the “vertex” or “origin”).

Example 14.1. Simplest example: B C polynomial ring over a field with variables of degree 1.

Definition 14.2 (Projective spectrum). Let S' be a graded ring. The projective spectrum of S, denoted
Proj(.S), is the set of all homogeneous prime ideals of S that do not contain S :

Proj(S) = {p C S : p is a homogeneous prime ideal of S and S+ ¢ p}.

Clearly, Proj(S) C Spec (S). The condition S; ¢ p is the algebraic analogue of moving from the affine
cone to the projective space. For a prime p to contain S, it must contain every homogeneous element of
positive degree; in the case of S = k, S is the maximal ideal (7p, ..., T},) whose vanishing locus in AZH
is the origin, and by excluding primes containing S, we are removing this “irrelevant” point from our
geometry.

The topology on Proj(.S) is defined by specifying its closed sets as the vanishing loci of homogeneous
ideals.

Definition 14.3. Let S be a graded ring. The Zariski topology on Proj(.S) is the topology whose closed sets
are subsets of the form V. (I) = {p € Proj(S) : I C p} for homogeneous ideals I C S.

It is not hard to show that these sets satisfy the axioms for the closed sets of a topology:

1. Vo(S) = 0 and V4 ((0)) = Proj(S).
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2. The intersection ();c; Vi (I;) = Vi (3;; i) for any collection of homogeneous ideals I; C S.
3. The union | J,;; V4 (I;) = V4 (e L) for any collection of homogeneous ideals I; C S.

The open sets are the complements of the closed sets. Of particular importance are the basic open sets,
defined for any homogeneous element f € S:

D, (f) =Proj(S) \ Vi.(fS) =p € Proj(S) : f ¢ p

These sets form a basis for the Zariski topology. A crucial simplification is that we need only consider
elements of positive degree to form a basis.

Lemma 14.4. The collection of sets D (f) for homogeneous elements f € S of positive degree forms a basis
for the Zariski topology on Proj(.S).

Proof. We need to show that for open U C Proj(S) and any point p € U, there exists homogeneous f € S
such that p € D, (f) C U. It suffices to show this for a basic open U = D (g) with g homogeneous. Let
p € Di(g), meaning g ¢ p. By the definition of Proj(.S), we know that S ¢ p, hence there must exist
some homogeneous h € p prime ideal, hence gh ¢ p. The element f = gh is homogeneous and of positive
degree (as deg(h) > 0). Thus p € D (f), and furthermore, if g € q, then ¢ ¢ D (g). This means that any
prime not containing f cannot contain g, hence Dy (f) C D (g). Therefore, we have shown that for any
open set U and point p € U, there exists a homogeneous f € S such thatp € D, (f) C U. O

Now we discuss some quasi-compactness. For an affine scheme Spec (A), quasi-compactness is automatic;
for Proj(S) however, this is not always the case.

Theorem 14.1. The space Proj(.S) is quasi-compact iff S is a finitely generated ideal of S.

Proof sketch. An open cover of Proj(S) can be refined as Proj(S) = |J D4 (f;) for some homogeneous
elements f; € S,. This is equivalent to the condition that V. ((fi)ier) = 0, which in turn means that no
prime in Proj(S) contains the ideal J = (f;);er, i.e. for any p € Proj(S) we have J ¢ p, a condition that
holds only when S, C +/.J. If S, is finitely generated, say by g1, . .., gm, then for each g; some poweer

g;j € J, hence gjj can be written as a finite sum of multiples of the f; (and there are finitely many of

these). Hence S C +/(fi,,- .., fi,) for some finite subset, which means Proj(S) = U§:1 D, (fi;) and

the original cover has a finite subcover, hence quasi-compact. The reasoning for the converse is similar. []

A direct corollary is that if .S is a Noetherian ring, then every ideal, including S, is finitely generated.
Therefore, if S is Noetherian, Proj(.S) is quasi-compact. This applies to our motivating example S =
klxo, ..., zy].

Example 14.5. Consider the ring S = k[x1, z2,x3,...] with infinitely many variables each of
degree 1. The irrelevant ideal S; = (71,2, 3, ...) is not finitely generated, and the open cover
Proj(S) = ;2 D+ (z;) does not have a finite subcover as any finite union Ujvzl D4 (x) wouldn’t
contain the prime ideal (zn 11, ZN+2,- . .). Thus, Proj(.S) is not quasi-compact.
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§14.2 The scheme structure of Proj

Now that we have defined Proj(.5), we will look to endow it with a sheaf of rings. The bridge for us between
the projective world and the familiar affine world is the following

The Z-graded localisation Let S be a graded ring and let f € S; be a homogeneous element of positive
degree d > 0. We can form the localisation of S athe the multiplicative set {1, f, f%,...}, denoted S;.
This ring inherits a natural Z-grading; an element of S; takes the form a/ f* fora € S,k > 0, and if a is
homogeneous of degree m, then the degree of the fraction is deg(a/f*) = m — dk which is well-defined
and thrns S into a Z-graded ring.

Example 14.6. Consider S = C[z,y, 2] with standard grading and f = 23 + y3 + 23 + zy2
(homogeneous of degree 3). Then 1/f has degree —3, x/ f has degree 2, and y?/ f has degree —1.

Within Sy, the elements of degree 0 form a subring that we will focus on for our affine charts.

Definition 14.7. For a homogeneous element f € Sy with d > 0, the ring S(y) is the subring of degree-zero
elements in the 7-graded localisation Sy:

a
S(f) = {fk ESf:aeskd,kEZEO}.

The elements of this ring are precisely the rational functions on the affine cone Spec (.5) that are well-defined
on the corresponding projective space Proj(.S) for f non-vanishing.

Theorem 14.2. For homogeneous f &€ S., there exists a canonical isomorphism of topological spaces
¢r: Dy (f) = Spec(S(p))-

Proof. For p € D (f) prime ideal, its image in Spec (S(y)) is defined by taking the degree-zero elements
in the localisation of p. Let pS be the ideal generated by the image of p in Sy, a homogeneous prime ideal
in Sy. Define now

©r(p) = pSy NSy,

which is a prime ideal in S( ) because it is the contraction of the prime ideal pSy to the subring S( . So we
show that this map is bijective:

« (Injectivity.) Pick a homogeneous a € py; for sufficiently large N such that N deg(a) is a multiple of
deg(f), say N deg(a) = k deg(f), the element a/f* is in S(y)- Then we show that for p1, po distinct
primes in D (f), presupposing a” /f* € ©;(p1) = ¢f(p2) implies @ € pa, which is prime, hence
a € po. By symmetry, we have p; = po.

« (Surjectivity.) Given p € S, p € D(f), then the corresponding prime ideal of Sy is q = pSy. If p is
graded, so is q, and we can write q = @,,.7 9, Where g, = ¢ N S,,.

So we just need to show that it preserves the topological structure. A closed set in D (f) is of the form
Vi(I) NV Dy (f) for some homogeneous ideal I C S. One can show that (V. (1) N Dy (f)) = Vi(I(p),

where [ 4 is the ideal in Sy generated by the elements of the form a/ f ¥ with a € I. This correspondence
between closed sets implies ¢ ¢ is a homeomorphism. O
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This homeomorphism ¢ ¢ allows us to transport the structure sheaf from the affine scheme to the open set.
By doing this for all basic opens and ensuring the definitions are compatible on overlaps, we construct the
global structure sheaf for Proj(.9).

Definition 14.8. On the basis of open sets { D, (f)} tes, . we define a presheaf of rings O' by setting the
ring of sections over D (f) to be O'(D1(f)) = S(y). For an inclusion D (g) C D (g), there is a natural
localisation map Sy — S, which restricts to a canonical ring homomorphism Sy — S(g).3 Since O is a

sheaf on a basis, it extends uniquely to a sheaf on the entire topological space Proj(.S); this is the structure
sheaf of Proj(S), namely Op,qj(s) or O.

Proposition 14.9. (Proj(S), O) is a scheme; in fact, via the homeomorphism D, (f) — Spec (S(y), you
get (D+(f), Olp, (1)) = (Spec (S(5)): Ospec (54))-

§14.3 Sheaves on projective schemes

Now assume S is generated by homogeneous elements f; € S for i € I of positive degree as an algebra
over Sp. This implies, because of our condition S| ¢ p for p € Proj(5), that

Proj(S) = | D1(fi).
iel
What’s the upshot?

Example 14.10. Suppose we wanted to tell what data is sufficient to write down a quasi-coherent
module on Proj(S). For any i € I homogeneous, positive degree, give a S 4,)-module ); and for all
i, j an isomorphism M; ®S(s.) S, = M; ®S(;. S, £) satisfy the cocycle condition (omitted).

i J

The standard way to make such a thing is as follows: start with a graded S-module M = @, .5 M,,, and
then we take
M; = My,y = degree 0 part of My,.

The resulting quasicoherent module is denoted M and it satisfies M (D+(f)) = My foral f € S

homogeneous positive degree.

Construction. Suppose S = R is a surjection of graded rings. Then there is a canonical closed immersion
i: Proj(S) <> Proj(R) which for f € S homogeneous positive degree, is S(r) — R.(s)).-

Fact 14.11. Take k field, n > 1, and Z C Proj(k[Ty,...,Ty]) a closed subscheme. Then there exists a
homogeneous ideal I C k[Ty, ..., T),] such that

Z = Proj(k[Tv, ..., T,/1),
Z < Proj(k[Ty, . .., Th]),
Proj(k[Ty, ..., T,]/I) — Proj(k[To, ..., Tys)).

There is a map S,, — I'(Proj(S), O(n)), and with S = k(Tp, ..., T,), then we get
KTy @ - @ KTy, — D(Proj(k[Tp, . .., Tn]), O(1)),
which is the map that sends 7; to the i-th coordinate of the projective space Proj(k[Tp, ..., Ty)).

*One can prove (using commutative algebra on the exactness of the Cech complex for localisations.)
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Fact 14.12. (Proj(k[To, . .., Ty]), O(1), global sections of O(1) corresponding to Ty, ..., T),) represents the
functor F' that we said before defines P7, i.e.

F(T)={(L,s0,...,8n) : LisalinebundleonT,s; € (T, L)}/ ~,
where ~ is the equivalence relation that identifies two sections if they differ by a non-zero scalar multiple.
Example 14.13. We have
Proj(Clz, y, z, w]/(zy — zw)) D Spec (Clz/w,y/w, z/w]/(zy — zw)/w?) = Cla, b],

where a = z/w, b = y/w, and ¢ = z/w. This is the affine cone over the quadric surface xy — zw = 0
in P3, which is a projective variety.

§15 Lecture 15—12th March, 2025

Today’s class was cancelled and replaced with some office hours discussion ahead of the midterm homework.
Speaking of, that was a very difficult midterm.

Next week is reserved for the spring recess; no classes. In two weeks, we will commence study on the
second unit of the course.

§16 Lecture 16—24th March, 2025

§16.1 The Picard scheme of a curve

Let f: X — Spec (k) be a smooth, projective, geometrically connected curve over a field k. Also, let
o: Spec (k) — X be a section of f, corresponding to a k-rational point. For any k-scheme 7', we can
perform a base change along the structure morphism 7": Spec (k); this yields a family of curves over T'
given by the projection pr: X1 — T'; the section ¢ also base-changes to a section op: T" — X7 of this
family. We summarise the situation in the following diagram:

X+— X XSpec(k) T —— XT
TNk
or
Spec (k) T

Consider the functor*
Pic x /o (Sch/k)°PP — Ab

T — ker (Pic (X7) 2L Pic (T)>

*Sometimes this is annoyingly called the rigidified relative Picard functor or something like that.
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where Ab is the category of abelian groups, o7 is the pullback homomorphism induced by the section o7,
and we simultaneously bear in mind that

ker <Pic (X7) 7L, Pic (T)) ={L € Pic (X7) st. op L= Or}/ =
= {(L,a) : L invertible Ox, -module, o: 7L — O isomorphism}/ =
The following important fact is non-trivial:

Fact 16.1. Pic (X7) = Pic (T) @ Pic x/j, ,(T') holds for p}.: Pic (T) — Pic (Xr) the pullback induced by
the projection pr: X7 — T, and 0. Pic (X7) — Pic (T') the pullback induced by the sectionop: T — Xr.
So in fact

Pic (XT)

Pic (T)

12

Pic x /.o (T)
for any k-scheme T

Remark 16.1. In [Aut24] we define Pic x/;: (Sch/k)°PP — Ab as the fppf® sheafification of T' — Pic (X7).
Then it turns out that Pic x /3, = Pic x/ o (as functors). So we see that Pic x 3, , doesn’t depend on the
choice of our k-rational point o.

Example 16.2. We have Pic x/;, ,(Spec (k)) = Pic (X ), where X is the curve over k. We also have
the K /k extension Pic (X/k,0) = Pic (Xg).

Lemma 16.3. Pic x ;. , satisfies the sheaf property for the Zariski topology.

We will not prove this lemma here, but note that it means that if 7" = | J;; 7 is an open covering, then
Pic x/p.o(T) = HPiC X/ko (1) = H Pic x/x,0(Ti N Tj)
el 1,5€l

is an equaliser diagram. Unwinding the definitions, this means that a proof of the lemma must show that
given £ € Pic (X7,) with or L = Or, foralli € I such that Li|lt,nr; = Ljl|1,nr; for all 4, j € I, then
there exists a unique £ € Pic (X7) such that 07.£ =2 Op and £’XTZ~ = L, foralli e 1.

This looks good but it doesn’t quite work as written because:
(i) how do we know the cocycle condition holds?
(ii) if so, how do we know the glued L satisfies the condition 07.£ = Op?

One solution is to simply use all the pairs (£;, «;), where «: Ji}i L; — Or, is an isomorphism, and glue
them together to obtain a global isomorphism a: 07.L — Or.

Now we introduce the following powerful criterion applicable to functors with a group structure.

Theorem 16.1 (Criterion for group functor representability). Let G: (Sch/k)°PP — Grp be a contravariant
functor from the category of k-schemes to the category of groups. Suppose GG satisfies the following three
conditions:

>This is Grothendieck’s fppf topology, which is a non-trivial generalisation of the Zariski topology. fppf = fidélement plat et de
présentation finie = faithfully flat and locally of finite presentation.
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1. G satisfies the sheaf property for the Zariski topology;
2. there exists a subfunctor F' C G such that:

a. F' is representable (by a scheme);

b. F' C G is representable by open immersions;

c. for any field extension K /k and every element g € G(K), there exists an element g’ € G(k) such
that g¢' € F(K) C G(K).

Then G is representable by a group scheme over k.

Note that Condition (2)(c) basically says

G= U (F translated by right multiplication by ¢’) = repr.
g'€G(k)

Our goal now is to find an open subfunctor F' C Pic y/j , such that F' is isomorphic to an open subfunctor
of Hilb’y /k for some n € N, and then use [’ in the above theorem to show that Pic x/;, , is representable
by a group scheme over k.

§16.2 Degrees of invertible sheaves on curves

Let X be a projective curve over a field k, and recall

deg: Div(X) — Z, deg <Z m[pJ) o an[ﬁ(pz) L k]

el i€l

where k(p) = Ox ;,/my, is the residue field at the point p € X, and [k(p;) : k] is its degree as a finite field
extension of k. Clearly this is a group homomorphism.

Fact 16.4. If f € k(X)* for X a smooth projective curve and f non-zero, then deg(div(f)) = 0.
So we get

Div(X) deg

A=t fermy L

If X is also normal, then we defined

deg

Pic (X) —— CI(X) —= Z

deg

Remark 16.2. For A}, we saw that C1(A}) = 0, so clearly doesn’t work.

Example 16.5. If p € X is a closed point, then:

Ox(—p) = ideal sheaf of pin X C Ox
Ox(p) = dual of Ox(—p).
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Previously, we have seen

c1(Ox(p)) = class of 1 - [p] in C1(X) c1(Ox(—p)) = class of —1 - [p] in C1(X)
deg(Ox(p)) = [x(p) - k] =1 deg(Ox (=p)) = —[r(p) : k] = —1,

where k = k.

For a divisor D = ), ; n;[p;] on X, set

Ox (D) = Ox (Z ni[]%]) = ®Ox(pz‘)®m-

i€l i€l

We can check that Ox (D) has the following explicit description as a sheaf on X:

0 f ; forall i € T,
Ox(D)(U) = {0} U{ g € k(X)* st. Vp € U, ord,(g) > orp 7 piforalli € .
—n; for p = p; for some i € I.

Ifn; <Oforalli € I, then Ox (D) C Ox is an ideal sheaf.

Now we prove Fact 16.4. We will require first an alternative, equivalent definition of the degree.
Definition 16.6. Let L be an invertible sheaf on X. The degree of L is defined as

deg(£) = x(X, £) = x(X, Ox)
where x (X, F) = Zizo(_l)i dimy, H*(X, F) is the Euler characteristic of a coherent sheaf F on X.

The equivalence of this definition with the one for divisors is a consequence of the Riemann-Roch theorem,
but we can use it to directly prove the following key result.

Theorem 16.2. For any non-zero global section s € H°(X, L) of an invertible sheaf L on X, the degree of its
zero divisor Z(s) is equal to the degree of L.

Proof. A non-zero section s defines an injective morphism of sheaves Ox —» L, which gives rise to the
following short exact sequence:
0—0x 5L-—F—0

where F = coker(es) is the cokernel sheaf. Note that supp(F) = Z(s), which is a 0-dimensional
scheme, hence F is a skyscraper sheaf supported on the closed points of Z(s). The Euler characteristic is
additive on short exact sequences, so x(X, £) = x(X, Ox) + x(X, F), and rearranging gives deg(L) =
X(X, L) — x(X,0x) = x(X,F). Since F is finitely supported, its higher cohomology groups vanish,
so (X, F) = dimy H°(X, F). The dimension of the space of global sections of F is exactly the degree
of the 0-dimensional scheme Z(s), which is the degree of the divisor div(s). Thus, we conclude that
deg(L) = deg(Z(s)). O

Proof of Fact 16.4. Let f € k(X)*. Since X is projective, we can write f = g/h where g and h are non-zero
homogeneous polynomials of the same degree in the ambient projective space, which restrict to global
sections of the same ample invertible sheaf £ = Ox(m) for some m > 0, and so g, h € H°(X, £). The
principal divisor div(f) = div(g) — div(h) = Z(g) — Z(h), and the additivity of the degree map together
with the previous theorem gives deg(div(f)) = deg(Z(g)) — deg(Z(h)) = deg(L) —deg(£) =0. O

60



§17 Lecture 17—26th March, 2025

§17.1 A crash course on cohomology

The natural setting for homological algebra is that of abelian categories. These categories possess enough
structure to support constructions like kernels, cokernels, and exact sequences, which are fundamental to
the theory.

Consider the covariant functor F': &/ — % between two abelian categories &/ and Z. The functor F' is
said to be left exact if for every short exact sequence in .7, the resuling sequence in %,

is exact.

Example 17.1. 1. (X, Ox) ringed space has

I'(X,—): Mod(Ox) — Ab
FeT(X,F) = 0x(X)

and this is a left exact functor.
2. f: X — Y is a morphism of ringed spaces, and we can define

f*: MOd(Oy) — MOd(Ox)
G G =f7'G

which is also left exact.

But there is a failure here! A left exact functor is not, in general, fully exact; the map F'(As) — F(A3)
may not be surjective. To remedy this, we extend the truncated sequence into a long exact sequence by
constructing objects that measure the “cohomology” of the functor F. To construct the derived functors, we
must first identify a class of "acyclic” objects on which the failure of exactness vanishes. For right derived
functors, these are the injective objects.

Injective resolutions. An object [ in an abelian category 7 is said to be injective if the contravariant
functor Hom,(—, I): «7°PP — Ab is exact; equivalently, for every monomorphism f: A; < As in &/
and any morphism g: Ay — I, there exists a morphism h: Ay — I suchthat ho f = g.

Ay ﬁ[
[
Ay

We say that an abelian category <7 has enough injectives if there exist a monomorphism A < [ for every
object A in &7, where [ is an injective object; this property holds for many categories we care about, and
we will assume it holds henceforth. If .7 has enough injectives, we can construct an injective resolution of
an object A in .7, which is a cochain complex of injective objects I* = (I° — I' — I? — -..) along with
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amap A — IY such that the augumented sequence
0A=I" 5T 17— ...
is exact. (Or, equivalently, the map A — I°® is a quasi-isomorphism.)

Given A; = A, in 7, and given an injective resolution A; — I of A;, we can construct

Ay —— 1Y Ay Ay Ay Ay
al lao al lao J/al Lﬁ
Ay —— 19 Ay n I 2

and moreover a® is unique up to homotopy. Also, given a short exact sequence 0 — A; — Ay LA A3 =0
in &7, there exists a commutative diagram

0 0

where (i) the rows are injective resolutions, (ii) for each n the sequence 0 — I{* — I3 — I3 — 0 is a short
exact sequence of objects in &7

Remark 17.1. This short exact sequence is actually split, because /7' is injective.

Right-derived functors. Let F': of — 9 be a left exact functor between abelian categories, where o7
has enough injectives. For A € &7, the i-th right derived functor of F" at A is defined via the following
procedure:

(i) Choose an injective resolution of A: 0 — A — I°.
(ii) Apply the functor F to the complex of injectives to form the cochain complex F(I®): F(I") —
F(IYY = F(I%) — .

(iii) The i-th right derived functor of F’ at A is defined to be the i-th cohomology object of the complex
F(I°®), that is,

ker(F(d?) : F(I') — F(I'TY))

im(F(di-1) : F(I'"1) — F(IY))’

RIF(A) == H(F(I*)) =

As we already established, the uniqueness of resolutions up to homotopy implies that the right derived
functors are independent of the choice of injective resolution, and that the assignments A +— R*F(A) and
(a: A] = Ag) = (R'F(a): R'F(A;) — R'F(Ay)) define a functor R'F': o/ — A.

62



These functors have two fundamental properties:

« ROF > F as functors & — 2.

Proof. The sequence 0 — A — I® — TI' is exact, so applying F yields an exact sequence 0 —
F(A) — F(I°) — F(I'). By definition, R'F(A) = HY(F(I*)) = ker(F(d®): F(I°) — F(IY)).
The exactness of the latter sequence implies that F'(A) = ker(F(d°)). O

« If I is an injective object in o7, then R*F(I) = 0 for all i > 0.

Proof. The injective resolution of / isjust 0 - I — I — I — -- -, so applying F' yields the complex
F(I) - F(I) — F(I) — - --. The cohomology of this complex is zero in all degrees greater than
zero, because the maps are all zero. O

Right-derived functors. For any short exact sequence 0 — A; = Ay LA A3z — 0in &7, and for any
left exact functor F': &/ — 4, there exists a natural long exact sequence in %:

0 = RVF(A1) — ROF(As) — ROF(A3) %5 R'F(A)) — R'F(As) — ...
... = R'F(A)) = RIF(As) — RF(A3) 2 RMF(A) = RFIF(4y) - ...

~

We pick the right side of the commutative diagram above, and we contemplate, using F'(I3) = F(I') &
F(17), the following short exact sequence of complexes:

0= FUY 2 pad)y £ pdy S 0

which is also termwise split. By the snake lemma, we can get a long exact sequence
0— F(A1) = F(Ay) = F(A3) — R'F(Ay) — R'F(A2) — R'F(A3) — -+

where the R'F'(A;) are the right derived functors of F at A;.

§17.2 Theorems on cohomology of quasi-coherent modules on schemes

Recall our example from before. Two central objects of study for us are the right derived functors of these
geometrical functors:

Definition 17.2. The i-th sheaf cohomology of a sheaf F on X is the i-th right derived functor of the global
sections functor ' ‘
H'(X,F):=RT(X,F)

where I'(X, F) is the functor that assigns to each open set U C X the set of global sections F(U).

Definition 17.3. The i-th higher direct image sheaf of F under a morphism of schemes f: X — Y is the
i-th right derived functor of the direct image functor f,: QCoh(X) — QCoh(Y), that is,

R f.F := R'f.(F)

where f.F is the sheaf on Y defined by the direct image functor.
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Theorem 17.1 (Vanishing on affine schemes). If X = Spec (A) is an affine scheme and F is a quasi-coherent
sheaf on X, then its higher cohomology groups vanish, that is,

HY(X,F)=0,  foralli>0.

This result implies that the global sections functor is exact on the category of quasi-coherent sheaves on an
affine scheme. For a general separated scheme, it allows one to compute cohomology by using an affine
open cover and Cech cohomology, thereby reducing a global geometric problem to commutative algebra.

Theorem 17.2 (Quasi-coherent sheaves on qcqgs schemes). If f: X — Y is qcgs (quasi-compact and quasi-
separated) and F is a quasi-coherent sheaf on X, then f,F and R'f.F are quasi-coherent sheaves on'Y for
alli > 0.

Theorem 17.3 (Coherence of higher direct images). If f: X — Y is proper (for example projective or finite)
andY (and X ) is Noetherian and F is a coherent Ox -module, then f.JF and R’ f.F are coherent on'Y for all
1> 0.

In the special case where Y = Spec (k) is the spectrum of a field, this theorem implies that the cohomology
groups H(X, F) are finite-dimensional k-vector spaces.

Theorem 17.4 (Grothendieck’s vanishing theorem). If X is Noetherian and dim(X) = d < oo, then
H(X,F) =0 foralli > d and all quasi-coherent sheaves F € Mod(Ox).

This theorem provides a universal, dimension-theoretic bound on the non-vanishing of cohomology; it is
essential for ensuring that definitions that involve sums over all cohomology groups, such as the Euler
characteristic, are well-defined finite sums.

Definition 17.4. Take X Noetherian. An O x-module F is said to be coherent iff
« F is quasi-coherent and for allU = Spec (A) C X affine open, F|y = ]\7for a finite A-module M ;
« F is quasi-coherent and of finite type;

« F is an Ox-module of finite presentation.

§17.3 Riemann-Roch for curves

Recall our favourite shadow of the cohomology groups, the Euler characteristic:

X(X, F) = (~1) dimg H (X, F)
=0

where £ is the base field of the scheme X. The theorems above imply that H*(X, F) is a finite-dimensional
k-vector space for all ¢ > 0, so the sum is well-defined and finite. Recall that this is additive over short
exact sequences, i.e. for 0 — F; — Fo — F3 — 0,

X(X, F2) = x(X, F1) + x(X, F3).
The s.e.s. of sheaves induces a long exact sequence of finite-dimensional vector spaces

0— HYX,F) = H X, F) - H (X, F3) - HY (X, F1) — ...
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and by the rank-nullity theorem, the alternating sum of dimensions in any long exact sequence of vector
spaces is zero, and so we get this additivity which allows us to develop inductive arguments where the
structure of the sheaf is built piece by piece.

Theorem 17.5 (Riemann-Roch). Let X be a smooth, proper, connected curve over an algebraically closed field

k. Let L be a line bundle on X and let d = deg(L). Then
(X, L)-h(X,L)=d+1—¢g
where h'(X, £) = dimy, H (X, £) and g := h' (X, Ox) is the genus of the curve.

The connection to the classical formulation is via Serre’s duality. For a curve, this gives a natural isomorphism
HY(X, L)~ H°(X,Kx ® £L71)V, where K is the canonical bundle of X, so we get

X, L) =hr (X, Kx® L) = (X, L) -h(X,Kx@L H=d+1-¢g
= d=x(X,£) = x(X,0Ox)

and so we can view the Riemann-Roch theorem as a statement about the dimensions of the global sections
of line bundles on curves:

XX, L) =d+1-g = x(X,£) = (x(X,£) — x(X,O0x)) + (1 - h' (X, 0x))

where the first term is the degree of the line bundle £ and the second term is a topological invariant of
the curve X. Continuing this line of thought, we can actually come up with a sheaf-theoretic proof of
Riemann-Roch.

§18 Lecture 18—31st March, 2025

§18.1 Some discussion on the Picard scheme of a curve, et cetera

Recall our setup from two lectures ago: f: X — Spec (k) is a smooth, projective, geometrically connected
curve over a field k, o: Spec (k) — X is a section of f corresponding to a k-rational point; for any
k-scheme T', we can perform a base change along the structure morphism 7': Spec (k) which yields a
family of curves over 1" given by the projection pr: X7t — T and the section o also base-changes to a
section o7 : T" — X7 of this family:

X+—X X Spec (k) T —— Xr
TN
or
Spec (k) T

Consider the functor®
PiC X/k,O': (SCh/]C)Opp — Ab

T — ker <Pic (X7) 7T, Pic (T))

Sometimes this is annoyingly called the rigidified relative Picard functor or something like that.
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where Ab is the category of abelian groups, o7 is the pullback homomorphism induced by the section o7.

Also recall that there is a criterion for when such a functor is representable in terms of finding a suitable
subfunctor.

Claim 18.1. There is a subfunctor F' C Pic x; , such that
(i) F'— Pic x/p o is representable by open immersions,
(ii) for all field extensions K /k, we have
F(Spec (k)) = {L£ on X such that dimg H*(Xg, £) = 1,dimyg H'(Xg, L) = 0}/ =
and
Pic x /10 (Spec (k) = {L£ on Xgpec (k) = Xx = X Xgpec (k) Spec (K), no conditions}/ =

where the isomorphism is given by the pullback of the section o.

Exercise: Come up with a non-trivial example of a k-scheme 7" and a section o7 : T' — X7 such that the
corresponding morphism Pic x4, »,, — Pic (T') is not an isomorphism.

The proof of Claim 18.1 relies on “Cohomology and base change,” see [Har77, Hartshorne, Chapter III,
Section 12].

Fact 18.2. Let T be a scheme over k and let L be a line bundle on X7. Then:
1. the function T — Z,t — k(Xy, L|x,) is a locally constant function on T,

2. the function T — Z,t — h°(Xy, L|x,) is upper semicontinuous.

X+ Xp Xy ——— Xoe = Xy
Speck ¢+——— T T +—— Spec(k(t))

Namely, pick i: X — P} a closed immersion, then take £ = i*(Opy(d)) for some suitably large d. This is
a general fact about the vanishing of cohomology of 7 ®0,, Opy(d) for F a coherent sheaf on Py (Look
k

for the characteristic of ample invertible modules; Serre’s criterion in [Aut24].)

Achtung! Have £° > 1. Hence just pick € X (k) “randomly” and then look at the short exact sequence
0 — L(—z) — L — skyscraper sheaf at x, value = k(z) =k — 0
0— H'X,L(—z)) = H*(X,L) = k — H' (X, L(—x)) = 0 — 0.

But how random? We just need to make sure that there necessarily exists s € H°(X, £) which doesn’t
vanish at x. We can do this because we already know that any non-zero section vanishes in at most finitely
many points, so we can just pick a section that vanishes at no more than n points.

Note that if £ is such that x(X, £) = 1, then
deg(L) = x(X, £) =x(X,0x) =1-(1-g) =g

So X smooth projective over k = k implies that H%(X, Oy) k and h°(X,Ox) — h}(X,0x) =

1 — (1 — g) = g, where g = dimy H!(X, Ox) is the genus of X.
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Lemma 18.3. The functor F' is represented by an open subscheme oinlbg(/k, the scheme representing the
Hilbert functor on X /k, for k a field and X a smooth projective curve of genus g.

The proof can be found in [Aut24, Tag 0B9X]. But why should it be true, intuitively? Given some prescribed
[z] € Hilb% / . (Spec (k)) with z a k-rational point, we have

? .
F(Spec (k)) — Hllbﬁqk(Spec (k))
L +— zero divisor of s C X
FOL=0x(z)+1z€ Hilbg(/k(Spec (k)),

where L is prescribed on X so that h%(X, £) = 1 and h*(X, £) = 0 iff dimy H°(X, £) = 1 which implies
0 # s € H°(X, £) unique up to scalar multiplication, z C X closed with h°(Oy) = g, and the zero divisor
of s is a degree g divisor which is a k-rational point of Hilbg(/k(Spec (k)).

What we would need to finish the argument then is an invertible module Lypniy on X Xgpec (k) Hilbg( Ik

whose restriction to X' x [z] is the invertible Ox (z) above, and then we finish the proof from there.

Relationship between Hilb and Pic. For X/k, o as above, we have
Pic x/ke = | [ Pick ko
nez

where Pic’y ko 18 the subfunctor of Pic y/; , consisting of line bundles of degree n. This is because
t— deg(Llx,) = x(X, Lx,) — x(Xt, Ox,) is always locally constant given £ on X7. What we want to
construct now is a map

Hilb ), = Pic’y .

2+ Ox,(2) @ profOx, ()71

pullback by o =~ Op

Fact 18.4. Z C X Xgpec (k) 1" such that Z — T' is finite locally free are always effective Cartier divisors.

Definition 18.5 (Effective Cartier divisor). A closed subscheme Y C S is called an effective Cartier divisor
iff the ideal sheaf 7 C Og of Y is an invertible Og-module.

§19 Lecture 19—02nd April, 2025

§19.1 Properties of the Pic representation

Throughout today, we take k = k an algebraically closed field, X a smooth projective curve over k with
genus g, and Pic y/, = Pic x/;, , where o € X (k). Last time we sketched a proof of:

Proposition 19.1. Pic y/;, is representable.

Let Picy ), be a scheme representing Pic x ;.
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Proposition 19.2 (Properties of the representing scheme). 1. Picy Ik = Hnez Pic’y Ik where Pic'y, /k

6.

7.

parameterises invertible modules of degree n on X, i.e. Picy /i Tepresents the functor Pic'y, Ik discussed
last time.

Picy/y, is a group scheme over k and &g(/k is an open and closed group subscheme of Picy ;..

Each E}/k is a smooth and proper variety over k of dimension g.

There are canonical maps (also morphisms) 4 HilbdX/k — Eg(/k foreach d > 0, where Hilbff(/k is
the Hilbert scheme of degree d subschemes of X .

vq is surjective ford > g.
7g is birational, and in fact Hilb?c/k is also a smooth and projective variety of dimension d.

Ford > 2g — 1, 4 is smooth.

We will sketch the proof of all of these. First observe that Picy ;, is a group scheme.

Definition 19.3. A group scheme over a scheme S is a group object in the category of schemes over S.

This means that there are (G, m) morphisms m: G Xg G — G/S such that for all T' € Ob(Sch/S) the
object (G(T"),m: G(T') xr G(T') — G(T)) is a group object in the category of sets.

Remarks on why Proposition 19.2 holds.

For 4.

For 3.

Last time we discussed why there is a map of functors Hilbgl( /e Pic gf Ik for each d > 0, and so we
get v4: Hilbg( k™ @SI( Ik from the Yoneda lemma.

In the proof that Pic y/; is representable we found an open of Picy ;. which is isomorphic to an
open of Hilb%. Ik and the translates of this open cover all of Picy ;. So it is enough to show that
Hilb% 1, is smooth.

Lemma 19.4. Hilbgl(/k is also a smooth and proper variety of dimension d.

Proof. We will need to use the addition maps

Hilb% . Xspee (k) Hilb%, — HilbY ;"
which on T-valued points does
(Zl, ZQ) — Zl + Z2

and so

last time Z'L is an effective Cartier add eff. Cartier divisors

6.
T Z;, C X xT .
¢ —closed divisoron X x T

I+ Zy C X xT

where §; is the inclusion of the closed subscheme Z;, and with a little bit of algebra we can check
that 71 + Zo — T is finite locally free of degree d; + ds. Finally we need

X x Hilb% , = Hilbh}
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is finite locally free of degree d + 1.

~2 (2,2)—~(z,Z+x)
X x Hilb% ), Yo (X x Hilb ) | X x Hilb% /,

—_—>
(z,Z2" ) (z,2")
\ Ucl/
+

apdtl
Hlle/Z

where ¢ is the suspension of C, i.e. the space of pairs (z, Z) where Z is a degree d subscheme of X
and z € C. The map Uc is the cup product with the class of C' in Pic ; e This is a smooth morphism,

and so Hilbﬁ( /0 is smooth. O

For 5. Now we’ll try to show that v,: Hilbgl( e @g( /i Is surjective for d > g. Let’s do it on k-points
(L] € @gl(/k(k), so that then we have

RO(L) —hYN L) = x(X,L)=d+1—g>1

which implies h°(£) > 1 and that there exists 0 # s € H°(X, £). Consequently £ = Ox (D) where
D is the vanishing divisor of s with D € Hilb% (k) mapping to L.

For 3. For smoothness guaranteed we want to ask questions of the properness and irreducibility of Egl( /i
which are all isomorphisms as abstract schemes over k by translation. Pick d >> 0. Then we have,
roughly speaking,

d . d
proper == proper
irreducible = irreducible,
using the same argument as before.

For 6. Birationality follows from the previously shown fact on vy, identifying certain spaces.

For 7. 74 is smooth if d > 2¢ — 1, in fact in this range Hilbgf s @gl( /i Is a projective space bundle. The
idea here is that the fibre of 7,4 over the k-point corresponding to £ € @3@ / p (k) is

Fibre —— Hilb%

I

Spec (k) i, ﬂﬁ(/f

where
Fibre = P(H%(X, £)) = projective space of lines in H°(X, £)

as schemes, dimension h°(£) — 1. So to get smoothness we just need all fibres to have the same
dimension, which is the case if d > 0.
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§20 Lecture 20—07th April, 2025

§20.1 Group schemes

Definition 20.1 (Group scheme). Let S be a scheme. A group scheme over S is a pair (G, m) where G is a
scheme over S and m: G xg G — G is a morphism of schemes over S such that for every scheme T over S,
the pair (G(T), m) is a group.

So
(a,b)

i

m(a,b)

and thus we have G(T) x G(T) 2% G(T), where we have implicitly chosen

T % G
a,b e G(T') = Morg(T,G) = N
S

Exercise: Take T' = G Xs G xg G witha = pr; € G(T), b = pry € G(T), and ¢ = prg € G(T') where
pr; is the i-th projection map, and work out what m(m(a, b),c) = m(a, m(b, c)) means in terms of the
diagram (xx) below.

mxidg

T:GXSGXSG GXSG

idg X ml (%) lm

GxsG G

Definition 20.2 (Morphism of group schemes). A morphism p: (G, m) — (G',m’) of group schemes over S
is a morphism ¢ : G — G’ of schemes over S such that for all schemes T over S, the map ¢: G(T) — G'(T)
is a group homomorphism (G(T),m) — (G'(T'),m’).

Of course, this means that the following diagram commutes:

GxsG —2% 4 GQ'xg@

Examples of group schemes

1. (Multiplicative group scheme.) The functor which associates to any scheme 7" the group I'(T’, O7.) of
units in the global sections of the structure sheaf is representable by G,,, = Spec (Z[z,z~!]). The
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morphism giving the group structure is the morphism
G X Gy, = G
Spec (Z[z,x7')) ®z OF @7 Z[z, 2] — Spec (Z[z,z7'])
2z, 2"\ @7 Z[x, 7] < Z[x, 27!
TRIT 4

Thus G,, is a group scheme over Z; for any S, the base change G,;, s is a group scheme over S whose
functor of points is given by

T/S +— G s(T) =6,(T) =T(T,07).
As a general fact, if (G, m) is a group scheme over S and S’ — S is a morphism of schemes, then
(G x g S, the base change of m) is a group scheme over S’.
The notation Gy, s = G Xgpec (z) S is the base change!

. (Additive group scheme.) The functor which associates to any scheme 7" the group I'(T, Or) of global
sections of the structure sheaf is representable by G, = Spec (Z[x]). The morphism giving the group
structure is the morphism

Gy X Gy — G,
Spec (Z[z]) ®z Or ®z Z[x] — Spec (Z[x])
Z[x) ®z Z]x] + Z[x]
rQR@1l+r®1+=x

Thus G, is a group scheme over Z; for any S, the base change G, s is a group scheme over S whose
functor of points is given by

T/S+ Gy s(T) = Gu(T) =T(T,Or).
Observe that this corresponds to the functor Mor (7', G,) = (Or(T), +).

. (General linear group scheme.) Take n > 1. Recall

1
GL,z =S Zlxij],1<1i,j <
mZ = SPeC <[ il 1< 4,5 <) det(the matrix whose entries are x”)]>

and consider the functor which associates to any scheme 7" the group GL,,(I'(T, Or)) of invertible
n X n matrices over the global sections of the structure sheaf; this is representable by GL,, 7. The
morphism giving the group structure is the morphism

GLn’Z X GLnjz — Ganz
Spec (Z[xij,1 < i,j < nl]) ®z Z[z;j,1/ det(z;;)] — Spec (Z[z;;,1/ det(z;;)])
Z[zij, 1/ det(xij)] @z Z[xij, 1/ det(w45)] < Z[zij,1/ det(wij;)]
Tl o Tip Tl o Tip Tl o Tip
o+ 1|«
Tl o Tom Tl o Tom Tl o Tom

Hence we see that GL,, 7 is a group scheme over Z; for any S, the base change GL,, 5 is a group
scheme over S whose functor of points is given by

T/S = GLys(T) = GLo(D(T, Or)) = GL, (Or(T)).
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§20.2 Elliptic curves

Definition 20.3 (Elliptic curve). An elliptic curve over a field k is a pair (E, O) where E is a smooth projective
curve over k and O € E(k) is a k-rational point and the genus of E is 1, i.e. dim; H*(E, OF,) = 1.

Fact 20.4. Given an elliptic curve (E, O) over a field k, there is a unique morphism m: E Xgpec (k) £ — E
over k such that (E, m) is a group scheme over k and O is the identity element.

Fact 20.5. Every elliptic curve (E, O) over a field k can be embedded into P% such that

E: yzz + ajxyz + agyz2 =23+ a2x2z + a4xz2 + a623

where x,y, z are the homogeneous coordinates on IP% and O = (0 :1:0) is the point at infinity.

§20.3 Abelian varieties

Again, only a few cursory remarks. Much of the theory of abelian varieties is in Mumford’s book Abelian
Varieties, which is recommended.

Definition 20.6 (Abelian variety). Let k be a field. An abelian variety over k is a group scheme (A, m) over
k such that A is also a proper variety which is geometrically integral (i.e A Xgpec (k) Spec (k) is still a variety

over k, i.e. A is a variety in the sense of Prof. de Jong’s advisor Oort).

Example 20.7. 1. (E,O) is an elliptic curve gives A = E x E with suitable m is an abelian
variety.

2. With X over k a genus g smooth projective curve and k = k, then A = Eg( Jk with its group
law structure is an abelian variety of dimension g.

Proposition 20.8 (Facts about abelian varieties). We have that for A an abelian variety over k:
1. A is smooth over k.
2. A is projective.

3. A is a commutative group scheme over k.

(Class ended early due to a seminar interruption, but we also rapidly sketched the proofs of these.)
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§21 Lecture 21—09th April, 2025

§21.1 Abelian varieties, continued

Recall our setup from last time: we have (A, m) an abelian variety over k = k, and we know that:
« (A,m) is a group scheme over k;
« Ais a variety over k;

« Ais proper over k.

Fact 21.1. A is smooth.

Proof. Any variety over k = k has a nonempty open which is smooth. So say U C A is nonempty, smooth,
and open. Then for a € A(k) denote T,,: A — A the translation by a, so that 7,,(—) = m(a, —). Then all
we need do is show that

A= U Ta(U)a

acA(k)

which is left as a (deliverable) exercise. Since 7, is an automorphism of the scheme A, the open T,,(U) is
smooth, and hence A is smooth. O

Fact 21.2. A is projective.

We won’t prove this, but this follows from the fact that every (algebraic) group scheme over a field is also
quasi-projective over the field (not immediately obvious!) and a few properties of schemes possessing
ample line bundles.

Fact 21.3. The group law on A is commutative.

Proof. Consider the morphism

h: AxpA— A
(a,b) — (a,aba" b7 1),

which is a morphism over A via the first projection on either side. Let ¢ € A(k) be the unit. Then it’s clear
that h|.x 4 is constant with value (e, €), and so there exists an open neighbourhood U C A of e such that
h|ux 4 factors through some Z C U x A finite over U, and consequently, A — A, b — aba~'b~! is finite
over A and constant with value e on U. Therefore (a,b) — aba~'b~! is constant with value e on U x A,
so the group law is commutative. O

We need the following rigidity lemma.

Proposition 21.4 (Rigidity lemma). Let X, Y, Z be varieties over k = k, take X proper, andlet f: X XY — Z
be a morphism withyo € Y (k) and zo € Z(k) such that

J(X x{yo}) = {20}

Then f factors as f = g o pry for some g: Y — Z such that g(yo) = zp.
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Y 2 XxY ¢ X
9 Jf (a;,yo) —x
T Ze——— (x0)

The picture to have in mind here is that there is a point yy € Y such that the entire “vertical” fibre goes to
a single point; what the rigidity lemma says is that all the vertical fibres go each to one point which varies
with the fibre.

Proof of Proposition 21.4. Pick any z9 € X (k) and set g(y) = f(zo,y). Choose zg € W C Z affine open.
Then f~1(Z — W) is closed in X x Y and hence pry(f~1(Z — W)) is closed in Y because X is proper
(recall pry: X x Y — Y is a closed morphism), and yo ¢ pry(f~1(Z — W)). So

Yo €Y — pr2(f_1(Z —W)) Copen Y,
and hence for all y € V (k) we have f(X x {y}) C W. Consequently,

flxxy X=X x{y} =2

has X = X x {y} proper and W affine, so it is constant by the rigidity lemma (see Lemma 21.5 below).
From this we want to show that f is constant on all the fibres. Pick g € X and consider the map

9:Y = Z, y> f(zo,y).
For any (z,v) € X x V we know that f(z,v) = f(zo,v) (as f contracts all fibres to a single point) and so
flxxv =pryoglxxy = f = gopry. onadense open subset of X x Y.

By separatedness, this must be true everywhere, so we have f = g o prs. O

In the proof above we used the following sublemma:

Lemma 21.5. Over k = k, any morphism from a proper variety to an affine variety is constant.

Proof. Take a morphism f: X — Y where X is proper and Y is affine. Then we have the inclusions

XLy o A Copen PP
By the subsublemma below (Lemma 21.6), f(x) C A} is closed for all € X (k), and hence also closed on
Py.
f

Then if dim(f (X)) > 1, then it must, as a closed subvariety of P}, meet every hyperplane, in particular
Py — A}, which is not possible since f(X) is closed in A} and hence does not meet the complement;
contradiction. Therefore dim(f(X)) = 0, and hence f(X) is a single point. O

Lemma 21.6. If f: X — Y is a morphism of varieties and X is proper, then f(X) C Y is closed.
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The proof of this lemma is left as an exercise (it is not too hard).

N ey Nx M

lf i lfxid
A

M — MxM

Hilbert polynomials. Suppose X is projective over k and L is invertible on X and ample.

Fact 21.7. The situation above is equivalent to saying that there exists a closed immersioni: X — [P{CV such
that i*O[Plzcv(l) =~ LM for somem > 1.

Then
dimy, HO(X, £8™) "X positive rational number - n™X) 1 lower order terms.

We can introduce a new object, the Hilbert polynomial:

Definition 21.8 (Hilbert polynomial). Let X be a complete variety of dimension g over k, and L an ample line
bundle on X . Let F be a coherent sheaf on X, and consider the Euler characteristics x(F @ L™) forn > 0. The
Hilbert polynomial of F with respect to L is the polynomial Pr r(n) = x(F ® L™) which is a polynomial of
degree at most g.

In particular, if dim(X) > 1, then £ % Ox. This proves every closed Z C P} variety of dim(Z) > 1 must
meet every H,ie. Y \/T; = 0 (not all \; = 0), because otherwise (’)[pz (1) = Oy given by multiplication
by the hyperplane sections, which is impossible since Oy is trivial and Opr (1) is ample.

Now back to the morphism
frAXA—= A (a,b)—aba b7t f(Ax{0a}) ={0a}.

By rigidity we get aba~'b~! does not depend on a for any b (it is constant on the fibres over b), so we have
aba"1b™! = 040071 = Oa.

§21.2 The theorem of the cube

Theorem 21.1 (Theorem of the cube). Let £ be an invertible module on X x Y x Z trivial on {zo} X Y x Z,

X x {yo} x Z, and X x Y x {2}, where X,Y, Z are varieties over k = k with X,Y proper. Then
L=0xxyxz-

See Mumford’s book for a proof. One moral lesson here is that Pic on varieties over k is a quadratic functor.

Scholium 21.9. If M is a compact complex manifold, and O is a holomorphic structure sheaf on M, then

0=2Z—-0—-0"=0
H'(M,0)

1 e g2
7H1(M,Z) — H (M,0) — H*(M,Z),

=Pic (M)
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where we have the equality
H2(My x My x M3, Z) = D H*(M;,Z) & P H (M;, 2) ® H' (M;, Z)
i€l 1<j

in the sense of Kiinneth up to torsion.

Example 21.10. Work over C. The second cohomology H?(—, Z): [Pg — Ab is a quadratic functor,
and the first cohomology H'(—, Z): P — Ab is a linear functor.

The following corollary is a consequence of the theorem of the cube; its proof is left as an exercise. (Hint:
consider the “universal” case.)

Corollary 21.11. Take A an abelian variety and X a variety over k, and consider three morphisms of varieties
f.g,h: A — X. Then for any line bundle L on A, we have the isomorphism

(f+g+h) (L) =(f+9)" (L)@ (g+h) (L)@ (F+h) (L)@ (L) @ g (L) @ h* (L)

Corollary 21.12 (Theorem of the square). For any x,y € A and any line bundle L on A, define the
translation-by-r morphism T,,: A — A by T,(y) = x + y. Then
T LRL=T; LT, L.

Proof. With f: A — Aas f(A) = {z},9g: A - Aasg(A) = {y}, and h: A — A as the identity
morphism, we apply Corollary 21.11 to get

(f+g+W) (L) = (f+9)" (L)@ (g+h) (L)@ (F+ M) (L) f (L) @ g (L) @h (L)~

The left-hand side is 77", , £, the right-hand side is T; LQ Ty L ® T;+y[,_1 RTIL'® T;L‘l. Since T, , L
is invertible, we can multiply both sides by T;er/l*l togetT; LROL=T;LROT,L. O

§22 Lecture 22—14th April, 2025

§22.1 Theorem of the cube for abelian varieties

Last time we ended with the theorem of the cube. We restate it here for abelian varieties.
Theorem 22.1 (Theorem of the cube for abelian varieties). If (A, m) is an abelian variety over k and L is an

invertible O o-module, then

(*)
mi5(L) @mi (L)~ @mi 5(£) 7 @mj (L) @mi(L) ®m3(L) ® m3(L) = Oaxaxa,

where
3
mi23: A° — A, (a1,a2,a3) — a1 + as + as,
.43 . .
mij: A —)A, (ai,aj)r—>ai—|—aj, 1< 7,
. 3
m;: A° — A, (a1,a2,a3) — a;
fori,j=1,2,3.
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This is a nice statement about the Picard group of varieties behaving nicely on the triple product. There’s
another corollary of the theorem of the cube for abelian varieties (Prof. de Jong laughed at it):

Corollary 22.1. Take k a field with A an abelian variety over it and L an invertible O 4-module. Then
" (£) = 2203 @o, [-117(£)°()
where [n]: A — A is multiplication by n in the group law of A, and [—1]: A — A is the inverse morphism.

What can we do with this?

Example 22.2. 1. For A — A3, a — (a,a,a), we can pullback the relation () to get Oy =
[3]*(£) ® [2]*(£)®~3 @ L3, that s,

L% @ [3]*(L) = [2]*(£)®°.
This is not nice for what we want to do, but it is a start...
2. Try a — (a, a,[—1]a) and pullback (x) to get
OAaZ LML) 'O 00 'L L [-1]*(L)

and we conclude [2]*(£) = £®3 ® [~1]*L. By the previous case, we get

[31*(£) = £87% @ ([2]"(£))®° = L2 ® [-1]*(£)°.
So it is a matter of just continuing by induction.

Proof of Corollary 22.1. With the morphism A — A x; A X, A, a — (a,a,][—1]a), we have already
proved the result for n = 2 above (note that we can view itas L ® L ® L ® [-1]*(L) = [2]*(L)). By
induction, assume the result holds for all 1,2,...,n, and consider the morphism A — A x; A X A,
a — (a,a,[n — 1]a). Then we have, by the pullback of the theorem of the cube,

n+1"L) QLR LD [n—1"(L) =2 [2*L® n]*L® [n]*L,

and we can rearrange this to get

[n+1]"(£) = £ @ [n]*(£)** @ [n — 1]*(£) "
By the induction hypothesis, we have

[n]"(£) = L% @ [n = 1]"(£) & [-1]7(£) ",
and we can plug this into the previous equation to get
n 4 1°(0) = £9 9 L5 @ [n— 110 @ [-1]*(£)

Continuing this process gives

(L) = LP 9 LY @@ LY [-1]7(L) 7

where there are (";1) copies of £&3 and (%) copies of [—1]*(£) . This gives us the desired result. ~ [J
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The key thing we want to know is the number of torsion line modules on a curve, and the Picard group of a
curve has this large part on the points in an abelian variety, so we want to know what the torsion points
of the abelian variety are; but these torsion points of order n are the points which are the kernel of the
multiplication-by-n morphism [n]: A — A. So we want to know the kernel of this map is, and what the
fibre over the origin is, etc. This motivates the following theorem

Theorem 22.2. The morphism [n]: A — A is finite locally free of degree n? ™) forn > 1.

~ O~
Note that over C, A as an analytic space is isomorphic to C3™(4) /A for some lattice A, since the analytifi-
cation is a complex manifold which is also a commutative group, and then we have the Lie group and the
exponential map from the tangent space to the group, which is abelian, so we can use the exponential map
to get the group structure; A is a lattice because because it is discrete and cocompact, and we can notice
that A = 724™(4) a5 a Z-module.

As a topological space, the analytification of A is isomorphic to (S*)24™(4) and if we think about multiplica-
tion by n on a complex analytic group, it is just the map (21, 22, - - - , Z2dim(4)) = (121,122, .. ., N2Z2dim(A4) )
with degree 2 dim(A), and the kernel is the n-torsion points. Now how can this intuition help us in AG?

~ O~

Proof of Theorem 22.2. Take L ample, invertible on A. Then [—1]*(L) is also ample on A, and by the theory
of ample line module we know that V' 2 £ ® [—1]*(L) is ample. So [-1]*N = N (i.e. N is “symmetric”)
and so we may assume £ ample and [—1]*(£) = L. It follows then that

n]*(£) = £2("2) @0, [-1]7(£)2G) = £2(2)+(E) = £on®,

~ O~

Over C, this means that [n]*c1(£) = n?c1(L). c1 is the first Chern class of £ in the de Rham cohomology
of the complex manifold, and it is a volume form on the manifold, so we can write

volume form = ¢1 (L) A ... A c1(£) = [n]* (volume form) = (n?)4m(A),

dim(A)
so we’re on the right track, just need to work this out in AG language.
~ O~
Let Z C A be a closed subvariety such that [n](Z) is a point. Then
L = )" (D)7 = (Z = p)"Llp = Oz,

where p is the point in A such that [n](Z) = p. So an ample invertible module on Z is = Oz. As we saw
last time, this means that dim(Z) = 0 (if an ample line module on a projective variety is trivial, then the
Hilbert polynomial of the variety has degree 0).

An| — A

l [n]

Spec(k) ~ 94 4



Thus all fibres of [n] are finite sets of points, and since A is projective and smooth, [n] is finite locally free.

But what about the degree? Note that the degree of a finite locally free morphism is the rank of the
pushforward of the structure sheaf [n],O4 as a finite locally free O 4-module.

Example 22.3. In characteristic p, we have the Frobenius map
k[X] = k[X],  f(X) = f(XP),

which is a finite locally free morphism of degree p. The degree is p, but the number of points in each
fibre is just 1 (it is a homeomorphism for the Zariski topology), set-theoretically speaking.

But there is a well-defined degree of a finite locally free morphism because then we can just take the rank

of this pushforward sheaf as an O 4-module. So how do we show that rank([n].04) = n?dm(4)?

Lemma 22.4. For any coherent F on a projective variety X over k with invertible ample line module L, we
have
dimy, HO(X, F @ £27) "X rank(F) - dim H(X, L") + lower order terms.

Furthermore,
dimy, HO(X, £L&™) "X positive constant - ™) 4 Jower order terms,

and by lower order terms we mean that the degree of the polynomial is strictly less than dim(X ). Here we’re
thinking of rank(F) as

dimyx (stalk of F at a point z € X) = ( rank of the restriction of F to some )

nonempty open over which F is finite locally free.

We will not prove this lemma today (maybe next time, maybe never), but we can understand it as a generic
weak case of flatness, i.e. the stalks of the coherent sheaf F are all finite-dimensional k-vector spaces, and
the rank is the dimension of the stalk at a point € X. So computing the rank is like computing the speed
at which the groups H%(X, F ® L") grow as n increases, and the degree of the morphism is the speed at
which the groups H%(X, £L%") grow as n increases.

We will also require the following lemma:

Lemma 22.5 (Projection formula). Take f: X — Y a morphism, F an Ox-module, and G a finite locally
free Oy -module. Then
(f*f) R0y g= f*(f ®ox f*g)

The proof of this lemma is very very very easy, because on one side we're saying G is locally just a direct
sum of copies over Y, and locally we’re saying that if we take a direct sum of copies of the pushforward of
F, then it’s a direct sum of copies of the pushforward of X. It’s almost trivial, so we will not prove it here.

So by the projection formula, we have for a positive rational number cx ,
H(A, (In].0.) ®o, LZ™) = HO(A, [n].([n]"(£5™)))
= HO(A, [n]"(L5™))
= HO(A, (£O")&m)
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= HO(A, £O7™)

~CX.L" (n2m)dim(A) + lower order terms

—n2 dim(A) | (CX,E . mdim(A))

= n29m(4) . dim, HO(A, £2™) + lower order terms,

+ lower order terms

since [n]*£ = £& 1t is clear then that the rank of the pushforward sheaf [n], O 4 is n24m(4) and this is
exactly the degree of the finite locally free morphism [n|: A — A. O

Now let A[n] be the group scheme over k whose k-points are the n-torsion points of A, which is the kernel
of the morphism [n]: A — A. Then we have the picture

An) — A
J [n]
O4
Spec(k) ———— A
Hence A[n] = Spec (some k-algebra (also a Hopf algebra) R,, of dimension dimy, R,, = n?m(4)),
Fact 22.6. A[n|(k) = A(k)[n].

I left the class here. (I think I only missed a proof of this fact, a few examples, and statements of what we
will do next time.)

§23 Lecture 23—16th April, 2025

§23.1 From smooth to étale morphisms
Definition 23.1 (Smooth morphism, again). A morphism f: X — Y of schemes is smooth iff for every
x € X we can find affine opensx € U C X,V C Y such that f(U) C V and f|y: U — V corresponds to a

ring map of the form
A— Alxy,...,z0]/(f1,.. ., fc) =B

det <(9fl>
Ox; 1<i,5<c

Here the relative dimension is n — ¢ (iff all nonempty fibres are equidistant of dimension n — c).

where

maps to an invertible element of B.

Definition 23.2 (Etale morphism). A morphism f: X — Y of schemes is étale iff it is smooth of relative
dimension 0.

The point of étaleness (at least how we will use / think about it) is to induce a finer topology on the base
scheme, as the Zariski topology of a scheme is particularly coarse especially for varieties over C.
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Example 23.3. 1. Consider the k-algebra map

o Spec (k[z]) — Spec (k[y])

y > 2

1 is not étale because it ramifies at x = 0; indeed one may check that k[z] = k[y][z]/(z* — y),
but d(z? — y)/0x = (2z) is not invertible in k[y][z]/(x? — y). But if we take away the point
x = 0, then we get an étale morphism.

2. Consider the ring map

v: kly] — k[x,aj_l]

y— 2.

v is étale in characteristic 2. Indeed, k[z, 2! = k[y][z1,72]/(2? — y, 7122 — 1), and the

Jacobian is
21’1 0
T2 il

with determinant 222, which is unit if char(k) # 2.

§23.2 Smoothness and tangent spaces

Now we discuss the criteria to check that a morphism between smooth varieties is itself a smooth morphism.
Let X,Y be smooth varieties over an algebraically closed field k, and let f: X — Y be a morphism of
varieties. Let # € X (k) and y = f(z) € Y (k). With f}: Oy,y = Ox 4 the ring homomorphism induced
by f between the local rings at the points x and y, we can analyze the behavior of f at the level of tangent
spaces. Here we have the associated map of cotangent spaces:

f
OX,:D < OY,y

m, ¢ my

2

m,/m2 ——— m,/m2

And in fact, the dual map is the map of tangent spaces:

T,X dfe, T,Y = tangent space = Homy(m,/ mza k).

The map d f, is a linear map between the tangent spaces at the points x and y.

In this way, smoothness of X at x and Y at y is equivalent to the following conditions (note that we’re in
the varieties case, so things are irreducible):

dimy,(m,/m?2) = dim(X), dimk(my/mg) = dim(Y"),
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and furthermore we have the following fact:

Fact 23.4. 1. f is smooth in an open neighborhood of x iff d f, is surjective.

2. f is étale in an open neighborhood of z iff d f5 is bijective.

This is an eminently usable fact, as it allows us to check smoothness and étaleness of morphisms by checking
the surjectivity and bijectivity of the induced map on tangent spaces. Sadly, we will not prove the fact as it
requires some work.

Now we will look to count fibres.

Fact 23.5. In the above, if f is finite locally free of degree d, and f~*({y}) = {z1,..., 2.} € X (k) with
x; # x; fori # j, thenr < d with equality iff d f., is bijective for all i, i.e. f is étale at all points x1, ..., x,
of the fibre.

The proof of the above fact is left as an exercise, but it is pretty easy apparently. An example:

Example 23.6. 1. Consider the map

Spec (k[z]) — Spec (k[y])
Yy
on k points. This is finite locally free of degree 2, as k[z| = k[y] @ k[y]z as a k[y]-module.

Furthermore, the number of inverse images is 1 if char(k) = 2, 1 if A = 0, and 2 if A # 0 and
char(k) # 2. Here A in the implicit map

22— A
is the image of x in k[y].

2. Consider the map

A~ Al/(f) |

®)
ox
where f € Alz] is a polynomial, and % is not a zero-divisor in A[z]. This is a finite locally

free morphism of degree 1. It is also étale. The number of inverse images is 1 if % is a unit in
Alx], and 2 if % is not a unit.

This is a bit hard to prove, but can be useful: every étale morphism locally looks like Example 2 above.

Now we want to demonstrate the utility of this. Recall that multiplication by n on an abelian variety is
a finite locally free morphism of some degree, so this fact is now telling us that we have at most some
number of torsion points with equality if the morphism is étale. So we should study when multiplication
by n is étale on an abelian variety.

Lemma 23.7. The multiplication by n morphism [n] : A — A is étale everywhere iff char(k) does not divide
n, with the assumption that (A, m) is an abelian variety over an algebraically closed field k.

Since an abelian variety is smooth, we can use the tangent space criterion to check étaleness. Recall that in
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the group law of A,
nl(a) =a+a+---+a

where « is added to itself n times. With n > 2, we examine the tangent space at 0 € A. We have an induced
map d[n]p: ToA — Tp A, which should be multiplication by n on the vector space Ty A. Consider the map

m: Ax A— A TyA® TyA = Ty o (A x A) 0% 134
(a,b) — a+b.

which we get because, in the case of n = 2 for example, we have

So it is rather easy to show just using commutative algebra that the tangent space is the direct sum of
injective maps, and so the map d[n]y is injective. Furthermore, we have the following commutative diagram:

So we have the maps defined as

TyA® TyA = Ty (A x A) 2% 74

(0,0) — nb + 0,

and with the fact that m ¢ is a morphism of vector spaces, we have

ToA M) T(070) (A X A) ~TyA D THA

and so

T()A — T()A ©® T()A
0 (6,0)

implies that d[n]op = 2. So if n is invertible in k, then d[n]y is bijective, and so [n] is étale in an open
neighborhood of 0 + ¢ gives [n] is étale everywhere.
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Corollary 23.8. |A[n][k]| < n23™(A) with equality if and only if n is invertible in k.

The corollary follows because multiplication by 7 is a finite locally free morphism of degree n4™(4), so the
number of points in the fibre is at most ndim(4) Sq if ) is invertible, then the morphism is étale, and so

the number of points in the fibre is exactly n9™(4), Therefore the number of points in A[n][k] is at most
n2 dim(A) ]

The following theorem gives more torsional information.

Theorem 23.1. 1. For any integer n invertible in k, we have A[n][k] = (Z /nz)?3m(4),

2. If p = char(k) > 0, then there exists an integer f with 0 < f < dim(A) such that A[p|[k] =
(Z/p°Z)! foralle > 1. This integer f = f(A) is called the p-rank of A.

It is not easy to show, but it turns out that for abelian varieties of dimension a, every value can happen for
every f with 0 < f < a, and for ellptic curves, the p-rank is either 0 or 1 (and this is related to whether
the Hasse invariant is 0 or not).

[n]

Recall that we observed that A(k) — A(k) is surjective because we are working over an algebraically
closed field (as multiplication by n is a finite locally free morphism of degree nd™(4)). So the first part of
Theorem 23.1 follows from Corollary 23.8 and the lemma below.

Lemma 23.9. Let £ be a prime number, and let G be an abelian group such that:

1. [{]: G — G is surjective.

2. Gl = ker(G & @),
Then there exists m > 0 such that G[(¢] = (Z/(°Z)™ foralle > 1.

Proof. By the theory of finite abelian groups, write G = (Z/¢Z)™. With some thinking we have the
following short exact sequence:

0 — G[f] — G[{*] - G[f] — 0.

l
The first map is injective because G[{] is the kernel of the map G l) G, and the second map is surjective

2
because G[(?] is the kernel of the map G ¥, G, 50 we have G[¢?] = G[{] ® G[¢]. By induction, we have

G[t°] = G[f) © G[¢°~!] for all e > 1. Now we know that
Gl =Pz/iiz, o0<ai<2
1=1

where s is the number of distinct prime factors of ¢, and a; is the exponent of ¢* in the decomposition of
G[KQ]. But we also know that each summand gives ¢-torsion and has rank at most m, hence s < m, and the

~

only way we have equality is if all the a;’s are equal to 2. So we have G[¢¢] = (Z/¢°Z)™ foralle > 1. O

(We can continue similar arguments for any Lie group.)

Now let’s see an application of the above. This is the grand finale, the main thing the course sought to
accomplish. All of the 23 lectures we have seen so far have built up to the following result:
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Theorem 23.2. Let X /k be a smooth projective curve over an algebraically closed field k of genus g. Then for
n invertible in k, we have Pic (X)[n] = (Z/nZ)?9.

Proof. We have the following short exact sequence:

0 — Pic®(X) = Pic% (k) — Pic (X) “% Z 0.

The group Z is torsion-free, and for any line bundle £ € Pic (X)[n], we have nL = Ox (the identity
element). Applying the degree homomorphism deg, we get deg(nL) = n - deg(L£) = deg(Ox) = 0. Since
n is a non-zero integer, this forces deg(£) = 0. We already know Pic (X)[n] = Pic?(X)[n], as well as
the fact that Pic°(X) is the group of k-points of a g-dimensional abelian variety, which we will call the
Jacobian variety of X denoted by Jac(X). So, we can write Pic%(X) = Jac(X)(k). The problem is now
reduced to finding the structure of the n-torsion subgroup of the Jacobian variety, Jac(X)[n][k]. n is
invertible in the field k, hence the characteristic of k£ does not divide n, hence we can apply the first part of
Theorem 23.1.

With A = Jac(X) a dimension-g abelian variety, Theorem 23.1(1) states that A[n][k] = (Z/nz)?4m™(A),

Since dim(A) = g, we find the structure of the n-torsion subgroup of the Jacobian as Jac(X)[n][k] =
(Z/nZ)*. Since Pic (X)[n] = Pic°(X)[n] = Jac(X)[n][k], we arrive at the central result:
Pic (X)[n] = (Z/n2). O

The moral lesson of the course is this: if we are given a smooth projective curve and any prime number
different from the characteristic of the ground field, then we will be able to find a torsion line module of
that curve of that torsion order. This is a very powerful and amazing result (it took a very long time to
prove!), and our lives are all the more enriched by our understanding of it.

The semester is not over, so we will discuss some other things in the remaining lectures.

§24 Lecture 24—21st April, 2025

§24.1 Curves over finite fields

Let k = [, be a finite field with ¢ elerllents, k bE a fixed algebraic closure of k, and take k,, C ka unique
degree-n extension of k contained in £ (so that £ = | J,, k). Furthermore, let X /k be a smooth projective

curve over k such that X7 = X Xgpec(r) Spec(k) is still a variety (and still also smooth and projective).

X — X;

| |

Spec (k) «—— Spec (k)

In today’s lecture, we will begin to discuss the group Pic (X7) of line bundles on X7. We know that this
Picard group of the base change to the algebraic closure has a lot of torsion points, so we will look to exploit
that and more. Denote by X (k) the k-rational points of X, and by X (k) = Morg . ®) (Spec (k), X) the
kp-rational points of X.

Fact 24.1. X (k) and X (k) are finite sets for alln > 1.
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Proof. Choose a closed immersion X — IP{X for some /N. The morphism IPIQV — Spec (k) is finite, and so
are the injections

X (k) = Py (k) = (" — {0})/k"
X (kn) = P (hn) = (k"' = {0}) /.

The first map is finite because k is finite, and the second map is finite because k,, is a finite extension of k.
Thus, both X (k) and X (k,,) are finite sets. O

Remark 24.1. If we choose a finite morphism X — P, say of degree p, then we get a bound of the form
| X (kn)| < p(g™ + 1) using the bound on the number of k,,-points of P! (i.e., |[P!(k,)| = ¢ + 1), and that
a degree p morphism maps at most p preimages to each point. But observe that this is a really bad bound,
because the number of k,-points of X can be much smaller than that of PL. For example, if X is a smooth
projective curve of genus g > 1, then | X (k,,)| < p(¢" + 1), but |P*(k,,)| = ¢" + 1 and p > 1. So we can
get a much better bound on the number of £,,-points of X.

We have seen before that
X (k) = {z € X closed points s.t. k — x(x) is an isomorphism},
where () is the residue field of z. But what about X (k,,)? There is a natural map

a € X (k,) — closed points of X
(Spec (k,) = X) +— the image by a of the unique point z of Spec (k).
So we get the map
kn & k(zx) «— k.

This implies that deg(x) = [k(x) : k] must divide n (remember that a closed point of X is a divisor and
that it has a degree which is defined in terms of the residue field of extensions in the algebraically closed
field). Conversely, if € X such that deg(z) | n, then a* € Homy,_ g (1(2), ky) is nonempty; the number
of embeddings x(x) < ky, is [k(z) : k] = deg(z), and so we have [x(x) : k| | n which means that the
number of elements here is exactly deg(x). So we have

| X (k)| = Zd- [{x € X closed points s.t. deg(z) = d}|,
dlk

which gives us the following corollary.

Corollary 24.2. The sets {x € X closed points s.t. deg(x) = d} are finite for alld > 1.

§24.2 The Zeta function of a variety over a finite field

Recall the Euler product for the Riemann zeta function:

1 1 1 1
Z(S)ZZEZ H HEJF]@JF"': H p—

p=s
n=1 p prime p prime
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which is valid as long as the generating function for the Mobius function is convergent. The zeta function
of X is then

Z(X,s)= ][]

z€X closed

1

1 —[r(z)]=

1
- 2 (sl [r(a,))?

r>0
Z1,...,&r pairwise distinct
MN1yeees np2>1
X closed
= Z g sdesD) — Z [{divisors D C X s.t. deg(D) = d}| - ¢~ %.
DcCcX d>0

D effective divisor

Does this converge? Of course, for real part of s sufficiently large. Even better, we can frame this as a power
series.

Lemma 24.3. For L given up to isomorphism, we have

ho(L) _q
{D C X effective divisor s.t. deg(D) = d}| = g q77
= q—1
L invertible on X
deg(L)=d

where h°(L) = dimy, H°(X, L) is the dimension of the space of global sections of L.

Proof. Given D C X, we get Ox (D) = L of degree d. Moreover, this £ then has a nonzero section
s € I'(X, £) whose vanishing scheme Z(s) is D as a scheme. Indeed, take X, £, s € T'(X, L), then we
have for Z an ideal sheaf (indeed it is a coherent submodule of Ox)

Ox <—— L7

5 — U
OX — L duality T

Here, Z(s) is the closed subscheme corresponding to this Z. Suppose now that s, s’ € T'(X, £) are two
nonzero sections such that Z(s) = Z(s’) as closed subschemes. Then s/s" € I'(X, O% ) will be a global
section of the sheaf of invertible functions, and so it is unit. But since I'(X, Ox) = k, we have s/s’ € k*,
and so s and s’ are equal up to a scalar, i.e. s = \s’ for some A\ € k*. So there is a bijection between the
divisors associated with line modules £ and the set of nonzero sections up to scaling. For each £, the space
I'(X, £) has dimension h°(L) over k, and hence |T'(X, £)| = ¢""(£). The number of effective divisors of
degree d is then given by the number of nonzero sections of £, which is qho(ﬁ) — 1, divided by the number
of nonzero scalars in k, which is ¢ — 1. So we have

qho([') —1
{D C X effective divisor s.t. deg(D) = d}| = Z —
L invertible on X 4=
deg(L)=d
which gives us the desired result. O

The above lemma already hints at some kind of finiteness for the Picard group.
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Scholium 24.4. We have
L) . 1

Z q - —s deg([ﬁ)7
q—

L

where the sum is over all line bundles £ on X. Note that the image of the map deg: Pic (X) — Z is equal
to eZ for some integer e > 1. In fact, we will show that e = 1.

Let us define Pic?(X) = {£ € Pic(X) : deg(£) = d}. Then we can set [Pic’(X)| = |Pic?(X)| provided
e divides d.

Riemann-Roch and Serre duality. There exists an invertible O x-module wx on X such that h!(£) =
Y (wx ®0 « L2~1) for all invertible O x -modules £. This is called the dualizing sheaf of X. Then Riemann-
Roch says that

(L) = W (wx ®ox L971) = X(X, £) = deg(L) +1 — g,

where g := dimy, H'(X, Ox) is the genus of X. It follows that deg(wx) = 2g — 2, which we get from the
implied system
h?(Ox) = h'(Ox) = x(X,0x) =1 g,
h'(wx) = deg(wx) +1—g,
hl(wx) =g -1.

h(wx) —
h(wx) —

Corollary 24.5. Ifdeg(L) > 2g — 2, then h' (L) = 0 and h°(L) = deg(L) + 1 — g.

Proof. We have h'(£) = h®(wx ®o, LZ7!) = 0, because an invertible module of negative degree does

not have a nonzero global section. O
Now,
hO(L) _ 1 hO(L) _ 1
_ q —sdeg(L) q —sdeg(L)
Z(X,s) = g e
(X, 5) > P - > P
L st deg(L)<2g—2 L st deg(L)>2g—2
qd+1fg -1
= (polynomial with no poles) + Z |Pic?(X)] - +—=¢ %,
g—1
d>2g—2
deeZ
and so we know that |Pic ?(X)| is finite for all d € eZ. Continuing, we know
Pic /(X
Z(X,s) = (first term above) + [Pic (X Z (19 — 1)g5d
g—1
deeZ
d>2g—2

The second part of the above sum looks like

fpe : . em(1—s) . . . em—s
Y
(positive coefficient) Z q + (negative coefficient) g q

m>cutoff m>cutoff
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SO

1 1

-~ L1 s
Z(X,s) = (polynomial in ¢ )+cl'm+62'1_7q—es’
where ¢, co are some constants, and so we know that Z (X, s) has a pole of order 1 at s = 1.

Now compare points of X/k and on X, /k. where X = X Xgyec (k) Spec (k). Note that X, is a variety,
as we have the diagram

X X, Xz

| | |

Spec(k) «—— Spec(ke) «—— Spec(k)

and the horizontal maps are all finite. Then we see

X(kn) =0 ifefn,
X(kne) = Xe(ky) ife]|n.

Indeed, we can check that

Xne = Morgpec (k) (Spec (kne ), X) = Morgpec (x.) (SPec (kne), X Xspec () Spec (ke))
= MorSpec (ke)(spec (kne)a Xe) = Xe<kne),

where the first equality (not literally an equality!) is by taking the first projection.

Now recall
| X (k)| = Z d- |{x € X closed points s.t. deg(z) = d}|,
dn
| Xe(kne)| = Z d- |{x € X, closed points s.t. deg(z) = d}|.
dn

We can use these and induction to show that

0 ifetd,

ints x € X s.t. de =d}| =
{points /€ At deg() = {i-l{pointsxexes.t. deg(z) = d/e}| ife]d.

This is not too hard, it is left as an exercise. For example, we can see that the base case is:

1

|{points = € X s.t. deg(x) = e}| = —|{points z € X, s.t. deg(z) = 1}|
e
1 1

=< [ Xelke)| = = - [ X (k).

e
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But what’s the moral lesson here? What does this mean for the Zeta function? In fact, we can see that

1 i -
Z(X, S) — H( )|{x€X closed points s.t. deg(z)=d}|

_ g—ds

eld 1-4
1 [{z€Xe closed points s.t. deg(z)=d'}|
Z(Xe,s) =] ( T =T )
o\ —(¢%)
H < 1 e-|[{x€X closed points s.t. deg(z)=d/e}|
- _ —ds)

eld q

1 [{z€X closed points s.t. deg(z)=d}|
1 (=)

But this is absurd, because both Z (X, s) and Z(X,, s) have a pole of order 1 at s = 1. This forces e = 1,
and so deg: Pic (X) — Z is surjective. In particular, [Pic?(X)| = |Pic%(X)| for all d € Z. Thus, over a
finite field, the degree map is always surjective for smooth projective curves.

§25 Lecture 25—23rd April, 2025

§25.1 More on curves over finite fields

Recall our setup from last time. We had & = [, a finite field with ¢ elements, and X over k a smooth
projective curve such that X7 is still a curve. We also saw the Euler product and divisoral forms of the zeta
function given a complex variable s with Re(s) > 1:

1 —ds
z2(X.s)= 11 W:ZNMCI

z€X closed d>0

where
Ny = |{effective divisors D C X, deg(D) = d}|

and k(x) is the residue field at x. We also proved that Riemann-Roch allows us to count divisors like so:

hO(L) _ 1
Z q
Nd - fl,
LEPicd(X) 4

where h(L) = dimy, H%(X, L) is the dimension of the space of global sections of the line bundle associated
with £, and moreover, for all d € Z, |Pic %(X)| < |Pic?(X)| < oo.

Today, we let h = |Pic"(X)| be the class number of the curve X. For d > 2¢g — 2 (and as a corollary of
Serre duality), we have

o forany L € Picd(X), we have h’(L) = d + 1 — g > 1, and furthermore,

d+l-g _ 1
-Nd:h<q >
q—1
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Theorem 25.1 (Rationality). The zeta function Z (X, s) is a rational function in q~°, and moreover,

P(q)
(1 —=g*)(A—g'*)’

where P[T| € Z[T] is a polynomial of degree < 2g with leading coefficient h.

Z(X,s) =

Proof. Split the series Z (X, s) into two parts at the critical degree d = 2g — 2 (given to use by Riemann-
Roch):

h
Z(X,s)= > Nag®+ > q_il(qd“*g —1)g* =R(g°) + =1 > (@ -1,
d>2g—2

where we have defined R(T") = Zd<2gf2 NyT9. Now with T' = ¢q—*, we can rewrite the second sum:
d—g+1 _ 1

h X Td — d—g-‘rle o Td
S o (S >
d=2g—1 d=2g—1 d=2g—1

Both sums are standard geometric series. The first sum is

00 00
T)Qg—l
dfg+1Td _ .9 T d_ g (C_I —
> g ¢ Y (dN)'=q e a7
d=2g—1 d=2g—1

q3g—1T2g— 1

and the second sum is

o0 2g—1
1-T
d=2g—1
Combining these, the infinite tail sums to the rational function is
h q39—1T2g—1 T2g—1 hT29—1
( 1-qT 1—T> ~ (¢—-1)(A-T)(1—qT)
As Z (X, s) is the sum of the polynomial R(7") and the rational function above, it is itself a rational function,
and indeed we can write

) (@11 =T) - ¢°(1 —qT)).

2g—1
(q — 1)(?7_1 T)(l — QT) (q?’gfl(l — T) — qg(l _ qT))

(q— 1)1 =T)(1 —qT)R(T) + hT?" (¢*~1(1 = T) — ¢(1 — qT))
(¢—1)(A-=T)(1—qT)

Z(X,s) = R(T) +

Clearing the denominator, we get
P(q™)
(1—=g*)(A—g'*)’

where P(T) = (1-T)(1—qT)R(T)+h(qg—1)"*T%9"1(1—T)—h(q—1)"1T2971(1—qT) is a polynomial
of degree < 2g. O

Z(X,s) =

This property of rationality reflects the “finiteness” of the curve’s geometry; with just some more thinking
we can see that the zeta function is the alternating product of characteristic polynomials of the Frobenius
automorphism acting on the finite-dimensional étale cohomology groups of the curve.
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Theorem 25.2 (Functional equation). 1. The zeta function Z(X, s) satisfies the relation

Z(X,1—s)=q¢"79.-¢ 2729 . Z(X, s).

2. The L-polynomial P(T') defined above satisfies the relation

(L) =gor2p).
( > q (T)

ql
Example 25.1. Take X = IPIIC. Then g = 0,so P = h = 1, and we have

1
(1—g¢)1—-q"*)

The first few terms of the series expansion are 1,1 + ¢ *,1 + ¢~° + (1 + q)q
immediately get

Z(X,s) = =1+(1+q)q +Q+qg+g)g >+ .

—2s ... We can

1 (ql—s)q—s
Z(Pi,1—s) = =
( k> 8) (1 _ q—(l—s))(l _ ql—(l—s)) (ql—s _ 1)((]5 — 1)
1
=q-q°- =q-q °Z(Py, 9).

(1—=g5)(1—q'%)

Proving Theorem 25.2 relies on the following numerical consequence of Serre duality on the curve:

Lemma 25.2. For any integer d between 0 and 2g — 2, we have
d+1—g _ 1
Ny =™ 0Ny 5 g =h- T
g—1
Proof. Applying Riemann-Roch in the definition of Ny, we have

(@—DNa= > (""©) —1) = ST (ghere )

LePic(X) LePic(X)
_ Z <qdfg+1(qh1(£) 1)+ g e — 1) ‘
LePic4(X)

The second part of the sum is clearly 4 - (¢¢+179 — 1), so we focus on the first. If b' (£) = h%(K — L) by
Serre duality for K a canonical divisor, that sum becomes - cp;. a(x) g9t (" E=L) _ 1), The map
that sends a divisor class [£] to [K — L] is a bijection from Pic ?(X) to Pic 297274(X), so we can re-index
the sum over the divisor classes of degree 2g — 2 — d to get > ycpic 29-2-d(x) qd—9+1(qh0(1\7) —1). This is,
by definition, equal to (¢ — 1) Nog_2_g, so we have

(g—DNg=h- (g9 —1) + ¢ 9 (¢ — 1) Noy_o_a.

Dividing both sides by ¢ — 1 and rearranging gives us the desired result. O
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(We proved Theorem 25.2 very quickly after this; I don’t understand it yet, so will fill this in later.) As a

consequence,
29

P(T) = H(1 —a;T),

i=1
where «; € C are the roots of P(T).

Claim 25.3. P(1) = h.

Proof. We know that the number of effective divisors of degree d is asymptotically

qd+l—g
Ny~ h- .
q—1
Thus, we can compute the limit
N, h h
lim —% = lim —— -¢'™9 = —— . ¢'"9.
d=>oo ¢ d—ooq—1 qg—1

On the other hand, we have a form for Z, and so we can find the asymptotic behaviour of the coefficients
Ny from this rational function: the dominant pole as 7' — 1/q is at T = 1/¢, and an easy partial fraction
expansion shows that the coefficient of T'¢ is asymptotic to the residue at this pole, hence

h _P(/4)-q

! Ny I
im — = lim =
d—oo q¢  d—oo (@ —1)(1 —¢q1) g—1

Hence equating both expressions for the limit gives h - ¢~9 = P(1/q), thus we can apply the functional
equation for P(T") with T' = 1 to get

P(1/q) =q (1) ¥P(1)=q 9P(1) = h-q Y =q IP(1) = P(1)=h. O

Fact 25.4. The zeta function for Xo = X Xgpec (k) Spec (ke) is

P.((¢°)*)
(1—(¢°)~*)(1 —q°(¢°)~%)’

where P.(T') = H?il (1 — o$T) is the e-th power of the polynomial P(T') defined above.

Z(Xe,s) =

§26 Lecture 26—28th April, 2025

(I came late today; this was very much the annoying “only two entrances to campus because protests” era.)

§26.1 Further discussion, |

Now we will give local criteria for a morphism to a projective space to be a closed immersion.
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Proposition 26.1. Let k be algebraically closed and define a projective proper scheme X over k as well as a
morphism
0: X = PF «— (L,50,...,50)

where L is invertible on X and the s; € I'(X, L) generate L. Set V' to be the span of s, . .., Sp inI'(X, L).
Then ¢ is a closed immersion iff the following conditions hold:

1. (separate points) for all z,y € X (k) with x # vy, there exists some s € V such that s(xz) = 0 and
5(y) # 0, where s(x) is the value of s at x, namely the image of s in L, @0, k = Ly /mx L, which
is the fibre of L at x.

2. (closed points) for all closed x € X(k), the set {s € V : s(x) = 0} spans the k-vector space
m, L, /m2L,.

Intuitively, the first condition ensures that the map ¢ is injective on the set of closed points, and hence a
homeomorphism onto its image (as X is proper, hence compact, and P¥ is Hausdorff).

We do have a variant formulation for this. If V = I'(X, £), you need
(0) L is globally generated, i.e. I'(X, £) # 0.

(1) for every closed subscheme Z C X which is finite of degree 1 over £, the restriction map I'( X, £) —
I'(Z, L|7) is surjective.

(2) the same thing as (1) above, but with Z of degree 2 over k.

Corollary 26.2. Assume X is a smooth curve. Then L on X is very ample (i.e. there exists a closed immersion
i: X — PF such that L = i*Opx (1)) iff for all z,y € X (k) possibly equal, we have

hO(L(~z —y)) = h°(L) -2
where L(—x — y) = L ®o Ox(—x —y) = I,T,L with
0= L(—z—y) > L= L4y =0
where I, is the ideal sheaf of v and L, is the ideal sheaf of y.

This corollary gives us the following simple numerical criterion for very ampleness on a curve.

Corollary 26.3. If X is a smooth curve of genus g and L is an invertible sheaf on X with deg(L) > 2g + 1,
then L is very ample.

Proof. We apply the cohomological criterion from Corollary 26.2. By Riemann-Roch, the equality in the
corollary is equivalent to

(deg(L) =2 — g+ 1+ h'(L(—z —y))) = (deg(L) — g + 1+ h' (L)) — 2
and so we only need check that h'(L(—x — y)) = h'(L). We use Serre duality here.

For h!(L), we have h!(L) = h%(wy ® L£L71) where wy is the dualising sheaf on X, and the degree of
wx ®@ L71is 2g — 2 — deg(L) < —3 by assumption, so h’(wx ® L£7!) = 0 and hence h'(L) = 0.

For h'(L(—z —y)), we have h! (L(—z —y)) = h®(wx ® L7 (2 +y)) where the degree of wy ® L™ (2 +)
is 29 — 2 — deg(L) + 2 = 2g — deg(L) < —1 by assumption, so h’(wx ® L7 (x + y)) = 0 and hence
hY(L(—z —y)) = 0. Thus h* (L(—z — y)) = h'(L) = 0 as required, and £ is very ample. O
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Remark 26.1. This result can be seen as a specific instance of the more general theory of Castelnuovo-
Mumford regularity. A sheaf is said to be regular when its higher cohomology groups vanish after twisting
by a sufficiently high power of an ample line bundle. The condition deg(L) > 2g + 1 ensures that £ is
sufficiently positive to make the relevant higher cohomology groups vanish, thus guaranteeing the nice
geometric embedding properties we want.

Lemma 26.4. For deg(L) > 0, we have h®(£) < deg(L) + 1 with equality if and only if g = 0.

Proof. Pick x € X (k) “general” Then £’ = £(—x) has deg(L’) = deg(L£) — 1 and h°(L") = h°(L) — 1 as
long as some global section of £ does not vanish at « (which is true because x is general). So it suffices to
show that the lemma holds for £'.

We proceed by induction on deg(L). The base case is deg(L) = 1. But if deg(£) = 1 and h°(L) = 2, then
we can pick two linearly independent sections s, s1 € I'(X, £). Now deg(L£) = 1 implies that s, s1 each
vanish at exactly one point; with sg not linearly dependent on s1, these points are distinct and therefore
have no common zeros. This implies then that there exists a degree-1 map

(£,50,51)
Rt

X Pi

which is an isomorphism onto its image which implies that g = 0 and so £ = Ox (1) and k(L) = 2. [

Remark 26.2. For a curve of genus g:
. Ifdeg(L) = 0, then h°(L) = 0 unless £ = Ox and in that case h°(L) = 1.
. Ifdeg(L) = 2g — 2, then h°(L) = g — 1 unless £ = wx and in that case k(L) = g.

Note that if (d(£), h°(L)) = (1,1), then £ = Ox(z) for some closed point z € X (k), and so there is a
1-dimensional family of these. But the Picard variety has dimension 2, so there must be some £ of degree 1
which is not like this and so has h°(L) = 0.

Example 26.5. Pick NV of degree 2 with h°(N') = 2, then take a general € X (k) and consider
N (—x). Then h®(N(—=z)) = 0.

Fact 26.6. If deg(L) = 2g then at least L is globally generated and we at least get a morphism f: X — PY
such that f*Ope (1) = L. This may or may no be a closed immersion.

Applications. Now we give some case studies of the situation above when the genus is 0, 1, 2.

g = 0: Let X be a smooth curve of genus 0 over £, and take an invertible sheaf £ of degree 1. By Corollary 26.3,
L is very ample, as the condition deg(L) > 2¢g + 1 is satisfied. By the Riemann-Roch theorem, the
dimension of the space of global sections is h%(£) = deg(£) —g+1=1—0+ 1 = 2. (Here the
h'(L) = 0 since deg(wx ® L7!) = =2 — 1 = -3 < 0.) A very ample line bundle with h°(L) = 2
gives a closed immersion p: X — I]sz1 = [P}C, and we know that every such closed immersion from
a projective curve into P}, is an isomorphism onto its image. Thus any smooth projective curve of
genus 0 is isomorphic to I]DI%:.

g = 1: Let X be a smooth curve of genus 1 over k (these are the elliptic curves). The canonical sheaf has

degree deg(wx) = 2g—2 = 0, so Riemann-Roch gives h%(wy) = 0—1+1+h!(wy) = h'(wx) = 1.
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Thus wx is a non-trivial line bundle, but since it has a global section it must be isomorphic to the
trivial bundle Ox.

We can analyze the properties of line bundles £ based on their degree using Riemann-Roch. What

deg(L) hO(L) ht(L) Geometric interpretation
<0 0 —deg(L) No sections
0 {1 ifL=0Ox, {1 if L= 0Ox, Ox has one section (constants)
0 otherwise 0 otherwise
1 1 0 Base-point free, but not an embedding
2 2 0 Gives a 2-to-1 map to P! (not an immersion)
3 3 0 deg(L) =3 > 2g+ 1 = 3. Very ample.

is the story when deg(L£) = 2? In this case h%(£) = 2 — 1 + 1 = 2, and this gives a morphism

(Y2

X — P with degree deg(¢*(O(1))) = deg(L) = 2. This represents X as a 2-to-1 cover of P},

but is not an embedding because the tangent vector separation condition fails (check this!).

If deg(L) = 3, then L is very ample just as before. The dimension of global sections is h?(£) =
3 — 1+ 1 = 3, and this gives a closed immersion ¢: X < P2. The degree of the image curve i(X)
in P? is deg(i*@u;i (1)) = deg(£) = 3, and in this way any curve of genus 1 can be realized as a
smooth plane cubic curve.

2: Let X be a smooth curve of genus 2 over k. The canonical sheaf has degree deg(wx) = 29 — 2 = 2,
and in this case there are more subtle phenomena. How so?

deg(L) RY(L) h'(L) Geometric interpretation

2(L=wx) 2 1 Globally generated. Gives a 2-to-1 map to P! (hyperelliptic map).

3 2 0 Globally generated, but not very ample.

4 3 0 Globally generated, but never very ample.

5 4 0 deg(L) =5 > 2g + 1 = 5. Very ample.

o Is wy globally generated? Yes. We have deg(wy) = 2, and by Riemann-Roch, h°(wx) =
2—1+1+ht(wyx) =1+ht(wx) =1+h%Ox) =1+1 = 2. To check for global generation,
we examine h’(wyx (—z)) for a closed point x € X (k). By Serre duality, h'(wx(—z)) =
h(Ox(x)), and since deg(Ox (z)) = 1 > 0, Lemma 26.4 gives h°(Ox(z)) > 1 and thus
h'(wx(—z)) > 1. Riemann-Roch again gives

W (wx(—z)) = deg(wx (—z)) — g+ 1+ h' (wx(—2)) =1 =2+ 1+ h' (wx(—z))
=0+ ht(wx(—z)) = K (Ox(z))

and since h°(Ox(z)) < deg(Ox(z)) = 1, we must have h’(wx(—2x)) = 1, and so the
dimension drops by 1 for any point x. This means that wx is base-point free, and so globally
generated. Furthermore, the two global sections define a morphism |wx|: X — [P,l€ of degree 2;
this is called the hyperelliptic map.

« Isany L of degree 3 ever globally generated? Yes. If deg(L) = 3, then deg(wx ® L7!) =2 -3 =
—1 < 0,50 h'(L) = hP°(wx ® L7!) = 0. By Riemann-Roch, h°(£) =3 -2 +1+0 = 2.
To check for global generation, we need h’(£(—x)) = h%(L£) — 1 = 1 for all closed points
x € X (k). Let’s check this. We have h!(L(—z)) = h®(wx ® £L7!(z)) and the degree of this

96



sheafis 2 — 3+ 1 = 0; for a generic choice of £, the sheaf wx ® £L71(z) is a degree 0 line bundle
not isomorphic to O, so it will have no global sections. Thus for a general £, h!(L£(—x)) = 0
and h°(L(—z)) = 2—2+1 = 1 as required. Thus a general £ of degree 3 is globally generated.

« Is any L of degree 4 ever very ample? No. Let deg(£) = 4. By Riemann-Roch, h%(L) =

4 —2+1 =3, and for L to be very ample we need h°(L(—z — y)) = h°(L) — 2 = 1 for all
closed points 2,y € X (k), possibly equal. Consider the sheaf £’ = L£(—z — y) which has
degree 2 and h'(L') = h®(wx ® L7 (2 +y)) where deg(wx ® L~z +y)) =2—-4+2=0.
A degree 0 line bundle has A" = 1 if it is trivial and h° = 0 otherwise.
If we choose £ such that £ = wy (z + y) for some points z,y, then wy ® L~ (x +y) = O.
In this case h'(L(—x — y)) = 1, and by Riemann-Roch h°(L(—z —y)) =2 -2+ 1+ 1 =
2 # 1= h9(L) — 2. So we see that the very ampleness condition fails for this choice of £ and
points x, y. Since for any L of degree 4 we can write it as wx (D) for some divisor D of degree
2, we can always find points for which the very ampleness condition fails. Thus no £ of degree
4 is very ample.

- Embeddings in P} ? To embed X, we take a line bundle of degree 5. The condition deg(L) >
2g + 1 = 5 is satisfied, so £ is very ample. By Riemann-Roch, h%(£) = 5 -2 + 1 = 4,
and this gives a closed immersion ¢: X < P3. The image curve ¢(X) has degree 5 since
deg(@*(’)ngz (1)) = deg(L£) = 5, and actually there is a classical result that says that such a

curve must lie on a unique quadric surface in P3.

§27 Lecture 27—30th April, 2025

(Came late again today. Apparently it is impossible to make it from SSW to Mathematics 507 in five minutes
without the Earl gate opening.)

§27.1 Further discussion, Il

Heights. Recall our usual understanding of height functions. We could have rational numbers 1/2 and
100000/200001 numerically close, but somehow we can see that the latter is arithmetically more “intricate”.
Height functions provide a rigorous, quantitative language to express this notion of complexity.

The most direct way to define a height function is on projective space P" over the field Q of rational
numbers. Let P be a point in P"(Q), represented by homogeneous coordinates [c : ¢ : ... : ¢,] with
¢; € Q. Since these coordinates are defined only up to a common scalar multiple, we can choose a canonical
representation.

Definition 27.1 (Height function on projective space). Over Q we define height functions

b [Pn(Q) — [RZO

x +— log <0123§Xn |93z|> :

where we represent v € P™(Q) by homogeneous coordinates [xo : x1 : ... : x,| withx; € Z and
ged(zo, 21, ..., xpn) = 1.
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Why the logarithm? This is to ensure that the height function behaves well with respect to multiplication,
transforming multiplicative properties related to degrees of maps into the more convenient language of
additive relations. For example, if we consider the map P* — P! given by [z : y] — [2? : y9], then we
want the height to scale by a factor of d. Indeed, we have

hn (24 : y?]) = log(max{|z|?, [y|*}) = dlog(max{|z|, [y[}) = d - h1([z : y]).

Example 27.2. Consider the point P = [5/6 : 5/3 : 5/2] € P?(Q). We can represent this point
by the homogeneous coordinates [5 : 10 : 15] (we multiply by 6 to clear denominators). Since
ged (5,10, 15) = 5, we can further reduce this to [1 : 2 : 3]. Thus, we have

ha([5/6 : 5/3:5/2]) = ho([1 : 2 : 3]) = log(3).

This definition can be generalised to points defined over any algebraic number field K by summing local
contributions from the valuations of K:

Definition 27.3 (Weil height). For a point P € P"(K), represented by homogeneous coordinates [xo : x1 :
... xp] withz; € K, we define the Weil height of P by

)= g 3 e (o)

UEMK

where M is the set of places (equivalence classes of absolute values) of K, and | - |,, is a representative absolute
value for the place v.

For K = ( this reduces to our previous definition, as the only place is the usual absolute value.

Fact 27.4 (Northcott’s finiteness property). For any real T' > 0 and integer n > 1, the set of points in
projective space with height bounded by T is finite. That is:

{P € P(Q) : ha(P) < T}| < .

So we can interpret the height functions as stratifications of projective space into finite layers each
corresponding to a bounded level of arithmetic complexity. It is an easy fact, but very useful; in fact it is
precisely empowers the “method of infinite descent,” a proof technique dating back to Fermat. In modern
proofs, we typically tend to show that a hypothetical sequence of points must have ever-decreasing height.
The Northcott property guarantees that such a sequence must be finite, leading to a contradiction or the
termination of a process. This mechanism is the critical "finiteness” step in the proofs of many landmark
results, including the Mordell-Weil theorem and Faltings’s theorem on the finiteness of rational points on
curves of high genus.

One of the major applications of height functions is in the study of rational points on algebraic varieties,
and, in particular, the proof of the Mordell-Weil theorem which makes a fundamental connection between
the geometry of abelian varieties and the arithmetic of their rational points.

Theorem 27.1 (Mordell-Weil). If A is an abelian variety over Q, then A(Q) is a finitely generated abelian
group.

An implication of the result is that by the fundamental theorem of finitely generated abelian groups, we
have a very specific structure for A(Q):

A(Q) =7 %) A(Q)torSa
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where 7 is a nonnegative integer called the rank of A(Q), and A(Q)xors is the finite torsion subgroup of
A(Q). So in this way all infinitely many rational points on such a variety can be generated from a finite set
of points using the variety’s group law.

Very very abbreviated proof sketch of Theorem 27.1 highlighting heights. The proof has two parts:

1. First, they proved the weak Mordell-Weil theorem, which says that for any m > 2 the quotient group
A(Q)/mA(Q) is finite, i.e. every rational point on A belongs to one of a finite number of cosets
modulo the subgroup of points that are multiples of m. This is done via techniques from Galois
cohomology which we will not cover in this course.

2. Next, they developed a procedure that uses a height function to leverage the finiteness of the quotient
group to prove the finite generation of the entire group A(Q). The argument here is formalised by
the descent theorem, which (informally) states that an abelian group G is finitely generated if there
exists an integer m > 2 and a height function h: G — R>( such that

« there exists a constant C'(Q)) such that for all P € G, we have h(P + Q) < 2h(P) 4+ C(Q) for
allQ € G;

+ (quadratic growth under multiplication) there exists a global constant C' such that h(mP) >
m2h(P) — C forall P € G

« (Northcott’s property) for any real T' > 0, the set { P € G : h(P) < T'} is finite;
« the quotient group G/m@G is finite.

The height function serves as the crucial link between the two parts of the proof. The Weak Mordell-
Weil theorem provides a finite set of coset representatives. The height function then allows one
to show that any point P in the group can be expressed as a sum of one of these representatives
and a point of smaller height. The quadratic growth property ensures that repeated application
of this process generates a sequence of points with rapidly decreasing height, and the Northcott
property guarantees that this descent must terminate after a finite number of steps, as the height
cannot decrease indefinitely below a certain bound. This implies that the initial finite set of coset
representatives, combined with the finite set of points of small height, must generate the entire group.

There are a few more refinements required. One of the ingredients is the following: if we have height
functions {hy, }n>0 satisfying two axioms (which we will see later), then for each pair (X, £) over () with
X avariety and £ € Pic (X), we can construct a function hz: X(Q) — R well-defined up to a bounded
function.

Example 27.5. If £ = f*Opn(1) for some morphism f: X — P”, then hy = h, o f for all
z € X(Q).

Also, h,@r, = he, + her,, up to bounded functions.

So for abelian varieties A and symmetric ample £ on A, we get that hz: A(Q) — R is a “positive quadratic
function” O

Axioms for height functions. Assume we are given a field K and a sequence of height functions
hyp: P*(K) — R. We will impose some formal axioms on these height functions. First define the Segre

99



embedding
Pn x pm & prtDim+1)-1
(,y) = ([zo: - @ali[yo s - 2 yml) = [woyo - 2 Znym] = @(z,y)
which provides a natural embedding of the product variety into a single, larger projective space.
Axiom 1. The function Ayt ntm(9(2, y)) — hn(2) — hyy (y) is bounded for all x € P"*(K) and y € P™(K).

In the language of line bundles, the standard height h,, on P corresponds to the hyperplane line bundle
Opn (1), and the Segre embedding is constructed precisely so that the pullback of the hyperplane bundle
from the target space Op(n+1)(m+1)-1(1) is isomorphic to the exterior tensor product of the hyperplane
bundles on the factor spaces Opn (1) X Opm (1). The height of a tensor product of line bundles is the
sum of their individual heights. Thus, Axiom 1 says that the height system must respect this geometric
construction.

Axiom 2.

1. For the embedding
|P”<—L>|P"+1, (xoy v yxn) = (To i ..., T, 0),

we have that the function h, () — hyp41(¢(z)) is bounded on P"(K).
2. For any automorphism P7% < P%, the function = + h,(z) — hy(a(x)) is bounded on P"(K).

One question: can we make interesting weird examples of {h,, },,? This is actually nontrivial; a few cases:
« Q or K a number field
« function field case: K = k(C') where C is a curve over k.
Example 27.6. K = C(t), F,(¢), k(t), we have
hn(x) = max(degree(z;)),

where x = [z¢ : ... : x,] is a point in P"(K), with x; € K and ged(x, . ..,z,) = 1.

So some questions:
« Isthere such a {h,}, if K = C?
« Is there such a {hy,}, if K = F,?
 If hy is bounded, does that then mean that all h,, are bounded?

« If K = Q then is any {h, } satisfying Axioms 1 and 2 up to bounded functions equivalent to the
standard logarithmic height functions?

One way to start is to think about the maps

KUf{oo} =PYE) 2R, KBR, R\ =h([1:N).
Then we have the following:

1. h(u\) — h(X\) bounded for any fixed u € K*.
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2. h(A+ p) — h(X) bounded for any fixed p € K.
3. h(A™!) — h(\) bounded for any fixed A € K*.

Lemma 27.7. If K = Q and h: Q — R satisfies the three properties above, then there exists a constant ¢ > 0
such that

h <ifq’> — clog(max{|p|, |ql})

forallp,q € Z with ged(p,q) = 1.

Proof. Choose cy, c2,c3 > 0 such that
h2X) —h(N)| <er, [RA=1) =h(N)][ < e [BAT) = h(V)] < es.

We can then use these inequalities to bound the height of any rational number in lowest terms:

2
h pé +c1 if p is even
p o .
hl— ||+ if g is even
q h p—1>’+C2:‘h(p_q> +co < h<M>‘+02+cl if p and ¢ are odd
q q q
—p)/2
h Z)‘—Fc;),g h<qpp)/> +c1+co+es ifp,gqodd,q¢ > p

So we can conclude

(5)

where ab < pq/2. So after log,(pq) steps, we are on a finite set of rational numbers {p;/q; } with |p;|, |¢;| <
pq/2, and we can write

< ‘h(%)’—l—cl—l—cz%—@,

h (5) — clog(max{|pil la:[}) + O()

7

for some constant ¢ > 0. Since the set of rational numbers is dense in R, we can extend this definition to all
of Q by continuity, and we can conclude that the height function is of the form

p
h (q) — clog(max{|p|. ¢l}) + O(1)
for all p, ¢ € Z with ged(p, q) = 1. O

Question: suppose we have an unbounded h: Q — R satisfying the three properties above. Is it equal to a
multiple of the standard height function hgtandarda(p/q) = log(max{p, q})?

Answer: No! We can take
p p
h <iq> = IOg <hstandard(:tq)>

because of the following fact which we learned from kindergarten:
Fact 27.8. Ifx > y > 0 and |z — y| < ¢, then

log(1+ z) —log(1 +y) < log(1 +c).
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But if h = hj |k, then h also satisfies

For all n > 1, the function A(A\"™) — nh(\) is bounded.

§28 Lecture 28—05th May, 2025

§28.1 Further discussion, Il

Resolution of singularities of curves, the “modern approach”. Let k be an algebraically closed field,
and take X a curve over k. Then X may be singular.

Example 28.1. Take X to be 23 — 32 = 0 in A%. Then X is singular at the origin, as the Jacobian
matrix

(3:(;2 —2y)

vanishes at the origin.

Then we can make X nonsingular by taking its normalisation. How do we construct the normalisation
morphism?

Take X = Spec (A) an affine curve; its normalisation is the affine scheme X’ = Spec (A’), where A’ is the
integral closure of A in its function field. The natural inclusion A < A’ induces a morphism of schemes in
the opposite direction:

v: X' — X.
This map v is the normalisation morphism. Several properties stand out:

« v is finite, as A’ is a finitely generated A-module;

« v is birational, i.e. it induces an isomorphism of the corresponding function fields. Note that this
is immediate from the construction, as Frac(A) = Frac(A’) = k(X), the function field of X;
geometrically, this implies that x4 is an isomorphism over the regular locus of X;

« v is a normal variety, as A’ is integrally closed in its field of fractions. Hence X' is nonsingular.

The process of normalization can be understood intuitively as “completing the ring of functions” A
singularity on a curve corresponds to a “pathology” in its coordinate ring. For example, there may be
rational functions on the curve that are well-behaved and bounded near the singularity but cannot be
expressed as elements of the coordinate ring. The process of taking the integral closure extends the ring to
include precisely these “missing” integral functions.

For the normalisation morphism, we want for every nonempty affine open U = Spec (A) C X we have

v~ 1(U) = U” = Spec (A"), where

AY = the normalisation of domain A = { a € K = Frac(4) = k(X) }

such that « is integral over A

Then X" is nonsingular. (Here « is the root of a monic polynomial with coefficients in A.)
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In the example above, we have K = Frac(k[x,y]/(z3 — y?)) = k(t), where t = y/x, v = t2, and
y = t3, so that t> = y?/2? = 23 /22 = 2. So we can conclude that A¥ = (k[z,y]/(z® — y?))" =
k[t] D A.

Now k[t] is a polynomial ring in one variable over a field, hence a PID, hence a UFD, hence integrally
closed, hence normal. The element ¢ € k[t] is integral over A = k[t 3] as it is a root of the monic
polynomial 72 — 2 = 0, where —t2 € A. The integral closure A’ must contain both A and ¢, hence
the ring generated by A and ¢, hence k[t]. So we have k[t] C A” C k(t), and hence A" = k[t].
What is the normalisation morphism v: X¥ — X here? It is the morphism

vi AL = X, te (80,

This single, global, algebraic procedure has successfully transformed the singular cuspidal cubic into
the smooth affine line.

Resolution by blowing up. Geometrically, the blow-up of a plane at a point P is a transformation
that “zooms in” on P by replacing the point with a projective line P! whose points are in a one-to-one
correspondence with the set of all possible lines (or tangent directions) through P in the original plane. Any
curve passing through P is in this way lifted into a new curve in the blown-up space; crucially, if two curves
were tangent at P, their lifts will now be separated and meet the new projective line at distinct points
corresponding to distinct tangent directions. This process effectively resolves certain types of singularities
by spreading them out over the new projective line.

Classically, the blow-up Blp(A?) of A7 at the origin P = (0, 0) is defined as the closure of the graph of
the rational map A7 \ {(0,0)} — P}, given by (z,y) — [z : y]. This results in a closed subvariety of the
product space A2 x Pi given by 2Ty — yTy = 0, where [T} : T}] are homogeneous coordinates on P}.

In the modern language of schemes, we construct the blow-up using the Proj functor. Then the blow-up of
A? at the origin is the morphism

7: Y = Proj(k[z, y][To, T1]/ (yTo — zT1)) — Ai = Spec (k[z,1]),

induced by the inclusion k[z, y| < k[x, y][To, T1]/(yTo — xT1). The blow-up morphism is an isomorphism
away from the point P, as

m: Blp(AD) \ 71 (P) = A2\ {P}.

The fibre over the center P is the exceptional divisor E = 7~ !(P) 2 P;. With some thought we can see
that this fibre is { P} x P}, = P}.

Y has two affine open charts:

T,
D, (Ty) = the spectrum of k[z, y] [Tl]
0

T
D, (Ty) = the spectrum of k[z, y] [TO]
1

so that

y—tx
D (Ty) 1 Dy(T}) = & [x,y, 2 ] _ k[x,y,s,ﬂ/ x— sy
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What is a good geometric interpretation here? 7: Y — A? is an isomorphism over A7 \ {(0,0)}, and the
fibre over (0,0) is E which is the gluing of k[T /Ty] = k[t] and k[To/T1] = k[s] in the usual way, i.e.
E =Pl

So (0, 0) is replaced by the incoming tangent directions to (0, 0).

We now apply the blow-up of the ambient space to a curve X C [l\i passing through the centre of the
blow-up.

Definition 28.2 (Strict transform). If X C A? is a curve, then the strict transform X' C X of X is, by
definition, the closure of 7= 1(X N (A2 \ {(0,0)})) in Y, wherew: Y — AZ is the blow-up morphism.

Geometrically, the strict transform is the part of the total transform that genuinely corresponds to the
original curve, with the exceptional component “factored out.”

Fact 28.3. If X is given as f = 0 for some f € k[z,y], then we can write

f=fa+ far1+ -+ fr

where f; is a homogeneous polynomial of degree i and f; # 0. Here the integer d is called the multiplicity of
X at the point P. Then X' N Dy (Ty) is given by x~ f(x, xt) = 0 in k[z,t], and X' 0 D, (T) is given by
y~f(yt,y) = 0 ink[s,y].

To find the equation of X" in the first affine chart, we write

f(z,xt) = fa(z, 2t) + faop1 (2, 2t) + ... + fe(z, 2t) = 0
and sicne f; is homogeneous of degree i, we can write f;(x, xt) = 2'f;(1,t), and consequently
Fsat) = 29(Fa(1,8) + 2 far(LE) + ..+ 25 fi(1,8)) = 0.
This defines the total transform 7—!(X) in the first affine chart; the factor z? = 0 corresponds to the

exceptional divisor E, and the remaining factors define the strict transform X’. (This is kind of just a
sketch.)

Example 28.4. Consider f = 23 — y? € k[x,y]. Then the multiplicity of X at the origin is d = 2,
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and we can write

D, (Tp): x~%(2® — 2%t) = x — t*, a smooth curve with coordinates (z, ),

Do (T1): y2(y®s® — y?) = ys® — 1, a smooth curve which avoids E N D (T}).

Remark 28.1. The exceptional fibre E has the following description:

D, (Tp) N E <— x = 0, varies freely
D, (Ty) N E <— y = 0, s varies freely.

Observe that:
- we can blow-up A? at any closed point (a1, az) by using (z — a1)T1 — (y — a2)Tp = 0;

« Y is covered by two affine opens which are isomorphic to A%, so we can repeat the process of blowing
up at a closed point of Y to resolve singularities of curves in Y;

« the process of blowing up is local, so we can blow up at a closed point of Y and then take the strict
transform of a curve in Y.

We have the following algorithm for resolving singularities of curves using blow-ups:
Algorithm:
1. Initialise with the original curve Xy = X in the ambient space ¥ = A%. Set the step counter n = 0.

2. Identify the set of singular points of the curve X, for the current step n. If this set is empty, the
curve is nonsingular. STOP.

3. Otherwise, choose a singular point P, € X,,. Let m,,11: Y41 — Y, be the blow-up of Y, at F,,. (We
can always perform this step since each chart of the blow-up is isomorphic to A2.)

4. Define the new curve X, ;] to be the strict transform of X, under the blow-up 7, 4.

5. Increment the step counter n <— n + 1, and go back to step 2.

Theorem 28.1. The above algorithm terminates after finitely many steps, and the final curve X,, is nonsingular.

Example 28.5. 1. (We intuitively know this already.) Take f = x% 4 y¢ + higher order terms.
On D, (Tp) we get

(@, wt) = 1+ "+ wfara(1,8) + 2° faya(1,8) + ... = g(a,1).
Clearly,
0
%g(l‘7t) = d:Ed_lf(.I‘,.fL‘t) + $d_1fd+l(1vt) + 2xd_2fd+2(1vt) +...=d+ O(xﬁ)v

where k > 1 envelopes all the other terms we don’t care about. Hence g, 0g/0x have no
common zeros along E N D4 (Ty), so X' is smooth at all points of E N X', where X’ is the
strict transform of X.
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2. (Silly example.) Take f = y3 — °.

Step 0. Xo: y> — 2° = 0 in AZ. Singular at (0,0); lowest degree term is y®, so multiplicity
multp, (Xo) = 3.

Step 1. Blow up at Py = (0, 0) via the chart with y = xt; the total transform is (zt)3 — 2% =
3(t3 — 2%) = 0, so the strict transform is X;: t3 — 22 = 0, a cuspidal cubic in the
(x,t)-plane. Singular at P; = (0, 0); the multiplicity multp, (X1) = 2, it has dropped.

Step 2. Blow up at P; = (0, 0) via the chart with 2 = ts; the total transform is (¢3 — (ts)?) =
t2(t — %) = 0, so the strict transform is X5: t — s* = 0, a parabola in the (s, ¢)-plane.
This is smooth, so we stop here. The multiplicity multp, (X2) = 1.

(We sketched the proof of Theorem 28.1 in class, but I didn’t write it down. Probably because I got distracted
by the riveting Q&A session on research methods in AG that Prof. de Jong led to conclude’ the course.)

"This was the very last class I ever attended as an undergrad!
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